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Diffusion-based generative models

General idea [Sohl-Dickstein et al., 2015]:

e use a diffusion process to convert any complex distribution into a simple one
o learn a finite-time reversal of this diffusion process

Data Destructmg data by adding noise ——> Noise

Data «——— Generating samples by denoising — Noise

Figure: generative modelling via diffusions. Image courtesy: L. Yang et al. “Diffusion Models:
A Comprehensive Survey of Methods and Applications”, ACM Computing Surveys, 2024
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Score SDEs

I

Motivation: application to score-based generative models

Forward SDE (data — noise)
.— dx = f(x,t)dt + g(t)dw —)@
'i L 4
. " ‘ score function
.(7 dx = [f(X, t) — e (t)Vx log p; (x)l] dt + g(t)dw @

Reverse SDE (noise — data)

Figure: generative modelling via diffusions. Image courtesy: Y. Song et al. “Score-Based
Generative Modeling through Stochastic Differential Equations”, ICLR, 2021
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Score SDEs ‘B

Example: DDPM SDE [Song et al., 2020]

X; dt
forward: dXt:—Btzt +\/Eth, 0<t<T

bz
reverse: dZt:<Bt2t+BtVIongtzt>dt+fd3t, 0<t<T

W; and B; are independent Wiener processes

Remark: in what follows, we consider 3; = 2
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Convergence of diffusion models

I

Fixo=1t <t <...< ty < Tand consider
dz, = (Z ¥25(Z,, T — tk)) dt+dB;, tH<t<t,1<k<N

Introduce v, = t;,1 — t, and denote

score Z Yk ]Eth’“Ptk HV Iog pl‘k(xfk) - E(thv tk)Hz
k=0

Theorem: [Benton et al., 2024]

Assumethat Cov(Xy) = Ipandthaty, < k(1A(T—tq)) forallk € {o,...,N—1}.
Then
KL (pr,tN }| pzN) < &2, + K2DN + kDT + De™?
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Convergence of diffusion models

I

Theorem: [Benton et al., 2024]

Assumethat Cov(Xy) = Ipandthaty, < k(1A (T—tq)) forallk e {o,...,N—1}.
Then

KL (pr,tN }| pZN) < e + K2DN + kDT + De?T

Question: how to estimate s*(x, t) = V log p:(x)?

In practice, one fixes a parametric class S = {s : 6 € ©} (e. g., neural networks) and
estimates s*(x, t) using i.i.d. samples drawn from p;
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Implicit score matching ‘B

Use integration by parts:
IEX:NPt HSQ(XU t) -V |Og pt(Xf7 t) ”2
— Exep, {|so<xt, 1 =2 [, Ppux) e+ ¥ log pt<xt>|2}
— Exp, { 0, 12+ 2 [ div(sa(x, ) ) dx+ 17l pt<xt>|2}
_ Exep, {59007 + 20iv(s5 X)) + |V log pe(X0)12)

Implicit score matching [Hyvarinen and Dayan, 2005]: Y4,..., Y, ~ p¥

l;e,w(se(w, 1) = %Z (; Iso (i, £)]* + div(sp( Vi, t))> —  min

‘ 0O
=1
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Implicit score matching ‘B

o Implicit score matching works not so well in real life scenarios

o Implicit score matching does not take into account the joint distribution of X,
and X;

¢ Denoising score matching [Vincent, 2011] is more preferrable
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Denoising score matching ‘B

dX; = —X; dt 2dW, o<t T
OU Forward Process { ! it vV2dW,

X() ~ Po, XO ERD
Z: = (Z | _ (/]

OU Backward Process {dzt (Z: + 2V log pr—i(Z:)) dt + V2dW,
0o~ PT

Denoising Score Matching Objective: for a fixed stopping time t, > 0 we aim to
minimize

;
min fEXt [s(Xe, t) — s™ (X, t)H2 de, s*(y,t) = Vogp(y, t).

seS
ty
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Denoising score matching ‘B

Theorem: [Vincent, 2011]

Let s*(x, t) = Vlog pt(x). Then for any t € [t,, T| and s(x, t) it holds that

Ex, [s(Xe, t) = s* (X, )" = Ex, Ex, [[Is(Xe, t) = Vix, log pe(Xe | Xo)[* | Xo] + C(2),

