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Diffusion-based generative models

General idea [Sohl-Dickstein et al., 2015]:

‚ use a diffusion process to convert any complex distribution into a simple one
‚ learn a finite-time reversal of this diffusion process

Figure: generative modelling via diffusions. Image courtesy: L. Yang et al. “Diffusion Models:
A Comprehensive Survey of Methods and Applications”, ACM Computing Surveys, 2024
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Score SDEs

Motivation: application to score-based generative models

Figure: generative modelling via diffusions. Image courtesy: Y. Song et al. “Score-Based
Generative Modeling through Stochastic Differential Equations”, ICLR, 2021
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Score SDEs

Example: DDPM SDE [Song et al., 2020]

forward: dXt “ ´
βtXt dt

2
`
a

βt dWt , 0 ď t ď T

reverse: dZt “

ˆ

βtZt

2
` βt∇ log pT´tpZtq

˙

dt `
a

βt dBt , 0 ď t ď T

Wt and Bt are independent Wiener processes

Remark: in what follows, we consider βt “ 2
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Convergence of diffusion models

Fix 0 “ t0 ă t1 ă . . . ă tN ď T and consider

dpZt “

´

pZt ` 2ps ppZtk , T ´ tkq
¯

dt ` dBt , tk ď t ď tk`1, 1 ď k ď N

Introduce γk “ tk`1 ´ tk and denote

ε2score “
N´1
ÿ

k“0

γk EXtk„ptk
}∇ log ptk pXtk q ´ps pXtk , tkq}

2

Theorem: [Benton et al., 2024]

Assume that CovpX0q “ ID and that γk ď κ
`

1^pT´tk`1q
˘

for all k P t0, . . . ,N´1u.
Then

KL
´

pT´tN
›

› p
pZtN

¯

À ε2score ` κ
2DN ` κDT ` De´2T
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Convergence of diffusion models

Theorem: [Benton et al., 2024]

Assume that CovpX0q “ ID and that γk ď κ
`

1^pT´tk`1q
˘

for all k P t0, . . . ,N´1u.
Then

KL
´

pT´tN
›

› p
pZtN

¯

À ε2score ` κ
2DN ` κDT ` De´2T

Question: how to estimate s˚px, tq “ ∇ log ptpxq?

In practice, one fixes a parametric class S “ tsθ : θ P Θu (e. g., neural networks) and
estimates s˚px, tq using i.i.d. samples drawn from pt
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Implicit score matching

Use integration by parts:

EXt„pt }sθpXt , tq ´∇ log ptpXt , tq}
2

“ EX„pt

"

}sθpXt , tq}
2
´ 2

ż

sθpx, tq
J∇ptpxq dx ` }∇ log ptpXtq}

2
*

“ EXt„pt

"

}sθpXt , tq}
2
` 2

ż

div
`

sθpx, tq
˘

ptpxq dx ` }∇ log ptpXtq}
2
*

“ EXt„pt

 

}sθpXtq}
2
` 2div

`

sθpXtq
˘

` }∇ log ptpXtq}
2(

Implicit score matching [Hyvärinen and Dayan, 2005]: Y1, . . . ,Yn „ p˚t

1
n

n
ÿ

i“1

`ISM
`

sθpYi, tq
˘

“
1
n

n
ÿ

i“1

ˆ

1
2
}sθpYi, tq}

2
` div

`

sθpYi, tq
˘

˙

Ñ min
θPΘ
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Implicit score matching

‚ Implicit score matching works not so well in real life scenarios

‚ Implicit score matching does not take into account the joint distribution of X0
and Xt

‚ Denoising score matching [Vincent, 2011] is more preferrable
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Denoising score matching

OU Forward Process

#

dXt “ ´Xt dt `
?
2 dWt , 0 ď t ď T

X0 „ p0, X0 P RD

OU Backward Process

#

dZt “ pZt ` 2∇ log pT´tpZtqq dt `
?
2 dWt ,

Z0 „ pT

Denoising Score Matching Objective: for a fixed stopping time t0 ą 0 we aim to
minimize

min
sPS

T
ż

t0

EXt }spXt , tq ´ s˚pXt , tq}
2 dt, s˚py, tq “ ∇ log ptpy, tq.
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Denoising score matching

Theorem: [Vincent, 2011]

