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Abstract

The report is devoted to joint results with V.P. Platonov
concerning the problem of the unboundedness of period lengths of
continued fractions of elements from a hyperelliptic field.

The famous Abel theorem establishes a criterion for the
existence of elements in a hyperelliptic field that have a periodic
expansion into a continued fraction. Subsequently, a significant
number of studies were aimed at studying the problem of
periodicity of functional continued fractions, including obtaining
upper bounds on possible period lengths.

Until now, the problem of the finiteness of the set of possible
period lengths of continued fractions for a given hyperelliptic field
has remained open. In our report, we will present results that give
a negative solution to this problem.
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The report is based on joint articles with V.P. Platonov [1], [2].

[1] Platonov V.P., Fedorov G.V., Asymptotic behavior of period
lengths of continued fractions in a hyperelliptic field //
Izvestiya. Mathematics. 2025 (in press).

[2] Platonov V.P., Fedorov G.V., Continued fractions in
hyperelliptic fields with an arbitrarily large period length //
Doklady Mathematics. 2024. Vol. 109, no. 2. P. 147-151.
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Field of formal power series

Let K be an arbitrary field, Char K # 2. Consider
K((1/x)) Zb() | bjeK, by #0, s€Z
For 5 € K((1/x)) we denote:

5:§bj(i)j, [ﬁ]zibj-@j, o (8) =5, by #0.

@ [5] — integer part of a power series.
® Vy () — infinite valuation.
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Construction of continued fraction

Let 8 € K((1/x)). Let's put

Bo=p0, ao=|[lo], M(a)= <310 (1)> — the simplest transformation.

For each j € N we set

B = M(aj-1) M [ja] = 7— - 3 =B, M(aj) = (? 1) :

Bi-1— aj-

until a; # ;.

The result is an expansion of 3 into a functional continued fraction
(finite or infinite), constructed in K((1/x)):

1
B=laoian, a2, ] = a0+ ————
a; +
32 _|_ 500
aj — incomplete quotients, 3; — complete quotients.
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Let 8 € K((1/x)), 8 = [a0; a1, .. .]. Let's denote

n n

_ N ai 1\ _ (pn Pn-1

My =[IMa) =] (1 0) - <Qn qn_1> '
i=0 i=0

Then the following statements are true:

n18n + n—1.
o 3= Mp[Bry1] = %'

o det M, = (—1)"*1;

® Vg (5 - Pn/qn) = Voo (qn+1) — +00, n—oQ;

o B—p/q= O(x"2d€9-1) = p/q— convergents for 3;
® pn/qn — best approximation to /.
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Field of functions

Let £ =K(x)[y]/(y* — f(x)) be the function field of the
curve C : y? = f(x), where f(x) is a square-free polynomial.

If deg f is even and the leading coefficient of f(x) is a full
square in K, then £ can be embedded in K((1/x)) in two
ways.

Depending on the embedding, the valuation v, of the field
K((1/x)) is induced in two ways on the field £: v, v, and

Voor Voo
Voo (B) = v (¢8) 4

where B € L, v : y — —y is a hyperelliptic involution.

Depending on the embedding, the elements of the field £ can
be expanded into two continued fractions in K((1/x)), which
correspond to the valuations v_ and v.
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Abel’s Theorem

Theorem (Abel, 1826; W. Schmidt, 2000)

The following conditions are equivalent:
@ the continued fraction of an element 5 € L with discriminant
d is quasi-periodic;
@ there exists a non-trivial solution of the Pell-type functional
equation

w _w2d Y

with respect to the polynomials wi,ws € K[x|, wp # 0, and
v € K*.

The following condition is equivalent to the previous ones:

o there exists a non-trivial unit Q1 + QoV/f of the ring Oy of
integer elements of the hyperelliptic field L such that w | Qa,
where d = w?f.
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Relation to the torsion problem in Jacobians

Theorem (Abel, 1826; W. Schmidt, 2000)

The following conditions are equivalent:

@ there exist elements in L with periodic continued fraction
expansion;

@ there exist elements in L with quasi-periodic continued
fraction expansion;

e the divisor class PY, — P> has finite order in the divisor class
group A° (L).

