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This is a report on a joint paper with A. Rapinchuk and I. Rapinchuk
“Simple algebraic groups with the same maximal tori, weakly commensurable
Zariski-dense subgroups, and good reduction”, Adv. Math., 438 (2024), 78
pages. Applications:

(i) Weakly commensurable Zariski-dense subgroups (commensurable
Riemann surfaces or more generally symmetric spaces);

(ii) Global to local map, Hasse principle;

(iif) Genus problem: groups with the same maximal fields;

(iv) Serre’s question.
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Let K be a number field, V the set of all p-adic valuations on K and let
S C V afinite set of primes of K. Then for every g > 1, there exist only
finitely many K-isomorphism classes of principally polarized abelian
varieties of fixed dimension ¢ having good reduction at all primes

v ¢&S.

This conjecture was proved by Faltings in 1982. Its numerous
applications include:

Mordell conjecture: A smooth projective curve C over a number field K of
genus § > 2 has only finitely many K-rational points.

Shafarevich conjecture: For any g > 2 there exists only finitely many
isomorphism classes of smooth projective curves over a number field K of
genus g having good reduction at allv ¢ S.
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In my talk I want to talk about the analogue of Shafarevich for affine
algebraic groups over finitely generated fields.

Definition

Let K be a field and v a discrete valuation on Kand R = O, C K be its
valuation ring. Let G be a reductive group over K. We say that G has
good reduction at v if there exists a reductive group scheme Hg over R
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Example 1. Let G = SL(1, D) where D is a central simple algebra over
the base field K. Then G has good reduction at v if and only if there
exists an Azumaya algebra A over R such that A xg K ~ D.

Example 2. Let G = Spin(f) where f is a quadratic form over K of
dimension n > 3. Then G has good reduction at v if and only if f
admits diagonalization

f=AMayx3 +ax3 + - - +a,x2)

where q; € R* and A € K.

Let us now state an analogue of Shafarevich’s conjecture for reductive
groups.
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Let K be a finitely generated field. Let X be its affine model (irreducible
separated normal scheme of finite type over Z with function field K). May
assume X is smooth. Let V be the set of divisorial valuations on Kand S C 'V
a finite subset. Fix a reductive group G/ K. Then there are only finitely many
isomorphism classes of K-forms of G which have good reduction at all v & S.

Remark. Let S C S’ C V where S’ is also finite. Let ng (resp. ng) be
the number of isomorphism classes of K-forms of G which have good
reduction for all v ¢ S (resp. ¢ S’). Obviously, ng < ng. Hence if the
conjecture holds for S’ then obviously it holds for S. In particular if
you don’t like some valuation (say 2-adic) you can include it into S.
Also, without loss of generality we may assume that G has good
reduction atall v ¢ S.
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Groups with good reduction

The conjecture is widely open. Known cases include:

(1) K is a global field;
(2) K arbitrary (finitely generated), G = PGL,;

(3) K = k(C) where k is a number field and C is a smooth projective curve
over k, G = Spin(f).

Remark. The smallest unknown case: K is the function field of a
surface over a number field and G has type G,. In this case the
finiteness conjecture for groups with good reduction would follow
from the following conjecture:

Let K be a finitely generated field and V is the set of all divisorial valuations
on K. Then the group H;,(K, Z/2) is finite.
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Serre's question

Is it true that cohomological invariants determine Albert algebras
uniquely up to an isomorphism?

Let us first briefly remind what are Albert algebras and how their
cohomological invariants look like. Throughout we assume K is the
base field of characteristic # 2, 3.

Definition

A Jordan algebra over K is a unital, commutative K-algebra A in which
the Jordan identity

(xy) (xx) = x(y(xx))
holds for all x,y € A.
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Example. If B is an associative algebra over F with multiplication
denoted by -, then the anticommutator

%(X~y+y-x)

endows B with a Jordan algebra structure, which we denote by B*.