Let s˚px, tq “ ∇ log ptpxq. Then for any t P rt0, T s and spx, tq it holds that

EXt }spXt , tq ´ s˚pXt , tq}
2
“ EX0 EXt

“

}spXt , tq ´∇Xt log ptpXt |X0q}2
ˇ

ˇX0
‰

` Cptq,

The proof is based on the observation

EX0,Xt spXt , tq
J∇Xt log ptpXt |X0q “ EX0,Xt spXt , tq

J∇Xt log ptpXt ,X0q

“

ż ż

spy, tqJ∇y log ptpy, xq ppy, xq dx dy

“

ż ż

spy, tqJ∇yptpy, xq dx dy

“

ż

spy, tqJ∇yptpyq dy
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Denoising score matching

Theorem: [Vincent, 2011]

Let s˚px, tq “ ∇ log ptpxq. Then for any t P rt0, T s and spx, tq it holds that

EXt }spXt , tq ´ s˚pXt , tq}
2
“ EX0 EXt

“

}spXt , tq ´∇Xt log ptpXt |X0q}2
ˇ

ˇX0
‰

` Cptq,

Denoising score matching loss:

`ps,X0q “

T
ż

t0

E
”

}spXt , tq ´∇Xt log ptpXt |X0q}
2 ˇ
ˇX0

ı

dt, ∇ log ptpXt |X0q “ ´
Xt ´mtX0

σ2
t

,

where mt “ e´t and σ2t “ 1´ e´2t . Given Y1, . . . ,Yn
i.i.d.
„ p0, DSM estimate is

ps P argmin
sPS

#

1
n

n
ÿ

i“1

`ps,Yiq

+
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Brief literature review

‚ [Oko et al., 2023] – analysis of DSM estimate under the assumption that p0 is
bounded away from 0 and `8, the authors obtain a slow nonparametric rate of
convergence depending on the ambient dimension

‚ Similar rates of convergence were obtained by [Wibisono et al., 2024] and
[Zhang et al., 2024] who used kernel-based estimates

‚ [Chen et al., 2023] – first attempt to escape the curse of dimensionality, strong
modelling assumptions (supppp0q is assumed to be a low-dimensional linear
subspace)
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Brief literature review

‚ [Tang and Yang, 2024] – analysis of DSM estimate under the manifold
assumption (supppp0q is a smooth low-dimensional manifold), the authors claim
the rates of convergence Opn´2β{p2β`dqq but the hidden constant is proportional
to eD

‚ [Azangulov et al., 2024] – similar rates of convergence Opn´2β{p2β`dqq under the
manifold assumtption. The authors eliminate dependence on D using smart
preprocessing. However, their estimate faces problems when the data
distribution slightly steps away from the manifold.

‚ [Yakovlev and Puchkin, 2025] – data distribution concentrates around a
low-dimensional manifold, milder assumptions on p0, similar rates of
convergence Opn´2β{p2β`dqq, the hidden constant grows polynomially with D
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Brief literature review

‚ Warning! Theorem C.4 in [Oko et al., 2023] has a critical flow (see our paper
[Yakovlev and Puchkin, 2025] for a detailed description). For this reason, the
proof of the main result in [Oko et al., 2023] is incorrect

‚ [Tang and Yang, 2024] and [Azangulov et al., 2024] also use [Oko et al., 2023,
Theorem C.4] in their proofs, so their main results are incorrect too

‚ One can obtain the results announced in
[Oko et al., 2023, Tang and Yang, 2024, Azangulov et al., 2024] using our
approach (see [Yakovlev and Puchkin, 2025, Theorem 3.6])
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Assumptions on the data distribution

Assumption

Given a generator from the Hölder ball g˚ P Hβpr0, 1sd ,RD,Hq, }g˚}L8pr0,1sdq ď 1,
and σdata P r0, 1q, the observed samples Y1, . . . ,Yn are i.i.d. copies of a random
element X0 P RD generated from the model

X0 “ g˚pUq ` σdata ξ,

where U „ Unpr0, 1sdq and ξ „ N p0, IDq are independent

Under the assumption, the density along the forward process for any t ą 0 is

ptpyq “ p
?
2πσ̃tq´D

ż

r0,1sd

exp

"

´
}y ´mtg˚puq}2

2σ̃2t

*

du, σ̃2t “ m2
tσ

2
data ` σ

2
t
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The class of score estimators

