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1 Introduction

The importance of the problem of numerical integration of SDEs is ex-
plained by a wide range of their applications related to the construction
of adequate mathematical models of dynamic systems under random dis-
turbances and to the application of SDEs for solving various mathematical
problems, among which we mention signal filtering, stochastic optimal con-
trol, stochastic stability, evaluating the parameters of stochastic systems.

Iterated 1t6 and Stratonovich stochastic integrals can be used to con-
struct high-order strong (mean-square) numerical methods for various types
of systems of SDEs with non-commutative noise. For example, for

e |t5 stochastic differential equations

e |td stochastic differential equations with jumps

e McKean stochastic differential equations

e stochastic differential equations with switchings

e semilinear stochastic partial differential equations with multiplicative
trace class noise
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Let (2, F, P) be a complete probability space, let {F;,t € [0, T]} be
a nondecreasing right-continous family of o-algebras of F, and let W; be a
standard m-dimensional Wiener stochastic process, which is Fi-measurable
for any t € [0, T]. We assume that the components w§’) (i=1,...,m)of
this process are independent. As an example, consider a system of 1t6 SDEs

with non-commutative noise
t

m t
Xt = Xo + /a(XT,T)dT + Z/BJ(XT,T)de), xo =x(0,w), (1)
0 =179
where x; € R”, the nonrandom functions a, B; : R” x [0, T] — R" guaran-
tee the existence and uniqueness up to stochastic equivalence of a strong
solution of (1), xo is Fo-measurable, E\xo\2 < 00, Xg and W; — Wy are
independent when t > 0.
e Suppose that a and B; (j = 1,...,m) are several times continuously
differentiable with respect to both arguments and noise is non-commutative,
i.e. the following relations are not fulfulled

GiB; = G;B;, GiGiBy = GiGiBy,...(i,j, k,...=1,...,m), G = ZBk,b%
k
k=1
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One of the effective approaches to the numerical integration of [t6 SDEs
is based on the Taylor—It6 and Taylor—Stratonovich expansions. These ex-
pansions contain iterated 1t6 and Stratonovich stochastic integrals:

T %)
S /1/;k(tk) . /wl(tl)dwgl) . dW), (2)
t t

T tr
SRR — /¢k(tk).../¢1(t1)odw§f)...odwg'k), (3)
t t

where W{) (i = 1,..., m) are independent standard Wiener processes,
b1(r)e k() [6T] = RWY = 7 i =01, ..., m,
de') and o de') denote Itd6 and Stratonovich differentials, respectively.

e A natural question arises: is it possible to construct a numerical scheme
for Itd SDE that includes only increments Wg'lh - Wg') (i=1,...,m) but
has a higher order of convergence than the Euler method? It is known that
this is impossible for non-commutative noise and m > 1 (" Clark-Cameron
paradox”). This explains the need to use iterated stochastic integrals for

constructing high-order strong numerical methods for 1t6 SDEs.

Dmitriy F. Kuznetsov New results on expansion ... 5/65



2 Brief Review of Old Results on Expansion of

iterated 1td6 and Stratonovich Stochastic Integrals

Let us consider the unordered set {1,2, ..., k} and separate it into two
parts: the first part consists of r unordered pairs (sequence order of these
pairs is also unimportant) and the second one consists of the remaining
k — 2r numbers. So, we have

({{gl)g2}7 DRI {ng—lngr}}7 {q17 ey Qk—2r}), (4)
part 1 part 2

where {g1,82,...,82-1,82r,q1,---,qk—2r} = {1,2,...,k}, braces mean
an unordered set, and parentheses mean an ordered set.
Further, we will consider sums of the form

E Ag182,.-,82r—182r,q1--- Gk —2r )

({{e1.82}>---{e2r—1.82r} }o{a1:-- k-2, 1)
{81:82,--:82r—1:82r:91>---»dk—2, }={1,2,... .k}

forall r =1,2,...,[k/2] and for all possible g1, g2, ..., 82r—1, 82r (see (4)),

where Ag182,...,82r—182r,q1 - Gk—2r €R.
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Theorem 1 [Kuzl] (2006,2023). Suppose that 1(7),...,vY(T) €
Lo[t, T] and {¢;(x)};2, is an arbitrary CONS in Lo[t, T]. Then

o [k/2]
SR~ im 3 S G, ,1<ch,">+2

A=0  jx=0

r k—2r
(iq)
X Z H l{ig2s_1: ’g2s 7’50} {JgQS JgQS} H qu,ql )

({{e1.82}-{82r—1.82r } 1 {q1s- a2, }) S=1
{g1:82,---:82r — 1,821,915 qk—2, }={1,2,....k}

.
(= / 8j(r)dwy)

are i.i.d. N(O 1)-r.v. sforvarlou5/ orj (ifi#0), i,...,ix=0,1,...,m,
J[y k)] 1) s defined by (2), Wy (0 (i =1,...,m) are independent stan-

where k € N,

dard Wlener processes, C;, j, is the Fourier coefficient for K(ti,...,tx) =
Y1(t1) - Vk(t)Ln <. <ty (k> 2) and K(t1) = 1(t1) (k= 1), [x] is an
integer part of x, 14 is the indicator of A, wl = 7, [1 & 1, Z .