Definition

A Jordan algebra A is called special if it is isomorphic to a Jordan
subalgebra of BT for some associative algebra B, and exceptional
otherwise. An Albert algebra is then defined as a simple, exceptional
Jordan algebra.
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Facts. (1) The dimension of any Albert algebra is 27.

(2) Over separably closed fields all Albert algebras are isomorphic.

(3) All Albert algebras over K are twisted forms of each other.

(4) The automorphism group Aut(A) of an Albert algebra has type Fi.

Thus, there are natural bijections between 3 sets:

(a) The set Albg of isomorphism classes of Albert algebras over K;
(b) The set Grsr, k of isomorphism classes of groups of type F4 over K;
(c) The set Torsorsg, k of isomorphism classes of F4-torsors over K.

Example (First Tits construction): Let D be a central simple algebra
over K of degree 3. Take A = D ® D ® D as a vector space. Fix a scalar
u € K*. Define the cross product on D by

uxv=uv+ou—Tp(u)v—Tp(v)u — Tp(uv) + Tp(u)Tp(v),

and write # = Tp(u) —u foru € D.
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Serre's question

The product (a1,az,a3)(by1,bz,b3) in A = D & D & D is then given by

— ~ 1 ~ ~
(a1 - by + arbz + bsas, a1by + biap + ﬂﬂg X bs,azb1 + bsay + gaz X b2).

One then writes A = J(D, ) and says that A arises from D and y via
the first Tits construction.
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Cohomological invariants

Construction of f3, fs-invariants

Let A be an Albert algebra over a field K of characteristic # 2.
It has a trace form Tr : A — K and a quadratic form g4 (x) = Tr(x?) /2.

Theorem (J.-P. Serre, 1995).

There exist 3- and 5-Pfister forms g3, g5 such that

ga®qs ~ (2,2,2) ®gs.

These two Pfister forms give rise to the cohomological invariants
fs: Albg — H>(K,Z/2) and fs : Albx — H>(K,Z/2)

Remark. This construction was extended by H. P. Petersson and M. L.
Racine to the case of bad characteristic in 1995.
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Cohomological invariants
gs3-invariant

Theorem (M. Rost, 1991).

Let char(K) # 2, 3. There exists a functorial map
g3 : Albx — H*(K,Z/3).

If A =] (D, p) thengs(A) = [D]U ().

Remark. The Rost construction of g3 was extended to the case of bad
characteristic by H. P. Petersson and M. Racine.
Now, Serre’s question can be restated as follows:

Is the map ¢ = (f3,f5,43)
Albg ~ H'(K,Go) — H*(K,Z/2) x H>(K,Z/2) x H*(K,Z/3)

injective? Here G is a split group of type Fs.
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Cohomological invariants

For the time being not much is known.
O T. Springer Theorem: The map
(f5.f5) : H'(F,Go)g,—0 —> H*(F,Z/2) x H*(F,Z/2)
is injective.
@ Rost Theorem: assume {1, > € H'(F, Go) have the same
cohomological invariants. Then there exist extensions K/F of

degree dividing 3 and L/F of degree prime to 3 such that
C1k = Goxand 1 = (o1
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Main Theorem.

Let K be a finitely generated field of characteristic # 2,3. Assume that
the Finiteness Conjecture holds for K-groups of type F, with respect to
a divisorial set V of discrete valuations of K. Then the map ¢ is proper,
i.e. the preimage of a finite set is finite.

The idea of the proof is to investigate the relation between the
property good reduction and ramification of the corresponding
cohomological classes. Recall the following result due to Rost.
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Let K be a finitely generated field of characteristic # 2,3. Assume that
the Finiteness Conjecture holds for K-groups of type F, with respect to
a divisorial set V of discrete valuations of K. Then the map ¢ is proper,
i.e. the preimage of a finite set is finite.
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Main Theorem.