Proposition: representation of the true score function

Under Assumption 1 it holds that

s˚py, tq “ ´
y
σ̃2t
`

mt

σ̃2t

¨

˚

˚

˚

˝

ş

r0,1sd
g˚puq exp

´

´
}y´mtg˚puq}22

2σ̃2
t

¯

du

ş

r0,1sd
exp

´

´
}y´mtg˚puq}22

2σ̃2
t

¯

du

˛

‹

‹

‹

‚

, σ̃2t “ m2
tσ

2
data ` σ

2
t

The class of score estimators is a ReLU-network with a tailored architecture

SpL,W , S,Bq “
"

spy, tq :“ ´
y

m2
tσ

2 ` σ2t
`

mtclip2pf py, tqq
m2

tσ
2 ` σ2t

: f P NNpL,W , S,Bq, σ P r0, 1q
*

,

where L is the number of layers, }W}8 is referred to as a width, S is the number of
non-zero parameters, and B is weight magnitude.
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Approximation of the true score with ReLU neural networks

Theorem: score approximation

Grant Assumption. Fix an arbitrary ε P p0, 1q such that

Dε
a

logp1{εq ď σ̃2
t0 , Hε

?
D ď σ̃t0 , and

Hdtβuεβ
?
D

tβu!
ď 1^ σ̃t0 .

Then there exists a score function s P SpL,W , S,Bq with

L À D2 log4
p1{εq, }W}8 À D5ε´d

ˆ

1
t0 ` σ2

data
_ 1

˙

log6
p1{εq,

S À D6`2pd`tβu`d
d qε´d

ˆ

1
t0 ` σ2

data
_ 1

˙

plogp1{εqq10`4pd`tβu`d
d q, log B À D ` log2

p1{εq,

such that
T
ş

t0

EXt }s
˚pXt , tq ´ spXt , tq}

2 dt À Dε2β

σ̃2
t0
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Proof Overview: Step 1

Step 1: local polynomial approximation. Let us introduce N “ r1{εs, and for any
j “ pj1, . . . , jdq P t1, . . . ,Nud we define

uj “
j
N

and Uj “

„

j1 ´ 1
N

,
j1
N



ˆ

„

j2 ´ 1
N

,
j2
N



ˆ ¨ ¨ ¨ ˆ

„

jd ´ 1
N

,
jd
N



.

g˝j puq “
ÿ

kPZd
`

|k|ďtβu

Bkg˚pujq
k!

pu ´ ujqk 1ru P Ujs, g˝puq “
ÿ

jPt1,...,Nud
g˝j puq,

T
ż

t0

EXt }s
˝pXt , tq ´ s˚pXt , tq}2dt ď

DH2ε2β

4pσ2data ` e2t0 ´ 1q

˜

d tβu

tβu!

¸2
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Proof Overview: Step 2

Step 2: reduction to approximation on a compact set.

T
ż

t0

EXt }s
˝pXt , tq ´ spXt , tq}2dt ď

T
ż

t0

m2
t

σ̃4
t

 

Dε2β ` EXt

“

}f ˝pXt , tq ´ f pXt , tq}21rXt P Kts
‰(

dt,

Kt “

"

y P RD : min
uPr0,1sd

}y ´mtg˚puq} ď Rt

*

Rt “ σ̃t
?
D ` 16σ̃t

˜

d

D log

ˆ

ε´2β

D

˙

_ log

ˆ

ε´2β

D

˙

¸

The problem of score approximation reduces to approximation of f ˝py, tq on

C˚rt0,T s “
 

py, tq P RD ˆ rt0, T s : y P Kt
(

.
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Proof Overview: Step 3

Step 3: f ˝ is a composition of simpler functions.

f ˝py, tq “

ř

jPt1,...,Nud

ş

Uj

g˝j puq exp

"

´
}y´mtg˝j puq}

2

2σ̃2
t

*

du

ř

jPt1,...,Nud

ş

Uj

exp
!

´
}y´mtg˝j puq}

2

2σ̃2
t

)

du
.

Introduce an auxiliary vector-valued function

}y ´mtg˝j puq}
2

2σ̃2t
“ Vj,0py, tq ` Vptq

›

›

›
g˝j puq ´ g˚pujq

›

›

›

2
`

ÿ

kPZd
`

1ď|k|ďtβu

Vj,kpy, tq
pu ´ ujqk

k!
.

