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Flat Coordinates and Hydrodynamic Type Systems

B.A. Dubrovin and S.P. Novikov introduced the concept of homogeneous
differential-geometric Poisson brackets of first order in 1983.
Corresponding Hamiltonian systems can be written in flat coordinates

oH
af — ;7"’" <(5a’") ., H= /h(a, ax, axx, - )dx, k,m=1,2 .. N.

Here the matrix 77"’” is symmetric, constant and non-degenerate.
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Flat Coordinates and Hydrodynamic Type Systems

B.A. Dubrovin and S.P. Novikov introduced the concept of homogeneous
differential-geometric Poisson brackets of first order in 1983.
Corresponding Hamiltonian systems can be written in flat coordinates

oH
ak = ykm <(5a’") ., H= /h(a, ax, axx, - )dx, k,m=1,2 .. N.

Here the matrix 77"’” is symmetric, constant and non-degenerate.
The above N component system has two extra conservation laws. The
conservation law of momentum

oH
= (5 F).

where i
P = 577kmakam
and the function F(a, ax, axx, -..) can be found from
SH .
aXF = 5a7max .
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Flat Coordinates and Hydrodynamic Type Systems

The conservation law of Energy

ht = gX-
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Flat Coordinates and Hydrodynamic Type Systems

The conservation law of Energy

ht = gX-

For hydrodynamic type systems the Hamiltonian density h(a), then both
conservation laws become

(. 0h (1 4. 0h 3h
pt_(aaa’"_h)x' hf‘(z” akam)
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Flat Coordinates and Hydrodynamic Type Systems

The conservation law of Energy

ht gx

For hydrodynamic type systems the Hamiltonian density h(a), then both
conservation laws become

oh 1 oh dh
pe (a dam )X CoT (2;7 0ak aa’")
In a dispersionless and in a dispersive cases, the common feature of the

Dubrovin—Novikov Hamiltonian structure is the momentum density

_ k
p= Enkma a".
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Flat Coordinates and Hydrodynamic Type Systems

If some hydrodynamic type system has N local conservation laws
Ak = (b*(a))y, k=12, N

and (N + 1)-st local conservation law

pr = fx,
such that )
p= Erlkmakam'

Then this hydrodynamic type system has the local Hamiltonian structure

ak = pkm <5(Sa|:’|7> , H= /h(a)dx, kkm=12.,N,

where the Hamiltonian density can be found in quadratures

dh =1,,.b°(a)da™.
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Flat Coordinates and Hydrodynamic Type Systems

The KP hierarchy is determined by infinitely many linear equations (the so
called Lax representation)

R R 1.
Yo =L, L= ;(Lk)-&-

where
[ =0, +apd ! +a10; % + a0, + ...
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Flat Coordinates and Hydrodynamic Type Systems

The KP hierarchy is determined by infinitely many linear equations (the so
called Lax representation)

Yo =Ly, Lo =2(19)4

x| =

where
[ =0, +apd ! +a10; % + a0, + ...
First two linear equations
1 1
e = Elljxx +uy, l/Jy - §¢XXX +up, + v

determine the KP equation.
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Flat Coordinates and Hydrodynamic Type Systems

The KP hierarchy is determined by infinitely many linear equations (the so
called Lax representation)

(L)+

x| =

Yo = Lep, L=

where
[ =0, +apd ! +a10; % + a0, + ...

First two linear equations

1 1
lpt = El)bxx + uip, l/]y = gl)[]xxx + L”’/Jx +vy

determine the KP equation.
Under the substitution r = (In ) these linear equations become

1 1
re = (2(r2 +r)+ u) B <3(r3 + 3rry + ) + ur + v)

X
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Flat Coordinates and Hydrodynamic Type Systems

The substitution of the expansion (A — o)

into the first above equation

= <;(r2 + ) + u>

yields the dispersive integrable chain (where u = Hp)

X

1 k—1

1
Hi,e = (Hk+1 + EHk,x 5 Y HmHk1m> , k=0,1,2,

m=0
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Flat Coordinates and Hydrodynamic Type Systems

In a dispersionless limit this integrable chain

k=1
Ho,: = Hix, Hir = (Hk+1 -5 Z HmHk—l—m) . k=12, ..
m=0

X

is well known as the Benney moment chain
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Flat Coordinates and Hydrodynamic Type Systems

