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Online linear regression

In online linear regression, at each round t =1,..., T:
@ The learner receives x; € RY.
@ The learner predicts §; = (w;, x;) using w; € RY.
© The true target y; € R is revealed.
@ The learner incurs squared loss £¢(w) = (v — J¢)2.

© The learner updates w; to wiqg.

Dynamic regret against a comparator sequence u = (uz,...,ut) is
T T
Rr(u) = le(we) = > Le(uy).
t=1 t=1
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Vovk-Azoury-Warmuth algorithm

In the VAW algorithm?! the weight w; is allowed to depend on the feature
mapping x;, indicating that features x; are available at time t before
predicting the label y;:

-1
wy = argmin < —||lw —i-fE Xi, W) —Yi)"+ = (X¢, w .

Explicitly,
t—1 t
Wy = St_l Zy,-x,-, S = Ay + ZX,‘X,-T. (1)
i=1 i=1

Moreover, S,' can be computed recursively by the Sherman-Morrison
formula:
S xe(Shx)T
5;1 _ 5;11 . t—1 t(T t—_ll t) ’ 50—1 — )\71Id. (2)
1 + Xt Stilxt

Cesa-Bianchi and Lugosi 2006, Section 11.8.

G.A. Karapetyants (joint work with D.B. RokEnsembling discounted VAW experts with a V. 3 /19



Regret bound for the VAW algorithm

In the sequel, we will assume that

||Xt||2 < a, Iyt! <Y.
The static regret

T T

Rr(u) = 5 S (e we) = ye)? = 5 3 (v, ) — e’

t=1 t=1

of the VAW algorithm satisfies the bound?

2 2
Rr(u) < §lulg+ T (1457 ). ©

2Cesa-Bianchi and Lugosi 2006.

G.A. Karapetyants (joint work with D.B. RokEnsembling discounted VAW experts with a V. 4 /19



Discounted VAW algorithm

Let v € (0,1, A>0, 1 =0, and y; € [-Y, Y] for t > 1. Define

e(w) = 50 — (e )P fow) = 5wl

Recursively define
Y =xexp +9Ei1, Xo=A.
Set wy = 0. Discounted VAW (DVAW) algorithm3:

w; = arg min { +727t 1- A } (4)

weR
Explicitly,
t—1
we =% | Jexe + Z’Yt_l_sysxs] : (5)
s=1

3 Jacobsen and Cutkosky 2024.
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Regret bound for DVAW algorithm

For the dynamic regret the following bounds holds true*

A d T T—t,2
R7(u) < %Hul\]% +5 1r<na<x7_Af In (1 + VS LML
St

Am
T-1 J
9 Y IR (ver1) — FY (u)] + > In(1/7)A%.7
=1

where F{(w) = '3 [wll3 + 32_1 v* s (w),

.
A= (ye =30 Alr =) (e —5)

t=1

*Jacobsen and Cutkosky 2024
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Simplified bound

Assume that ||ut]|2 < R, and put

T-1
Pr(u) = lluers — ue2.
t=1
Then

d
Ry(u) < na(Y + aR)Pr(u) + ZA%T + ARP7(u)

d 2T A
- A?ln(1+2— ZR?
2.0 tn(+)\d>+2 ’
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Optimize the simplified bound over 7:

n = : )
2a(Y + aR)Pr(u)

and substitute optimal #:

Rr(u) < \/2da(Y + aR)AZ - Pr(u) + ARPT(u)

d 2 a*T Ao
+§1max A In(l—i—/\d)—i-zR.
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FoIIowingS, put
b > 1) nmin — 2d) 77max — dT7

87:{7,-:11"77. :i€Z+}U{O}

1

For DVAW forecasters A, , vk € Sy take VAW as a meta-algorithm A.
Put A\ =1/T for Ax. Then

RA(u) = O ((MY2 +d(Y +Y)A)InT

+(1+ b)y/da(Y + aR)PT(u)A%T> .

Note that the set S, contains M = O(log(max/Mmin)) = O(log, T)
elements g, ..., Ym_1-

®Jacobsen and Cutkosky 2024.
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|dea of the proof 1/3: regret decomposition

Decompose the regret of the meta-algorithm A as

T 1 T

N =

Meta-learner’s regret w.r.t. expert k  Regret of expert k

This is true for any k € {0,..., M — 1}, which can depend on
e = 1y, 0).
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|dea of the proof 2/3: regret of the meta-learner

The meta-learner is the VAW forecater. Thus

A MY2
R (ex) < S llexl3 + > <1+Z||Zt||2) (6)

The cumulative squared norm of the predictions of the DVAW forecasters
can be bounded as

M—

T T
Dolzlz=) > 2 =0(MT).

t=1 k=0

[ay
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|dea of the proof 3/3: regrets of DVAW experts

Select k by the following rules:

(1) k=0, if n* < nmin = 2d;

(2) take k such that nx < n* < bnk, if Dmin < 7* < Nmax, Where g € S;;
(3) Mk = Nmax = dT, if n* > fmax = dT.

