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Motivation – I: Data: Cocoa cultivation data experiment in Ghana

Data: Cocoa plant varieties Vi ; Soils:1, . . . , 4; Plant specimen variables: PH, SD, DM.
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Motivation – II – More on Data, variable grouping
Varieties: genetic characteristics induce natural grouping of variables

Table: I – List of cocoa plant varieties in the experiment.

Code Variety Code Variety Code Variety
V1 T85/799× PA7/808 V2 T60/887× CRG8914 V3 PA150× EQ3338
V4 PA150× PA88 V5 PA150× CRG0314 V6 Standard Variety
V11 PA150× CRG3019 V12 T63/967× IMC60 V13 T63/967× EQ78
V14 T63/967× CRG2022 V15 T63/967× CRG9066 V16 T63/967× CRG0314

A first natural grouping of variables – by genetic ascendant

12 different varieties: V1, . . . ,V6 and V11, . . . ,V16,
4 from the ascendant PA150 (V3,V4,V5,V11),
5 from T63/967 (V12,V13,V14,V15,V16)
and 3 other varieties (V1,V2,V6) with NO common ascendant.

Question on variety grouping

Does grouping of data variables for varieties with a common
ascendant brings additional information?
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The grouping discrete distributions – I – Definition
Parametric discrete probability laws (Reference [1])

Grouping probability laws; Parameters: N, p, n1, . . . , np

G(N, p, n1, . . . , np) is the probability law defined by:

1 The set of integers S = {1, 2, . . . ,N};
2 Sp set of all partitions of S in p subsets {S1, . . . ,Sp} s.t.:

#Sk = nk , k = 1, . . . , p and n1 + · · ·+ np = N .

3 Values of QG , defined on Sp:

QG(S1, . . . ,Sp) =

p∑
k=1

∑
i ,j∈Sk

|i − j | , {S1, . . . ,Sp} ∈ Sp ,

with corresponding frequencies (determined!).
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Grouping discrete distributions – II – First example – i
Cocoa plant variable data grouping from variety common ascendent

G(9, 2, 4, 5); Parameter values: N = 9, p = 2, n1 = 4, n2 = 5

Number of partitions of {1, 2, . . . , 9} into two subsets of 4 and 5
elements:

#S2 =
9!

4! · 5!
= 126

Table: II – Values taken by QG(9,2,4,5) and corresponding probabilities

Code Variety Code Variety Code Variety

(60, 1
63

) (74, 1
63

) (84, 2
63

) (90, 1
21

) (92, 2
63

) (94, 1
63

) (100, 1
14

) (102, 2
63

)

(106, 2
21

) (108, 10
63

) (110, 1
21

) (112, 5
126

) (114, 10
63

) (116, 1
6

) (118, 4
63

) (120, 1
126

)

On the probability law G(9, 2, 4, 5)

For 126 partition configurations only 16 values taken by QG(9,2,4,5)

No discernible pattern of regularities neither for values taken nor
for the probabilities
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Grouping discrete distributions – II – First example – ii
Statistic G(9, 2, 4, 5): Generic values; Computation of Observed values

G(9, 2, 4, 5); Parameter values: N = 9, p = 2, n1 = 4, n2 = 5

S = {1, 2, . . . , 9}, #S1 = 4, #S5 = 5, k = 1, 2, 3 the variables

QS1,S2

G(9,2,4,5) =
∑

i ,j∈{1,...,4}

∣∣∣r1
k,i − r1

k,j

∣∣∣+
∑

i ,j∈{5,6,...,9}

∣∣∣r2
k,i − r2

k,j

∣∣∣
r1
k,i – a generic rank, for variable k , for i ∈ S1

r2
k,i – a generic rank, for variable k , for i ∈ S2

Computation of Observed values of statistic G(9, 2, 4, 5)

For each variable, Plant Height, Stem Diameter, Dry Matter, and each soil S1, . . . , S4:
(1) - Sum the observations for each variety with common ascendent PA150

(2) - Sum the observations for each variety with common ascendent T63/967

(3) - Consider the ranks, in {1, . . . , 9}, of (1) to be S1 in (2) to be S2

(4) - Compute QS1,S2
G(9,2,4,5)
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Grouping discrete distributions – II – First example – iii
Statistic G(9, 2, 4, 5): Quantiles; Observed values; Test results interpretation

Quantiles for the probability law G(9, 2, 4, 5)

From Table: II q0.05 = 84; q0.1 = 90

Table: III Observed values for the 3 variables and for the 4 soils Si

Q1,obs (Plant Height) Q2,obs (Stem Diameter) Q3,obs (Dry Matter)

S1 112 108 92
S2 60* 90** 74*
S3 108 116 108
S4 110 114 90**

* - Reject H0 (null hypothesis) at q = 0.05; ** - Reject H0 at q = 0.1.