If these conditions are satisfied, then the Jacobian J of
C: y? = f(x) has a torsion point.

Proposition

o If the field L has quasi-periodic elements, then = \/f is
periodic.

o IfK =T, then all nonrational elements of L are periodic.
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Lagrange's Theorem

Let K =Fgq, 8 € K((1/x)).

The following conditions are equivalent:

@ the continued fraction of 8 is periodic;
@ the continued fraction of 5 is quasi-periodic;
@ [ is a quadratic irrationality.
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Analog of Lagrange's theorem

Theorem (Zannier, 2019)

The sequence of degrees of incomplete quotients functional
continued fractions of non-rational elements of hyperelliptic fields
is periodic.

degag,degay,...,deganm,degamyt1, ..., degamin

The proof of this theorem does not allow us to draw conclusions
about upper and lower bounds on the period length.
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Question. Let us fix a hyperelliptic field £, in which there are
elements with periodic (quasi-periodic) expansion into a continued
fraction. What can we say about the upper bound on the period
length (or quasi-period length) of elements from L7

Let K be a field of characteristic different from 2, and
L = K(x)(v/f) be a hyperelliptic field, whose ring of integers O,
has nontrivial units.

Theorem (Platonov, F., 2025)

For any arbitrarily large value of N there exists an element § € L
such that the period length of the continued fraction [ is finite
and greater than N.
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Group of unimodular transformations

For A, B, C, D € K[x] and an element 5 € K((1/x)), we use the

notation AB+ B

The set
r={(28) | AB,C,DeK[x], AD-BC K"}

is a group acting on elements of K((1/x)) by rule above. This
group is called the group of unimodular transformations.

@ A transformation M € T is said to be trivial if M € GL>(K).
@ The action I is transitive: (My - Mp)[B] = My [M2[5]].
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Serret's Theorem

We say o ~ (3, if there exists M € I', such that

A B
a:M[ﬂ]:Cg——tD’ where Mz(é g)

Theorem (V. Schmidt, 2000)

Let a, f € K((1/x)) \ K(x). The following conditions are
equivalent:

o o~ f3;
@ o, = cfBm, for some c € K*.
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Reduced element and reduced transformations

An element 3 € L is called reduced, if v (8) > 0 and v (8) < 0.

@ There exists a number jy > 0, such that for j > jj all
complete quotients 3; are reduced.

@ If the continued fraction of 3 is quasi-periodic, the
quasi-period begins with the number 7 = jy, that is, with the
number of the first reduced complete quotient §-.

The transformation M = (2 B) € I is called reduced if
deg A > deg B and deg A > deg C.

@ Since det M € K* for a reduced M such that D # 0, we have
deg B > deg D and deg C > deg D.

@ The simplest transformations M(a;) are reduced for j > 1.
@ The product of reduced transformations is reduced.
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Decomposition of a unimodular transformation

For b, c € K*, we define

h(c, b) = (g 2) .

Proposition

Let M € T be the reduced transformation. Then the following
statements hold.

1. There is a unique representation of the form
M = M(ag) - M(a1) - ...- M(a,) - h(c, b),

where aj € K[x] \ K, 0 <j <n, b,c € K*.
2. Let B € L be a reduced element. Then

M(B] = [a0; a1, . - -, an, B/ b],

where a; € K[x] \ K, 0 <j < n, b,c € K* are the same as in point
1.

17 /40 Gleb Fedorov On the unboundedness of period lengths



We define the degree of transformation M = (2 5) €T as
deg M = max{deg A, deg B, deg C,deg D}.

For n > 0, we denote
n
M, = [ M(a)),
j=0

then
B = My[Bnt1], detM,=(-1)"",

and M,, € [ — unimodular transformation.

We have
M. — Pn  Pn-1
" dn dn-1 ’
where p,, g, € K[x] satisfy the recurrence relation
Xp = anXn—1 + Xn_» with initial conditions

M4:<p1p2>:MLU

g-1 g-2
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Let 8 € £\ K[x] is a root of the equation
Ao X? 4+ 2M X + Ng = 0,

where Ao, A1, N2 € K[x] are collectively coprime polynomials.

Denote d = /\% — No/N\o> — the reduced discriminant of 3. Since
B € L, then d = w?f for some w € K[x].