The proof is based on the observation
Ex, x (X, 1) Vi, log pe(Xe | Xo) = Exq x, s(Xe, £) T Vx, log pe( X, Xo)
JJ s(y; )"V, logpi(y, x) p(y, x) dx dy

ff s(y,t) Vype(y, x) dxdy

= JS(% t)"Vype(y)dy
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Denoising score matching ‘B

Theorem: [Vincent, 2011]

Let s*(x, t) = Vlog pt(x). Then for any t € [t,, T| and s(x, t) it holds that

Ex, [s(Xe, t) = s* (X, )" = Ex, Ex, [[Is(Xe, t) = Vix, log pe(Xe | Xo)[* | Xo] + C(2),

Denoising score matching loss:
T
(s, %) = J]E [ 15X, ) = Vi log pe(Xe | X0)|” [ Xo| b, Vlog p(Xi|0) = — 3=,
ty

where m; = e "and o2 = 1 — e 2! Given Yq,..., Y, Hig po, DSM estimate is

- 1S
s € argmin {n ;E(s, Yi)}

seS
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Brief literature review ‘B

e [Oko et al.,, 2023] - analysis of DSM estimate under the assumption that p, is
bounded away from 0 and +oo, the authors obtain a slow nonparametric rate of
convergence depending on the ambient dimension

« Similar rates of convergence were obtained by [Wibisono et al., 2024] and
[Zhang et al., 2024] who used kernel-based estimates

e [Chen et al., 2023] - first attempt to escape the curse of dimensionality, strong

modelling assumptions (supp(p,) is assumed to be a low-dimensional linear
subspace)
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Brief literature review ‘B

e [Tang and Yang, 2024] - analysis of DSM estimate under the manifold
assumption (supp(po) is @ smooth low-dimensional manifold), the authors claim
the rates of convergence O(n~2%/(26+d)) but the hidden constant is proportional
to P

e [Azangulov et al., 2024] - similar rates of convergence O(n~2%/(25+4)) under the
manifold assumtption. The authors eliminate dependence on D using smart
preprocessing. However, their estimate faces problems when the data
distribution slightly steps away from the manifold.

¢ [Yakovlev and Puchkin, 2025] — data distribution concentrates around a
low-dimensional manifold, milder assumptions on p,, similar rates of
convergence O(n~28/(28+d)) the hidden constant grows polynomially with D
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Brief literature review

I

e Warning! Theorem C.4 in [Oko et al., 2023] has a critical flow (see our paper
[Yakovlev and Puchkin, 2025] for a detailed description). For this reason, the
proof of the main result in [Oko et al., 2023] is incorrect

e [Tang and Yang, 2024] and [Azangulov et al., 2024] also use [Oko et al., 2023,
Theorem C.4] in their proofs, so their main results are incorrect too

o One can obtain the results announced in

[Oko et al., 2023, Tang and Yang, 2024, Azangulov et al., 2024] using our
approach (see [Yakovlev and Puchkin, 2025, Theorem 3.6])
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Assumptions on the data distribution

Given a generator from the Hélder ball g* € ##([0,1]¢, RP, H), g™ [l oo (o, 17y < 1,
and o4, € [0, 1), the observed samples Yy,..., Y, arei.i.d. copies of a random
element X, € RP generated from the model

Xo = g*(U) + Odata 67

where U ~ Un([0, 1]9) and ¢ ~ N(0, Ip) are independent

.

Under the assumption, the density along the forward process forany ¢ > 0 is

4 * 2

pe(y) = ( 27r5t)_D f exp {_|y n;ig; ()] }du, &7 = mgoﬁata + 0}
1

e t
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The class of score estimators ‘B

Proposition: representation of the true score function

Under Assumption 1 it holds that

() exp (—LomE ) g

* y . m | [01]? 29 2 2 2
sy, t) = -5 + =5 —— y  Of = MiOgaa T 0y
Gt 57 { exp (_ ly m;g’f(ﬂ)\b) du

0,1}

\.