Vjpy, tq “
´

`

Vj,k : k P Zd
`, 1 ď |k| ď tβu

˘

, Vptq
¯J

P Rp
d`tβu

d q.
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Proof Overview: Step 4

Step 4: approximation of Vj,0 and Vj. We represent Vj,0py, tq in the following form:

Vj,0py, tq “
}y ´mtg˝j pujq}

2

2σ̃2t
“
}y}2

2σ̃2t
´

mtyJg˝j pujq

σ̃2t
`

m2
t }g

˝
j pujq}

2

2σ̃2t
.

Lemma: approximation of Vj,0

For any ε1 P p0, 1s there exist ReLU-networks Ṽj,0, Ṽj,k, Ṽ P NNpL̃, W̃ , S̃, B̃q with
›

›Ṽj,0 ´ Vj,0
›

›

L8pC˚
rt0,Ts

q
_
›

›Ṽj,k ´ Vj,k
›

›

L8pC˚
rt0,Ts

q
_
›

›Ṽ ´ V
›

›

L8prt0,T sq
ď ε1,

L̃_ log B̃ À log2
p1{ε1q ` log2

pσ̃´2
t0 q ` log2 D,

}W̃}8 À D
ˆ

1
t0 ` σ2

data
_ 1

˙

`

log2
p1{ε1q ` log2

pσ̃´2
t0 q ` log2 D

˘

,

S̃ À D
ˆ

1
t0 ` σ2

data
_ 1

˙

`

log3
p1{ε1q ` log3

pσ̃´2
t0 q ` log3 D

˘
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Proof Overview: Step 5 (I)

Step 5: approximation of the integrals over Uj.
We use the following representation:

}y ´mtg˝j puj ´ εwq}
2

2σ̃2t
“ Vj,0py, tq ` Rjpy, tqJajpwq ` bjpwq,

Rjpy, tq “

˜˜

Vj,kpy, tq
2}Vj,k}L8pC˚

rt0,Ts
q

`
1
2

: k P Zd
`, 1 ď |k| ď tβu

¸

,
Vptq

}V}L8prt0,T sq

¸J

,

ajpwq “

˜

´

aj,kpwq : k P Zd
`, 1 ď |k| ď tβu

¯

, }V}L8prt0,T sq
›

›

›
g˝j puj ´ εwq ´ g˚pujq

›

›

›

2
¸

,

aj,kpwq “
2p´εwqk}Vj,k}L8pC˚

rt0,Ts
q

k!
, bjpwq “

ÿ

kPZd
`

1ď|k|ďtβu

}Vj,k}L8pC˚
rt0,Ts

q

p´εwqk

k!
.
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Proof Overview: Step 5 (II)

Lemma: approximation of the integral over Uj

Assume that Dε
?

logp1{εq
σ̃2
t0

ď 1. Fix a function ψj : r0, 1sd Ñ R such that }ψj}L8pr0,1sdq ď 2.

Consider the integral Υjpy, tq “ e´Vj,0py,tq
ş

r0,1sd ψjpwq exp
 

´Rjpy, tqJapwq ´ bpwq
(

dw.

Then, there exists Υ̃jpy, tq P NNpLΥ,WΥ, SΥ,BΥqwith
›

›

›
Υj ´ Υ̃j

›

›

›

L8pC˚
rt0,Ts

q
À ε1ε such that

LΥ À log2
p1{ε1q ` log2

pσ̃´2
t0 q ` log2 D ` log

1
εε1
¨ log2

ˆ

log
1
εε1

˙

,

}WΥ}8 À D
ˆ

1
t0 ` σ2

data
_ 1

˙

`

log3
p1{ε1q ` log3

pσ̃´2
t0 q ` log3 D

˘

_

ˆ

log
1
εε1

˙pd`tβu
d q`1

,

SΥ À D
ˆ

1
t0 ` σ2

data
_ 1

˙

`

log3
p1{ε1q ` log3

pσ̃´2
t0 q ` log3 D

˘

`

ˆ

log
1
εε1

˙2pd`tβu
d q`5

,

log BΥ À log2
p1{ε1q ` log2

pσ̃´2
t0 q ` log2 D.
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Proof Overview: Step 5 (III)

The lemma suggests that there exist Q,Pl P NNpL̆, W̆ , S̆, B̆q, 1 ď l ď D such that

sup
py, tqPC˚

rt0,Ts

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Qpy, tq ´
ÿ

jPt1,...,Nud

ż

Uj

exp

#

´
}y ´mtg˝j puq}

2

2σ̃2t

+

du

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À εε1,

sup
py, tqPC˚

rt0,Ts

max
1ďlďD

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Plpy, tq ´
ÿ

jPt1,...,Nud

ż

Uj

g˝j,lpuq exp

#

´
}y ´mtg˝j puq}

2

2σ̃2t

+

du

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À εε1.