0
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e Remark. The case 91(7),...,9«(7) € C[t, T] and {¢;(x)};2, is a
CONS in Lp[t, T] such that ¢;(x) € C[t, T] or ¢;(x) is piecewise continuous
on [t, T] Vj € N has been considered in [Kuzl] (2006-2009).

e Remark. Another form (based on explicit product of Hermite poly-
nomials) of the expansion from Theorem 1 can be found in [Ryb1] (2021).

Let us consider particular cases of Theorem 1 for k=1,...,4
1)3(i i
M) = Lim. Z Gi(l,
J1=0
2)1(ii) i) ~(i2)
J [@Z’( )] £ p11,;1721—n>oo Z Z Cioj ( 1 122 - 1{"11'2#0}1{]11'2})’
J1=0j>=0
) . pL P2 p3 ) |
J [¢(3 ] o pull'zl,gsn%oo Z Z Z CJ3JZ/1 < 111 C122 CJ:
Jj1=02=0j3=0

_1{i1:i2750}1{]121'2}@(3’3) - 1{"2:"3#0}l{jzzja}cjglll) - 1{"1—"3750}1{1'1—1'3}@(2’2))’
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P P4 L
J [lﬂ ](11 da) _ p171 {pl;n_)oo Z ces Z Ciavor (H CJ(/”)_

A=0 =0 1=1
(i) ~(ia) (i2) ~(ia)
izt 1=y G Gy — im0y =i G G —
(i2) (i) (ir) ~(ia)
“Li—izo1 =iy Gy~ Ym0y L=y G Gy —
—1{,'2:,'4;50}1{12:j4}Cj(1'1)C}3'3) — 1{i3:i47$0}1{j3:j4}<j(1,1)<}2’2)+
1= 20y L=y Lis=in0} Ljs=ju) +
HL{i=is01 L=y Lo=iart0} Lp=j)
+1{f1=f4750}1{1'1=j4}1{"2=i37'50}1{1'2=J'3}> )

where 1,4 is the indicator of the set A.
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Let {¢;(x)};2, be an arbitrary CONS in Lo[t, T] and ¢1(7), ..., ¢x(7) €
L2[t7 T]

Consider the Fourier coefficient

T ty
Cjk--~j1 :/¢k(tk)¢jk(tk)---/wl(t1)¢j1(t1)dt1...dtk (5)

corresponding to the factorized Volterra-type kernel

wl(tl)---wk(tk)’ o <... <t
K(tl,...,tk): (k22)7 (6)
0, otherwise

and K(tl) = ¢1(t1) (k = 1), where t1,...,tx € [t, T]
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Denote

def
Cjk-~~j1+1 Ji Ji—1 Ji—2---1 =
Uji—1)~ ()
T t142 ti41
def
= /¢k(tk)¢jk(tk).--/¢/+1(t/+1)¢j/+1(f/+1)/¢l(tl)¢l—1(tl)x
t t t

t; %)
X /¢/_2(t/_2)¢j,_2(t/_2) . / ¢1(t1)¢j1(t1)dt1 ...dtj_» @ tiy1--. dtk,
t t

where we suppose that {/,/—1} is one of the pairs {g1, &}, ..., {g2r-1,82r}

(see (4)).
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Denote

/
o) [S1,.y51]  def
J[ilJ(k)](Tl,t Klsr-wsi] - del I L=y i0y %
p=1
ts/+3 ts’+2

/vak tk) / ¢51+2 t$/+2 / ¢s, tS/+1 ws,+1(ts,+1)

t5l+]_ tgl+3 t51+2

X /ws/—l(ts/—l)--‘ / 7/’51+2(t51+2) / w51(t51+1)1/151+1(t51+1)x
t t t

tsl+1

/ e —1(ts-1) .. / Gr(t)dWE L awin ) de, oy awi)

aW dey o aWETY L dW, (7)

ts+2
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where (s;,...,51) € Ak,

Ak7/:{(S/,...,51)ZS/>S/_1+1,...,52>51+1;S/,...,51:1,...,/(—1},

(8)
I=1,2,...,[k/2], i1,...,ik = 0,1,...,m, [x] is an integer part of a real
number x, 1, is the indicator of the set A.
Denote
(i1...ik) def [k/z] (i)l ]
T x ...l e .. ... )[sr,--.,s
S O U L Z o 2 SR (9)
(SH"'?SI)EAk,r
Let us formulate the statement on connection between iterated 1t and
Stratonovich stochastic integrals of arbitrary multiplicity k.