The class of score estimators is a ReLU-network with a tailored architecture

y ‘”tCliPz(f(Ya t))
S(L,W,S, B) = t) = — + :f e NN(L,W,S,B), 0 €(0,1) ¢,
( ) 9 &g ) {5(}’7 ) % 2 % ? 2 ? f ( ’ [ )7 [ )

where L is the number of layers, | W|, is referred to as a width, S is the number of
non-zero parameters, and B is weight magnitude.



Approximation of the true score with ReLU neural networks ‘B

Theorem: score approximation

Grant Assumption. Fix an arbitrary ¢ € (0, 1) such that

HdBlP\/D s
—_— Y X VAN 0’0.
18]! !

Then there exists a score function s € S(L, W, S, B) with

Dey/log(1/e) < 52, HevVD<é&,, and

A\

;
L < D?log(1/e), |Wle < D ———
£(1/6), Wi o

e—d (ﬁ v 1> (log(1/e))"+4(

T 2,
such that { Ex, [s*(X;, t) — s(X;, t)|* dt < 25
t fo

v 1) log®(1/2),

s< D6+2(d+l§J+d) d+l_§J+d), Iog B<D+ Iog2(1/5),

.
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Proof Overview: Step 1 ‘B

Step 1: local polynomial approximation. Let us introduce N = [1/¢], and for any
j=Uts---1Jq) €{1,...,N}¥ we define

: NP . O o
Uj:L and U = ALY BV PRI BVSNSRVE ECEmILEELA B
N N N N N N 'N

k*u-
gw=- Y ZEWG_ykauey) gw- Y g,

kezd ' jE{1,.. N}

I 2
DH228 dlAl
Ex,||s®(Xe, t) — s*(Xe, £)]2dt <
| Bl = 570t 0 M%ﬁﬁqmw
fo
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Proof Overview: Step 2

I

Step 2: reduction to approximation on a compact set.
T T 2
[ Buls 0 0) = st 0Pae < [ 5 {02+ B [1° (% ) = £ 0P 1% € K]} e
t
ty ty

K= {yer0: min ly—mg* )] <}

—28 -2
Rt:5t\FD+165t< Dlog <€D )vlog (ED >>

The problem of score approximation reduces to approximation of f°(y, t) on

C[*to,T] = {<y7 t) € RD X [t(), T] Yy E K:t} X
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Proof Overview: Step 3 ‘B

Step 3: /° is a composition of simpler functions.

meg? (u)|?
5 ngo(u)exp{—y 2§,Z<>H }du
- je{1,.. N} U !
Fly,t) = = O

S Jep{- A0,

je{1,.. N} U

Introduce an auxiliary vector-valued function

ly — meg (u)]? . AN (u— 1)~
s = Vior, ) + V(1) g (u) — g (u,-)“ + D Vikn ) g
t keZ4
1<|ki<|8]

iy, t) = ((V,k ke Zf,’r,1 < k| < [5]), V(t))T - R(d+d[m)
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Proof Overview: Step 4 ‘B

Step 4: approximation of V;, and ¥j. We represent Vj,(y, t) in the following form:

ly = meg(w)|> 2 mey g () millg (u)]
Vj,O(ya t) — 252 = S~2 ~2 + ~) :
o 20 o 20}

Lemma: approximation of V;,

For any ¢’ € (0, 1] there exist ReLU-networks o, V; «, V € NN(L, W, §, B) with

[0 — VijHLOO(CE’:O’T]) v [ Vik = Vik |L°O(CE|:0,T]) vV - V“pc([to,r]) <¢,

L v log B < log?(1/€') + log*(5, %) + log” D,

W[ < D ( v 1) (log?(1/€") + log?(6;,%) + log” D),

tO + Uiata
1

S<D (—2 v 1> (log*(1/€") + log*(5,%) + log® D)
to + O data ’

\.
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Proof Overview: Step 5 (I) ‘B

Step 5: approximation of the integrals over ;.
We use the following representation:

ly - mtg, ( —ew)|?