As we mentioned earlier, for the quasi-periodicity of continued
fraction of 3, it is necessary and sufficient that there be a
non-trivial unit U = Q1 + QoVf € O such that w | Qo.

For n € Ng we define the matrices I\/I,(\") as follows:

(n)  Aln)
m (A A e 0) (N N
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Proposition

1. For each n € Ny we have det M,(\") = —d.
2. For n € Ny, the complete quotients 3, satisfy the equation

(X 1)mP (f) =0.

3. The complete quotients (3, of the continued fraction of 5 are of
the form (3, = As\n)[Y], where

_1\n _ (n)
AS\") = <( 1) /(\%) > , Y satisfies the equation Y? = d.
0 Al
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Proposition

There is a number T € No, 7 < 1+ max(degA> — (degd)/2,0)/2
such that for j > T the following relations hold

deg/\g) < (degd)/2, deg/\(J) (deg d)/2, deg/\(J) < (degd)/2

Proposition

| A\

Let for a quadratic irrationality 3 having the discriminant d, the
continued fraction constructed in the field K((1/x)), have the form
B = [ao; a1, ...]. Then for j > 7 the following estimates hold:

dega; < (degd)/2 — deg /\(J)
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Proposition

Let for some number s > T we have deg a; = (deg d)/2 then the
following statements hold.

1. The complete quotient (s has the form Bs = b(T + Y'), where
beK*, T=[Y]_ Y?=d.

2. If the continued fraction (3 is quasi-periodic with quasi-period
length p and quasi-period constant c, then the continued fraction
B can be written as

B =lao;a1,...,8s-1,3s,---,as+pu—1"I,

where e = c or e = ¢! and deg as;; < (deg d)/2 for
j=1,...,u—1
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Lower bounds on the quasi-period length

23 /40

Let the continued fraction 5 € L be quasi-periodic

B ::[307"'7aT—17aTv"'7aT+u—1CL

Let the polynomial ©1 have the minimum degree among all
nontrivial solutions (©1,©3,~) of the equation ©3 — ©3d = .
Then

T+pu—1

Z deg a; = deg ©1.

j=r

Corollary
The inequalities on the length of the quasi-period 1 are valid

2deg @1

<nu<d .
deg d = 1 = degiO
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Primitive roots of unity and cyclotomic polynomials

24 /40

@ Let pg = CharK # 2 — characteristic of the field K.
@ We will assume that in the case pg = 0 the condition of the

form pg t n is satisfied for all n € N.

Denote K(" by the cyclotomic extension of the field K by the
splitting field x” — 1 over K.

Denote S, = S,(K(M) by the set of distinct roots of 1 of
degree n over the field K(".

If px 1 n, then S, is a cyclic group of order n, and |S,| = n.

If px | n, then S, = Sy, where n = p’km, m,j € Nand mis
not divisible by pk.

Further, we will consider only those n € N such that pk 1 n.
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A generator ¢ of S, is called a primitive root of 1 of degree n
over the field K.

Denote E, = E,(K(M) = {¢/| 1 <j < n, (j,n) =1} — the
set of primitive roots of 1 of degree n over the field K(7).

|En| = ¢(n), where ¢(n) is the Euler phi-function.

We define the n-th cyclotomic polynomial over K

On(x) =[] (x-¢).

E€E,

®,(x) € KO[x], where K is a prime subfield of K.
deg ®n(x) = ().

x"—1= HCDd(x), x"+1= H¢2f+1d(x)7 where n = 2'q.
d|n

d|q
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@ For n > 2, let E/, C E, be some of the subsets of E,, such that
exactly one of the primitive roots &, ¢! belongs to E/,.

e For example, if px = 0 then E/, = {£ € E,,| 0 < Arg(¢) < 7}.

o Let ®,(x, z) be the homogenization of ®,(x).

Lemma

61(Z+X,Z—X) = 2x, 62(z+x,z—x) =2 :62(Z—X,z—|—x),

n(Z_X Z+X)=$n(z—|—x,z—x):
( x? 4 2?) (§+§_1)(X2—zz)), n>2.