Obviously, Q and Pl , 1 ď l ď D, have a depth L̆ “ LΥ, a width }W̆}8 “ Nd}WΥ}8, at
most S̆ “ NdSΥ non-zero weights, and the weight magnitude B̆ “ BΥ.
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Proof Overview: Step 6

Step 6: division approximation. According to the definition of C˚
rt0,T s

, for any t P rt0, T s and any

y P Kt , there exist j˚ P t1, . . . ,Nud and u˚j P U˚j such that }y´mtg
˚
pu˚j q}

2

σ̃2
t

ď Rt . Hence,

ÿ

jPt1,...,Nud

ż

Uj

exp

"

´
}y ´mtgjpuq}2

2σ̃2
t

*

du ě εde´4´R2
t {σ̃

2
t

Lemma: approximation of the division operation

Given a positive integer K ě 4. Then, for any ε P p0, 1s, there exists a ReLU-network
R P NNpL,W , S,Bq such that

ˇ

ˇ

ˇ

ˇ

Rpx 1, y 1q ´ x
y

ˇ

ˇ

ˇ

ˇ

ď 2049p4K 2 log2 2` log2
p1{εqqε,

for all y P r2´K , 1s, |x| ď y , |x´x 1|_|y´y 1| ď 2´2Kε. The network has L À K 2` log2
p1{εq,

}W}8 À K 3 ` K log2
p1{εq, S À K 4 ` K log3

p1{εq, and B À 24K log2
p1{εq
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Generalization bound

Theorem: score estimation

Grant assumptions of score approximation theorem. Let T ě 1 and the sample size be
sufficiently large. Then for an empirical risk minimizerps P SpL,W , S,Bq with

L À D2 log4 n, }W}8 À
ˆ

1
t0 ` σ2

data
_ 1

˙

D5pnσt0q
d

4β`d log6 n,

S À
ˆ

1
t0 ` σ2

data
_ 1

˙

D6`2pd`tβu
d qpnσt0q

d
4β`d plog nq10`4pd`tβu

d q, log B À D log2 n

and any δ P p0, 1q with probability at least 1 ´ δ we have the following generalization
bound

T
ż

t0

EXt r}pspXt , tq ´ s˚pXt , tq}2sdt “ Õ

˜

D10`2pd`tβu
d qT

pt0 ` σ2
dataq ^ σ̃

2
t0

pnσt0q
´

2β
4β`d log3

pn{δq

¸
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Proof Overview: Step 1

Step 1: oracle inequality. First, we introduce the truncated version of the loss
function defined for some R ě 0

`trps, xq “ `ps, xq1rx P K0s, K0 “ ty P RD : inf
uPr0,1sd

}y ´ g˚puq} ď
b

R2 ` σ2dataDu.

For some a ď 1 write down the oracle inequality

EX0r`pps,X0qs ď EX0r`
trpps,X0qs ´ p1` aqpEX0r`

trpps,X0qs
looooooooooooooooooooooomooooooooooooooooooooooon

pAq

`EX0r`pps,X0q ´ `
trpps,X0qs

loooooooooooooomoooooooooooooon

pBq

` p1` aq inf
sPSpL,W ,S,Bq

pEX0r`ps,X0qs
looooooooooooomooooooooooooon

pCq

.
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Proof Overview: Steps 2 and 3

Step 2: an upper bound for term (B). The evaluation of the term pBq is straightforward

pBq “ EX0r`pps,X0q ´ `
trpps,X0qs À

DT logpσ´2
t0 q

σ2
t0

exp

ˆ

´
1
32

ˆ

R2

Dσ2
data

^
R
σdata

˙˙

Step 3: a high-probability bound for term (A)

Lemma: [Chen et al., 2023]

Let G be a bounded function class, i.e. there exists B ě 0 such that any g P G : RD
Ñ r0,Bs. Let

also z1, . . . , zn P RD be i.i.d. random variables. Then, for any δ P p0, 1q, a ď 1, and τ ą 0