Interpretation of the test results (Reference [2])

Reject H0 = grouping is not significant for soil S2 (3 variables).
Soil S2: grouping gives statistically significant homogeneity.
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Grouping discrete distributions – III – Challenges – i
Need of massive computational work and unrecognisable probability laws.

Computational challenges for moderate large values of parameters

Number of evaluations of statistic QS1,S2

G(N,2,n1,N−n1) is: 2N − 1!

Figure: I – Fitting a Gaussian (red) to the standardised law of X _ G(23, 2, 11, 12) (blue)
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Grouping discrete distributions – III – Challenges – ii
Towards an asymptotic result: observed properties – i

On ratios of moments for standardised grouping distributions

YN , standardised X _ G(N, 2, n1, n2), N = 13, 15, 17, 19, 21, 23:

(1) - consider
∣∣∣E[Y n+1

N ]

E[Y n
N ]

∣∣∣ for n = 2, . . . , 60 and fit

(2) - logistic functions of the form, fL,a(x) = L
1+e−ax for a > 0 ,

(3) - observe that L ≈ N
2 ( Table: IV and also Figure: II ).

Table: IV – L values for moment ratios: standardised X _ G(N, 2, n1, n2), N = 13, 15, 17, 19, 21, 23

G(13, 2, 6, 7) : L ≈ 6.34319 G(15, 2, 7, 8) : L ≈ 7.45872 G(17, 2, 8, 9) : L ≈ 8.57213
G(19, 2, 9, 10) : L ≈ 9.68292 G(21, 2, 10, 11) : L ≈ 10.79090 G(23, 2, 11, 12) : L ≈ 11.89560
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Grouping discrete distributions – III – Challenges – iii
Towards an asymptotic result: observed properties – ii

Figure: II – Linear fitting of L points: X _ G(N, 2, n1, n2) with N = 13, 15, 17, 19, 21, 23
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On observed and then plausible hypothesis for an asymptotic result

(1) - E[Y n
m] = (−1)n |E[Y n

m]|
(2) -

∣∣∣E[Y n+1
m ]

E[Y n
m]

∣∣∣ = pm
Nm

+ εmn with limn ,m→+∞

(
pm
Nm

+ εmn

)
= c
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Grouping discrete distributions – III – Challenges – iv
Towards an asymptotic result: observed properties – iii

Questions on plausible hypothesis for an asymptotic result

Asymptotics of ratios of standardised grouping laws, stable?
Right hand behaviour of residuals, towards non zero value?
Should we take L ≈ −0.871073 + 0.555277 ∗ N? (see Figure: II )
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Figure: III Logistic fitting of 60 absolute values of moment ratios for

standardised law of X _ G(23, 2, 11, 12) (left) and residuals (right).
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Grouping discrete distributions – IV – Asymptotic law?– i
A negative asymptotic result (via standardised laws): formulation (Reference [3])

Theorem: asymptotic behaviour for G(N, p, n1, . . . , np), large N, p

If limm→+∞
pm
Nm

= c with,

∑
k≥1

|εmk |
pm/Nm

< +∞ , d = lim
m→+∞

+∞∏
k=2

(
1 +

εmk
pm/Nm

)
,

then there is a unique generalised function λcd(x)—that is not a
probability measure—with moment generating function Mλcd

Mλcd (t) :=
〈
λcd(x), etx

〉
= 1 +

d

c2

(
e−ct − 1 + ct

)
+ (1− d)

t2

2
,

for t in a non-empty interval centred at zero.
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Grouping discrete distributions – IV – Asymptotic law?– ii
A negative asymptotic result:proof and interpretation (Reference [3])

Idea of the proof, under the hypothesis:

Apply: convergence of moments ⇒ weak convergence:
(1) - there exist G̃∞ limit law for (G̃(Nm, pm, nm,1, . . . , nm,pm))m≥1

(2) - For Yc standardised from X _ G∞ we have, for n ≥ 3:
E
[
Y 0
c

]
= 1 , E

[
Y 1
c

]
= 0 , E

[
Y 2
c

]
= 1 , E [Y n

c ] = d(−c)n−2

(3) - Summing: MYc (t) = 1 + d
c2 (e−ct − 1 + ct) + (1− d) t

2

2
(4) - If c 6= 0 (for d = 1 all the subgroups with # = 1):
λcd(x) =

(
1− d

c2

)
δ0(x) + d

c2 δ−c(x)− d
c δ
′
0(x) + 1−d

2 δ′′0 (x)
(5) - If c = 0 (at least one subgroup # =∞):
λ0(x) = δ0(x) + 1

2δ
′′
0 (x).

Negative conclusion from observed characteristics of cases studied:

Do not lead to valid hypothesis for an asymptotic behaviour of
grouping laws.
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Grouping discrete distributions – V – Second Example – i
Grouping by KMeans clustering of variable values (Reference [3]).
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Grouping discrete distributions – V – Second Example – ii
KMeans clustering grouping.

For each soil and variable: varieties distribution by cluster

Consistent grouping inside the same soils!

Table: V – Clusters of varieties according to variables and soils

Types of Soil Plant Height Stem Diameter Dry Matter

Soil 1: cluster varieties (a)
1 : V \ {V2, V5, V16} 1 : V \ {V2, V5, V16} 1 : V \ {V2, V5, V16}
2 : ∅ 2 : ∅ 2 : ∅
3 : {V2, V5, V16} 3 : {V2, V5, V16} 3 : {V2, V5, V16}

Soil 2: cluster varieties
1 : {V14} (b) 1 : {V14} (b) 1 : {V14} (b)

2 : V \ {V2, V5, V16} 2 : V \ {V2, V5, V16} 2 : V \ {V2, V5, V16}
3 : {V2, V5, V16} 3 : {V2, V5, V16} 3 : {V2, V5, V16}

Soil 3: cluster varieties
1 : ∅ 1 : ∅ 1 : ∅
2 : V \ {V2, V5, V16} 2 : V \ {V2, V5, V16} 2 : V \ {V2, V5, V16}
3 : {V2, V5, V16} 3 : {V2, V5, V16} 3 : {V2, V5, V16}

Soil 4: cluster varieties
1 : V \ {V2, V5, V16} 1 : V \ {V2, V5, V16} 1 : V \ {V2, V5, V16}
2 : ∅ 2 : ∅ 2 : ∅
3 : {V2, V5, V16} 3 : {V2, V5, V16} 3 : {V2, V5, V16}

(a) V = {V1, V2, V3, V4, V5, V6, V11, V12, V13, V14, V15, V16}. (b) One observation of V14 in Cluster 2.
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Grouping discrete distributions – V – Second Example – iii
Test statistic and results interpretation.

Table: VI – Values of the grouping statistic: 3 variables and 4 soils.

Types of Soil Plant Height Stem Diameter Dry Matter

Soil 1 360 324 344
Soil 2 332 344 332

Soil 3 248 (a) 284 (a) 268 (a)

Soil 4 320 312 352

(a) Quantiles: qG(12,2,9,3):0.05 = 296 = qG(13,3,9,3,1):0.05.

Interpretation of the test results (Reference [3])

H0 ≈ grouping produces inhomogeneous groups.
Reject H0 (Soil 3): the within-group ranks are homogeneous.
Soil 3: homogeneous production characteristics in 3 variables.
Sets of ranks analysis to determine if production is good or bad;
e.g.: varieties V5 and V16 may be inadequate for Soil 3.
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Conclusions and future work
Ongoing research on grouping distributions

Conclusions of the ongoing research

Identification of the asymptotic law for large value of
parameters of grouping distributions not yet available.

A different set of hypothesis needed.

Future immediate work

Two suggested approximations of the probability law of
grouping distributions via approximate (sampling) sequence of
moments: discrete laws and normal mixtures.

Numerical semigroup studies for sums of independent grouping
distributions (preliminary version of preprint available).
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