Il
zm:1 ol

Proof. Let's split the factors into pairs and expand the brackets
((z +x)—¢&(z— x)) ((z +x) — f_l(z — x)) —
=(2+xP+(z=x)’ = (2 =) (E+€7T) =
= ((z=x) =&z + ) ((z=x) =}z + ).

Gleb Fedorov On the unboundedness of period lengths



For n > 2 we define

) = {ngE; x+2)+ (E+EN)(x—2)), ifn>2,

R
n(x2 2, ifn=1orn=2.

By the lemma above we have

6n(z+x,z—x) = R,(x?,2°) :6n(z—x,z—|—x).

o Ry(x,z) € KOO[x, z] is a homogeneous polynomial.
@ The definition of the polynomial R,(x, z) does not depend on
the choice of E/, C E,,.
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Let us define the polynomials T,(x), Qn(x) € K©[x] such that

To(u?) = %((l—i-u)"—i-(l—u)”), Qn(v?) = 2iu((1+u)"—(1—u)").
The identity is true
(1+ u)" = To(uv?) + uQn(u?).

Denote TSheP(x), USheP(x) — Chebyshev polynomials of the first
and second kind, respectively. Then the relations hold

TCheb(yy = T, (1_X12>7 UCheb () = @, (1_1>

X2

Denote T n(x,z) and @,(x,z) — homogeneous polynomials,
corresponding to the polynomials T,(x), Qn(x).
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Proposition

Let n = 2tq, where q is odd. The identities are valid

1
Tn(x,z)= EHth“d(X’z)’ Qn(x,z) = HRd (x,2)

dlq

Proof. Let us prove the first equality. By the lemma we have

To(?) = %(l—i-u)” <1+ G;Z)) _

1
= 5 H¢2t+1d (1 T > H¢2t+1d —u, 1 + U),

®j(1-u,1+u) = [ P+1)+(E+E ) (WP-1)) = Ri(v?,1), j > 2.
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Let 01(x), 62(x) € K[x] be coprime polynomials. Put
Pn(x) = Rn(61(x),02(x)). Then for any j,n € N such that j < n,
px 1J, px 1 n, the polynomials Pj(x), Pn(x) are coprime.

Proof. For 2 < j < n we have
Po(x) = TT (2(6:00) + 62()) + (€ + €7 (62(x) — 62(x)) ).
€€k,

Suppose that xg € K is a common root of P;(x) and P,(x),

where K is the algebraic closure of the field K.
Then there exist {; € E}, £, € E], such that

2(61(x0) + 02(x0)) + (& + & ) (61(x0) — O2(x0)) =0,
2(61(x0) + 02(x0)) + (én + £, 1) (B2(x0) — 02(x0)) = 0.

Since 61(x), 62(x) are coprime, then & + 5;1 =&+ &L
This is impossible, since ;, &, are primitive roots of degree j < n.
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Proof of main theorem



Proof of main theorem. Part 1.

Let W; + Wy\/f is fundamental unit and
Q) + QUVF = (w1 + W VY.
Let u = Wy/f /Wy, then

QP +QPVF = (Uit WoVTY = W1y = W (Ti(e?)+uqy(?)),
where the polynomials T;(x), Q;(x) € K(®)[x] were defined earlier.

Our main goal is to construct a sequence 8K € £, k =1,2,...,
for which the lengths of the quasi-periods p(%) — oo as k — oco.

It suffices to construct a sequence of discriminants

dk) = (wk))2f, wlk) € K[x], possessing the following properties:
1) Vk € N there exists a minimal number nj € N: w(k) | ank);
2) the sequence {nk}ken strictly increases;

3) deg Q(lnk)/degw(k) — 00 as k — 0.
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Proof of main theorem. Part 2.

Consider a sequence of odd numbers {ny}xen, pr 1 nk, for which
w(nk)/nk — 0 as k — oo.

For example, we can take nx = p1 - po - ... px — the product of
consecutive odd primes p;1 = 3, pp =5, ..., skipping pgx = CharK
if the characteristic of the field K is finite.

Let n = ny and w¥(x) = R, (V2(x), f(x)W3(x)).
Since W2(x) — f(x)W3(x) € K*, then W2(x), f(x)W3(x) are
coprime. We have

WO (x) | Qn(W3(x), F()W3(x)) = Q4™(x), and
wk(x) 1 Q;(W3(x), f(x)W3(x)) for all j < n such that px .