P

˜

sup
gPG

1
n

n
ÿ

i“1

gpziq ´ p1` aqErgpzqs ą p1` 3{aqB
3n

log

ˆ

N pτ,G, }.}8q
δ

˙

` p2` aqτ

¸

ď δ,

P

˜

sup
gPG

Ergpzqs ´ 1` a
n

n
ÿ

i“1

gpziq ą
p1` 6{aqB

3n
log

ˆ

N pτ,G, }.}8q
δ

˙

` p2` aqτ

¸

ď δ.
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Proof Overview: Steps 3 and 4

Using Chen’s argument, we obtain that with probability at least 1´ δ{3

pAq ´ p2` aqτ À
p1` a´1qT pD ` R2q logpσ´2t0 qSL

nσ2t0
log

ˆ

Dp1` R2qLpW ` 1qT pB_ 1q
δτσt0

˙

.

Step 4: bounding term (C) We first provide an upper bound for the term pCq

pCq “ inf
sPS

pEX0r`ps,X0qs ď pEX0r`ps̄,X0qs ´ p1` aqEX0r`
trps̄,X0qs

loooooooooooooooooooooomoooooooooooooooooooooon

pC1q

`p1` aqEX0r`
trps̄,X0qs

looooooomooooooon

pC2q

,

The approximation result indicates that pC2q ` CpT ´ t0q À Dε2β

σ̃2
t0
. Next, note that with

high probability pEX0r`ps̄,X0qs “ pEX0r`
trps̄,X0qs, which suggests that with probability at

least 1´ 2δ{3

pC1q ´ p2` aqτ À
T p1` a´1qpD ` R2q logp1{δq

nσ2t0
.
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Proof Overview: Steps 4 and 5

Combining the bounds for pC1q and pC2q, we deduce that with probability at least
1´ 2δ{3

pCq ` CpT ´ t0q ď pC1q ` pC2q ` Cpt ´ t0q ` apC2q

À
T p1` a´1qpD ` R2q logp1{δq

nσ2t0
`

Dε2β

σ̃2t0
` a

ˆ

T `
Dε2β

σ̃2t0

˙

` τ.

Step 5: deriving the final bound Optimizing the introduced parameters, we have
that with probability at least 1´ δ

T
ż

t0

EXt r}pspXt , tq ´ s˚pXt , tq}2sdt “ Õ

˜

D10`2pd`tβu

d qT
pt0 ` σ2dataq ^ σ̃

2
t0
pnσt0q

´
2β

4β`d log3pn{δq

¸

.
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Generalization bound: improvement for the case σdata “ 0

Lemma

Let h : RD ˆ rt0, T s Ñ RD and h1 : RD ˆ rt0, T s Ñ RD be any Borel functions such that

}h}L8pRDˆrt0,T sq ď 2 and }h1}L8pRDˆrt0,T sq ď 2.

Consider the corresponding scores

spy, tq “ ´
y
σ2
t
`

mt

σ2
t
hpy, tq and s1py, tq “ ´

y
σ2
t
`

mt

σ2
t
h1py, tq.

Then, for all x P Impg˚q, it holds that

`

`ps, xq ´ `ps1, xq
˘2
ď

36
σ2
t0

T
ż

t0

EXt |X0“x

›

›spXt , tq ´ s1pXt , tq
›

›

2 dt.
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Generalization bound: improvement for the case σdata “ 0

Theorem

Assume all the conditions of the theoremon score approximation. Let also T ě 1, t0 ď 1
and let the sample size be sufficiently large, that is, it fulfils

σ2
t0n ě

˜

D
a

logpnσ2
t0q

σ2
t0

?
2β ` d

¸2β`d

_

ˆ

Hdtβu
?
D

tβu!σt0

˙2`d{β

_

ˆ

H
?
D

σt0

˙2β`d

Then, for any δ P p0, 1q, with probability at least p1 ´ δq the excess risk of an empirical
risk minimizer over the class S0pL,W , S,Bq satisfies the inequality

T
ż

t0

EXt }pspXt , tq ´ s˚pXt , tq}2dt À
D9`2pd`tβu

d q

σ2
t0

pnσ2
t0q
´

2β
2β`d logp2{δqLpt0, nq,

where Lpt0, nq “ plog nq17`4pd`tβu
d q log T logD logp1{t0q
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