Using the definition of n*, it is possible to prove the bound:

REVK () < (1+ b)\/ga(Y +aR)Pr(u)Af + + %(Y +Y)?

_ d 2 327— )\ 2
+ ARP7(u) + > 1r§ntanTAt In <1 + )\d> + ER

It remains to put A =1/ T and combine the bounds for the meta-learner
and a DVAW expert learner. [J
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Experimental Setup

@ Goal: Compare Meta-DVAW against standard VAW forecaster.

e Regularization A = 0.1 for all VAW /DVAW components (base experts
and meta-learner).

@ Base DVAW experts use discount factors from the set:
G = {0.70,0.85,0.95,1.00}.

o All base DVAW experts use hint y; = 0.

o Evaluation Metric:

T

1 .
MSE: Z ﬁ(yt — %)%
t=1

G.A. Karapetyants (joint work with D.B. RokEnsembling discounted VAW experts with a V 13 /19



Artificial Datasets

T = 10007d = 57Xt ~ N(Oa I)7
Yt = <Wtrue,t,Xt> +€t,€t ~ N(0,0zz)

O Stationary: wye: = [1,—0.5,0.2,-0.8,1.2]T.
@ Abrupt Drift: wy =[1,1,1,1,1]7; wp = [-1, -1, -1, -1, -1]T;
wy =[1,-1,1,-1,1]".
Werye,+ SWitches from wy — wy at T/3, then wy — w3 at 27 /3.
© Gradual Drift (Random Walk): wieo = [0.5,...,0.5]7;

Werve,t = Weruet—1 + Ve, Ve ~ N(0, (0.05)%/).
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@ Gradual Drift (Sinusoidal):
Werge,tj = sin(2mt /(100 + 505)) + 0.5 cos(27t /(150 + 305)),

forj=1,...,5.
@ Changing Noise: w;e + as in Stationary,

Onoise,t = 0.1 for t < T/2; Onoise,t = 0.5 for t> T/2.
© Covariate Shift: wyye+ as in Stationary,

x; ~ N(0,1) fort < T/2; x~ N([1,1,0,0,0]7,/) fort> T/2.
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Results: artificial datasets

Table: MSE averaged over 10 runs

Dataset Type VAW  Meta-DVAW

Stationary Linear 0.0402 0.0480
Abrupt Drift Linear 2.2579 0.3110
Gradual Drift (RW) 1.0396 0.1812
Gradual Drift (Sin)  1.1525  0.2869
Changing Noise 0.0639 0.0719
Covariate Shift 0.0440 0.0529

o Stationary, Changing Noise, Covariate Shift: Standard VAW performs
slightly better or comparably. Meta-DVAW's overhead is minimal.

o Drifting Wepye v (Abrupt, Gradual RW, Gradual Sine): Meta-DVAW
demonstrates substantially MSE loss.
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Financial time series datasets

Table: MSE for daily log-return predictions

Dataset VAW Meta-DVAW Trivial Trivial
(Last Val)  (MA-5)
IBM 9.99e-05 9.95e-05 2.05e-04  1.19e-04
Microsoft 1.34e-04 1.34e-04 2.96e-04  1.63e-04
Google 1.51e-03 1.51e-03 3.07e-03  1.80e-03
S&P 500 ETF 6.08e-05 6.06e-05 1.33e-04  7.36e-05

NASDAQ 100 ETF  8.53e-05 8.50e-05 1.85e-04 1.03e-04
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Feature vector x; for financial experiments

The target variable y; is the daily log return: y; = In(P:/P:—1). The
feature vector x; is constructed from data up to day t — 1 and includes:

o Lagged Log Returns (5 features): y; 1,y:—2,...,Yt—5.

e Lagged Volume % Change (3 features): Vol%Chg;_1,...,
Vol%Chg;_3 (if volume is valid).

e MACD Histogram (1 feature): Standard (12, 26, 9) periods.
o RSI (1 feature): 14-day Relative Strength Index.

o Realized Volatility (2 features): Std. dev. of log returns over past
10 days and 30 days.

The final feature vector x; includes all available components from the
above. Maximum dimension d = 12.
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Gas sensor array drift dataset

http://archive.ics.uci.edu/ml/datasets/Gas+Sensor+Array+
Drift+Dataset+at+Different+Concentrations

Table: Gas concentrations MSE

Target Gas Std VAW  Meta-DVAW Trivial Trivial
MSE MSE (Last Val)  (MA-10)

Ethanol 1.74e+09  3.99e+08  5.38e+08  4.52e+08

Ethylene 5.04e+07 3.92e+4+07  1.05e+08 5.31e+07

Ammonia 3.35e+07 2.94e+07 2.25e+07 3.82e+07
Acetaldehyde 8.74e+08 4.61e+08 1.55e+08 1.99e+08
Acetone 8.47¢+09  2.20e+09 1.61e+09 1.32e+09
Toluene 5.48¢+08 1.89e+08 1.87e+08 1.09e+08
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