((z,v,k

= Vio(y, t) + %R;(y, t) " a;(w) + bj(w),

-
;:keZi,1<\k\<[5J> Wt))

cE o) IVl 1,17
d o * 2
— ( (gaw) - ke zd,1 < kI < 181)  IVle ) g5 (5 — =w) — g* ()| )
2(—ew)k HV ) —cw)k
ajk(w) = , bj(w) = Z Vil oo (¢ £ ( K )
kezZd
1<Ikl<1]
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Proof Overview: Step 5 (ll) ‘B

Lemma: approximation of the integral over //;

Assume that 22V28/2) Vl:g(1/a) < 1. Fix a function ¢; : [0, 1] — R such that [[¢);]] ;e ([0, 1j¢) < 2

Consider the mtegral Ti(y, 1) = e o0t § o dy(w) exp {~%;(y, 1) Ta(w) — b(w)} dw.
Then, there exists Tj(y, t) € NN(Lr, W, St, Br) with HTJ- -7 HLw(c : < €'e such that
[to,T]

1
Ly < log*(1/€') + log? (5, %) + log’ D + Iog— log” (Iog —/> ,
55

1 1\ (TP
Wl < D <l‘o+—0c21ata v 1> (log*(1/€") + log’(5, %) + log’ D) v <|og E) ,
1 3 3 3 1 2 +s
Sr < D< v 1] (log’(1/¢) + log’(5, %) + log® D) + (Iog - 7
fhto data ’ ee’

log By < log?(1/€’) + log?(5,%) + log® D.
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Proof Overview: Step 5 (lll) ‘B

The lemma suggests that there exist Q, P; € NN(L, W, S, B), 1 < [ < D such that

~ e ()12
sup  (Q(y,t) — Z JGXP{—”)/Z?(;?(@}du < e,
d

(y7 t)ec[ﬁov-r] je{177N} Z/[J
y — meg; (u)|®
s pp = B [gwen | PE <o
(ys )GC[”: 7]1 b je{1,..,N U; ot
Obviously, Qand P, 1 < D, have adepth [ = Ly, a width | WHOO NY| Wrr ||, at

most 5 = N9Sy non-zero welghts and the weight magnitude B = Br.
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Proof Overview: Step 6 ‘B

Step 6: division approximation. According to the definition of C[t 7 forany t € [t, T] and any

y € K, there exist j* € {1,...,N}? and uf € U such that w

3 Jexp{ Ly mfgl( )z}d S od 4R/

e, N o

< R;. Hence,

Lemma: approximation of the division operation

Given a positive integer K > 4. Then, for any € € (0, 1], there exists a ReLU-network
R € NN(L, W, S, B) such that

‘R(x’, y') — f’ < 2049(4K* log? 2 + log?(1/¢) e,
y

forally e 275, 1], |x| < y, |x—xX'| v |y —y'| < 272Ke. The network has L < K2 +log?(1/),
[Wle S K3+ Klog?(1/€), S < K* 4+ Klog®(1/¢), and B < 2*K log?(1/¢)

.
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Generalization bound ‘B

Theorem: score estimation

Grant assumptions of score approximation theorem. Let T > 1 and the sample size be
sufficiently large. Then for an empirical risk minimizer s € S(L, W, S, B) with

LS D*loghn, |[W|e S ( v 1) D5 (noy,) 7 log® n,

ty + Uczlata
S< <;2 v 1) D6+2(d+}m)(na,0)ﬁ(log n)1°+4(d+dmj), log B<S Dlog”n
ty + Ofara

and any ¢ € (0, 1) with probability at least 1 — § we have the following generalization
bound

2
fo + Udata) N Oy,

A B 10-+2(4+1A1) .
fEXt[”E(Xt, t) — s* (X, t)|*]dt = O <(—~2(noto)4ﬂ+d |og3(n/6)>

ty

\.
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Proof Overview: Step 1 ‘B

Step 1: oracle inequality. First, we introduce the truncated version of the loss
function defined for some R > 0

(s, x) = L(s,x)1[x € Ko], Ko = {yE]RD |nf Hy g u)| < R2+U§amD}.