Let K be a finitely generated field of characteristic # 2,3. Assume that
the Finiteness Conjecture holds for K-groups of type F, with respect to
a divisorial set V of discrete valuations of K. Then the map ¢ is proper,
i.e. the preimage of a finite set is finite.

The idea of the proof is to investigate the relation between the
property good reduction and ramification of the corresponding
cohomological classes. Recall the following result due to Rost.
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Let K be a field, v a discrete valuation on K such that the residue field
K(v) and K have the same characteristic.
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Main Theorem.

Let K be a finitely generated field of characteristic # 2,3. Assume that
the Finiteness Conjecture holds for K-groups of type F, with respect to
a divisorial set V of discrete valuations of K. Then the map ¢ is proper,
i.e. the preimage of a finite set is finite.

The idea of the proof is to investigate the relation between the
property good reduction and ramification of the corresponding
cohomological classes. Recall the following result due to Rost.

Theorem.

Let K be a field, v a discrete valuation on K such that the residue field
K(v) and K have the same characteristic. Let G be a smooth group over
K having a good reduction at v. Let ¢ : H'(—,G) — H*(—,M) be a
cohomological invariant where M is a finite Galois module of order
not divisible by characteristic. Assume the characteristic is good.
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Main Theorem.

Let K be a finitely generated field of characteristic # 2,3. Assume that
the Finiteness Conjecture holds for K-groups of type F, with respect to
a divisorial set V of discrete valuations of K. Then the map ¢ is proper,
i.e. the preimage of a finite set is finite.

The idea of the proof is to investigate the relation between the
property good reduction and ramification of the corresponding
cohomological classes. Recall the following result due to Rost.

Theorem.

Let K be a field, v a discrete valuation on K such that the residue field
K(v) and K have the same characteristic. Let G be a smooth group over
K having a good reduction at v. Let ¢ : H'(—,G) — H*(—,M) be a
cohomological invariant where M is a finite Galois module of order
not divisible by characteristic. Assume the characteristic is good. Let T
be a G-torsor such that the twisted group 7G has a good reduction at v.
Then the cohomological class ¢(T) is unramified at v.
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The main result and strategy of the proof

Remark. One can show that the restriction K and K(v) have the same
characteristic can be dropped.

Question. Keep the above notation. Assume that ¢(T) is unramified at v for
all cohomological invariants ¢ : H'(—,G) — H*(—, M). Is it true that the
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Let K be a finitely generated field of characteristic # 2,3. Let V be a set
of divisorial discrete valuations. May assume that that V' doesn’t
contain valuations v whose residue field has characteristic 2,3. Let G
be a group of type F,; over K such that G has good reduction for all

v € V. Assume that G’ is a group of type F4 over K such that

f(G') =£(G), f5(G') =f5(G), g3(G') = g3(G).

Then G’ has good reduction atallv € V.
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Clearly, the main theorem follows immediately from this theorem.

Sketch of the proof of the above theorem: May assume K = K, is complete.
Recall Bruhat-Tits description of torsors over complete discretely
valued fields.

The natural map

Hl(K,F4> = HHl(Ovl gﬂ)an — Hl(kw GO)
(@)

is a bijection.
Remark: no need for characteristic restriction.

The group G’ corresponds to a class [¢] € H!(K, F4). It leaves in some
H'(Oy, 50 )an for some Q. If Q = {—a&} then [¢] is unramified and we
are done. Assume Q) # {—a}.
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(i) G’ splits over an extension L/K of degree 2™;

(ii) G’ splits over an extension L/K of degree 3% and hence comes from the
first Tits construction.

In the first case it follows immediately from the Springer theorem that
G = G’ and hence G’ admit good reduction at v.

In the second case we show that [¢] comes from a maximal anisotropic
torus S C Gy splitting over an unramified extension L/K of degree 3.
Then assuming that G’ doesn’t admit good reduction we conclude with
the use of the formula for g3 that g3(G’) is ramified which contradicts
to the fact that by construction g3(G) = g3(G’) is unramified.
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