In a dispersionless limit this integrable chain

k=1
Ho,: = Hix, Hir = (Hk+1 -5 Z HmHk—l—m> . k=12, ..
m=0

X

is well known as the Benney moment chain
Al = AKFL L pARIA0 e =0,1,2, ..

where Hy(A) are polynomials.
The Benney moment chain has plenty of finite-component reductions,
where the simplest is determined by the reduction

Hy = 0.
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Flat Coordinates and Hydrodynamic Type Systems

B.A. Kupershmidt and Yu.l. Manin found the local Hamiltonian structure
of the Benney moment chain in 1978

oH,

k+m—1 k+m—1
= [KA dx + MdLA 5

Ho = 21+ (A7)
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Flat Coordinates and Hydrodynamic Type Systems

B.A. Kupershmidt and Yu.l. Manin found the local Hamiltonian structure
of the Benney moment chain in 1978

oH,

k+m—1 k+m—1
= [KA dx + MdLA 5

Ho = 21+ (A7)

Later this result was generalized by |.M. Gelfand in collaboration with L.A.

Dickey and I.Ya. Dorfman.
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Flat Coordinates and Hydrodynamic Type Systems

B.A. Kupershmidt and Yu.l. Manin found the local Hamiltonian structure
of the Benney moment chain in 1978

oH,

Ak [kAk+m la + a Ak+m l]aAm

Ho = 5[4+ (%))

Later this result was generalized by |.M. Gelfand in collaboration with L.A.

Dickey and I.Ya. Dorfman.

All these papers (together with results presented by V.E. Zakharov and
L.D. Faddeev) had influence to the paper, written by B.A. Dubrovin and
S.P. Novikov later.
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Flat Coordinates and Hydrodynamic Type Systems

B.A. Kupershmidt and Yu.l. Manin found the local Hamiltonian structure
of the Benney moment chain in 1978

oH,

k k+m—1 k+m—1
Ak = [KA x + mdA 52

Ho = 5[4+ (%))
Later this result was generalized by |.M. Gelfand in collaboration with L.A.
Dickey and I.Ya. Dorfman.

All these papers (together with results presented by V.E. Zakharov and
L.D. Faddeev) had influence to the paper, written by B.A. Dubrovin and
S.P. Novikov later.

Nevertheless, the reduction of the above (Kupershmidt—Manin)
Hamiltonian structure to the finite-component case Hy = 0 is a nontrivial
problem. By this reason, corresponding local Hamiltonian structure was
found independently.
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Flat Coordinates and Hydrodynamic Type Systems

The reduction Hy = 0 determines N component hydrodynamic type
system

1k71
Hy: = <Hk+1 -5 ) HmHk_l_m> , k=0,1,2,...,.N—1.
m=0

X
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Flat Coordinates and Hydrodynamic Type Systems

The reduction Hy = 0 determines N component hydrodynamic type
system

1k71
Hy: = <Hk+1 -5 ) HmHk_l_m> , k=0,1,2,...,.N—1.
m=0

X
However the next conservation law is

1 N—-1
Hy: = | Hyv41 — 5 Y HmHy-1-m | -
m=0 x
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Flat Coordinates and Hydrodynamic Type Systems

The reduction Hy = 0 determines N component hydrodynamic type
system

1k71
Hy: = (Hk+1 -5 ) HmHk_l_m> , k=0,1,2,...,.N—1.
m=0

X
However the next conservation law is

1 N—-1
Hy: = | Hyv41 — 5 Y HmHy-1-m | -
m=0 x

Taking into account that Hy = 0, we obtain the momentum density

]_N,]_
Hyi1 = 5 Y HmHy-1-m.
m=0

This means H,, are flat coordinates and the above system is Hamiltonian,

ie. 3H
Hon e = <N+2) _
OHNnt1-m /)
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Flat Coordinates and Dispersive Integrable Systems

In a dispersive case the integrable chain

1 15
Hit = (Hk+1 + §Hk,x 5 Y. HmHk—l—m> , k=0,1,2,..
m=0 x

also has a similar reduction
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Flat Coordinates and Dispersive Integrable Systems

In a dispersive case the integrable chain

1 15
Hit = (Hk+1 + §Hk,x 5 Y. HmHk—l—m> , k=0,1,2,..
m=0 x

also has a similar reduction
Hy =0,

where Hy is a differential polynomial with respect to lower conservation
law densities H including their higher order derivatives.
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