33/40 Gleb Fedorov On the unboundedness of period lengths



Proof of main theorem. Part 3.

Let m = deg W1(x) — the degree of the fundamental unit
W1 + WyV/f. Since deg ®,(x) = ¢(n), then for n > 2 we have

L 1,
deg Ro(x,2) = 3 deg Ro(%, %) = 3 deg ®y(z + .2 = x) < ).

From here we get the estimation
deg w(¥)(x) = deg Ry (W3(x), f(x)W3(x)) < 2mdeg Rn(x,2) < mp(ny).
Let 8K € £ be a root of the polynomial

AR Y2 LBy AP =0, (AR, AR ALY = 1,

with reduced discriminant

d®(x) = (N = AN = () F ().
deg d¥(x) = 2deg W (x) + deg f < 2me(nk) + deg .
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Proof of main theorem. Part 4.

Le
L el =), 60 = a0,

By the corollary, the following estimates are valid for the length of
the quasi-period ,u(k) of the continued fraction of the element 5(k):

Ny _ 2nm <
o(ng) + deg f/(2m) - 2mp(ng) + deg f —
2deg e&”)

= degd(k) < ph) < deg©") = nem.

The quantities m and deg f in the field £ take fixed values. Since
@(nk)/nk — 0 as k — oo, we have %) — 00 as k — oc.
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Proof of main theorem. Part 5.

If we take . . .

then S(K) = V/d(k) = w(kK)(x)/f(x) and the element Sk) has a

quasi-periodic expansion into a continued fraction.
The period length is equal to u(k) or equal to 2u(k).

Thus, the same lower bound holds for the period length, therefore,
the period length of the continued fraction of the element

Bk = /d(k) € L tends to infinity as k — oo.

The main theorem is proven.

Let L be a hyperelliptic field defined as in Theorem. Then, for any
N, there is an element 5 € L for which the sequence of degrees of
partial quotients {deg a;} has a period length greater than N.
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Let K = K(®) that is any cyclotomic extension K(" ¢ K.

Let W2(x) — f(x)W3(x) = v € K* and deg(V;(x)) = m.

Put wM(x) = f(x)W3(x), w®(x) = W3(x), and for k > 2, px 1 k,
define

W (x) = 2(Wi(x) + F()W5(x)) + (& + & H(VE(x) — F)W3(x)),

where &, — any primitive root of 1 of degree k. Then

WwR(x) = 207 + (& + 1) €K[x],  degw®(x) = 2m.
We have w(K(x) | Q(W3(x), f(x)¥3(x)),
wk)(x) 1 Q;(W2(x), f(x)W3(x)) for all j < k such that px { .
Let 89 = Vd(K), where d(k) = (w(k)(x))zf(x). Then

k
2km  2degQl

= < k) < k) — km.
4m+degf  degd(k) S s deglyy "

So, the length of the quasi-period 1(%) on average increases
approximately linearly with respect to k as k — +o¢.
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Numerical experiments
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Let K = Q, fo(x) = x> + a, where a € Z is a square-free integer
different from 0. Consider the field £, = Q(x)(v/7).

Let us study experimentally the quantity

pn=sup sup p(wy/f),

kgnwmgk)
where ,u(ﬁ) is the length of the quasi-period of the continued
fraction of the element S.
Let My be the set of irreducible over Q factors of Q ( )-

We find p1x = maxgem, u(w a) and pp(a) = maxk<p pk for
n=12....

The sequence {pn(a)} can be interpreted as a sequence of local
maxima of quasi-period lengths.
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— fix)=x?+1
fx)=x2—1
1501 — fix)=x2-2

175 4

N =x2—
125 4 fix)=x?—-3
100 1
75 1

50

25

T T T T
50 100 150 200 250
n

Figure: Comparison of sequences p,(a) of local maxima of quasi-period
lengths.

The Figure shows a comparative analysis of the initial segments of
the sequences {pn(a)} for a € {-10,—-7,—6,—5,—3, -2, —1,1}.
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Thanks for reading!

Gleb Fedorov
fedorov.gv@talantiuspeh.ru