For some a < 1 write down the oracle inequality

Ex [£(5, X0)] < Ex, [67(3, X)] — (1 + a)Ex, [£7 (5, Xo)l +Ex, [£(5, X) — 7 (5, Xg)l

(A) (8)

1 inf By [4(s, Xo)].
+ ( +a)S€8(LI[1W’573) x[£(s, Xo)]

v

v

(©)
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Proof Overview: Steps 2 and 3

Step 2: an upper bound for term (B). The evaluation of the term (B) is straightforward

(B) = Ex, [€(5, %) — £7(5, X)] < DT"’gWexp<—;2( Rzz . ))

Ufo Dadata Odata

Step 3: a high-probability bound for term (A)

Lemma: [Chen et al., 2023]

Let G be a bounded function class, i.e. there exists B > 0 such thatany g € G : R — [o, B]. Let

also z, . .., z, € RP be i.i.d. random variables. Then, forany 6 € (0,1),a< 1,and 7 > 0
(sup Zg(z, (1+ QE[g(2)] > LEYDE o (N(T’g’ “'”“”) e a)T) <9,
geg N 3n )

P (supIE[g(z)] _1ta Zn:g(zi) > {la i/a)B log (N(T’ gé.’ H||°O)) +(2+ a)7> < 4.

geg no= B

\.
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Proof Overview: Steps 3 and 4 ‘B

Using Chen's argument, we obtain that with probability at least 1 — 4/3
(14+a ")T(D+ R?)log(o,%)SL o8 (D(1 + RHOL(W + 1)T(B v 1)>

A —(2+ <
(A) - @2+ ar =

oToy,

Step 4: bounding term (C) We first provide an upper bound for the term (C)
(C) = inf Ex,[£(s, X0)] < Exo[€(5, X0)] — (1 + @)Ex, [£7 (5, Xo)] +(1 + @) Ex, [ (5, X0)],
seS ~ —_—

_

(€) (&)

The approximation result indicates that (C,) + C(T — t) < Dgfﬂ. Next, note that with
high probability Ex, [£(5, Xo)] = Ex, [¢" (5, Xo)], which suggests that with probability at
least 1 —26/3

T(1+ a")(D + R) log(1/5)

5 .
noy,

(C)— 2+ a7 <
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Proof Overview: Steps 4 and 5

Combining the bounds for (C;) and (C,), we deduce that with probability at least
1—26/3
(C) + C(T — 1) < (C1) + (Gy) + C(t — 1) + a(Cy)
-1 2 28 28
- T(1+a )(D—iz— R*) log(1/9) N Dst —|—a(T+ D~52 ) i

noj, Tt

0%,

Step 5: deriving the final bound Optimizing the introduced parameters, we have
that with probability at least 1 — ¢

A plo+2("VN +

JEX,U?()Q, t) — s* (X, t)|*]dt = O ( — (nato)_été% Iog3(n/(5)> .

t (to + 03,,) A5
0
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Generalization bound: improvement for the case 74,., = 0

Lemma

Let h: RP x [ty, T] - RP and #' : RP x [t,, T] — RP be any Borel functions such that

[l o ox[,7) <2 @Nd A joo@ox[s,77) < 2.

Consider the corresponding scores

s, ) = =L + T h(y, ) and S(y,0) = —L + DK (y,0).

t t t Ut

Then, for all x € Im(g*), it holds that

.
36

(£(s, %) — £(s', %)) < Z f saomx[S(Xe £) — 5/ (X, D) dt.
t

to
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Generalization bound: improvement for the case 74,., = 0

Assume all the conditions of the theorem on score approximation. Letalso T > 1, < 1
and let the sample size be sufficiently large, that is, it fulfils

o o228 +d 18]' o, Ot

Then, for any § € (0, 1), with probability at least (1 — §) the excess risk of an empirical
risk minimizer over the class Sy(L, W, S, B) satisfies the inequality

28+d
- (D Iog(nafo)> - (Hdlﬁl\@>2+d/ﬁ (H\/5)2B+d
= N \Y — Vv

ph o-+2("F1A)

JEXtH?(Xt, t) — s* (X, t)|I°dt < G—Z(ngfo)—zé% log(2/0)L(ty, n),

ty
1}

181
where L(ty, n) = (log n)"7**("i") log T log Dlog(1/1)

\.
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