Theorem 2 [Kuzl] (1997). Suppose that y1(7), ..., ¥k(7) € C[t, T].
Then, the following relation between iterated Stratonovich and It6 stochastic
integrals is correct

S = Tt @ wop g,
where iy, ..., ik =0,1,...,m, > is supposed to be equal to zero.
0
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Theorem 3 [Kuz2] (2024). Suppose that {¢;(x)};<, is an arbitrary
CONS in Lp[t, T], ¥1(7), ..., ¢k(7) € Lo[t, T| and the following condition

P P
lim E E C,
P00 o Jk+--J1
Je1 g3

s+-sfgp, 1 =0

qu""quk—zrzo Jg1 =Jgo s+ Jen, 1 Jgo,

S or H 1{g2/:g2/—1+1} Gyt =0 (10)

2
=1 (g2 Je1 )”(')-'~Ug2rjg2r—1)”('))

is satisfied for all r = 1,2, ...,[k/2] and for all possible g1, g2, ... ,82r—1,82r
(see (4)). Then

T g™ =Lim > G ﬂHc,,"’. (1)
Jiye-k=0

If in addition 11 (7), ..., vYk(7) € C[t, T], then

J*[l/l(k)](';l,.t"lk) - lpl—glo Z G H@/”)'
Jl: 7.//( =0
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Condition (10) has been verified in several cases (see below).

For Special CONS in Ly[t, T]

Theorem 4 [Kuz1] (2018, 2022). Suppose that {¢;(x)}2, is a CONS
of Legendre polynomials or trigonometric Fourier basis in L[t, T| and (1),
.., s(7) € CL[t, T]. Then

P
ser, (k)1 (i (ik) _
J [w )] L) lpl_glo Z Jk J1 Jl C - (k_2’37475)> (12)
J15e k=0
2
(B~ 3 G (] < Sty
J15eJk=0

(13)
where i, ...,is =0,1,...,min (12) and ir,...,is =1,...,min (13), € is
an arbitrary small positive real number for the polynomial case and € = 0 for
the trigonometric case, constant C is independent of p; another notations
as in Theorem 1.
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Theorem 5 [Kuzl] (2022). Suppose that {$;(x)}72, is a CONS of Leg-
endre polynomials or trigonometric Fourier basis in La[t, T| and ¥1(7),. ..,
ve(7) = 1. Then

p
ser,,(6)1(/-i6) _ 7 (i6)
S ]T,t _IPL%IO _ Z Clo-vis 11 CJs ’
J15--
where i, ...,is = 0,1,..., m; another notations as in Theorem 1.

For an Arbitrary CONS in L;[t, T]

Theorem 6 [Kuzl] (2024). Suppose that {¢;(x)};2, is an arbitrary
CONS in Ly[t, T, ¥1(7),¢2(7) € C[t, T] (k = 2) and Y1(7), ..., ¥s(T) =
1 (k=3,4,5). Then

P
sr, 7, (k) 11 k) 7 ('1) (i) _
J [w ] lpl_}(]).'lo Z Jk J1 CJk (k - 273)475)7
Jiyeedk=0
where i1,...,i5s = 0,1, ..., m; another notations as in Theorem 1.
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3 New Results on Expansion of Iterated Stratono-
vich Stochastic Integrals.
3.1 Calculation of Matrix Traces of Volterra-Type In-

tegral Operators
Recall the condition (10) from Theorem 3 for k > 2r

P P
pll_?;o Z < Z Cjk 1

jq1 ""’jqk—2r:0

jgl 7jg37'~~7jg2,,1:0 Je1=Jez > Jear—1=Je2r

2
) - 0
(jgzjgl )m(')“-(ng,jgzr_l )m()

1 r
N ? H 1{g2/:g2/71+1} Cjk...jl
1=1

and for k = 2r p
PI'_EQO Z Cjk-~-jl

jg1 :fg3 ----- Ji gr—1 =0

1 r
= ﬁHl{g =8 +1}Cjk~~~j1
ar g e G ) (). Uga gz 1) ()
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First, consider the equality (14).

It is easy to see that the factorized Volterra-type kernel

K(ty, .- t) = ¥a(te) - - ow(te) Ly < <y (K 2>2) (15)

for even k = 2r (r € N) forms a family of integral operators K : Lo([t, T]") —
Ly([t, T]") of the form

(KF) (tg,. .., tg,) = / K(ty, ... t)f(tg 1y-- -, tg)dtg,,, ... dtg,, (16)
[, T

where {q1, ..., qk} = {1,... .k}, 9a(7),... . u(r) € L[t T], t,... b €
[t, T], k> 2.

The equality (14) is the equality between matrix and integral traces of
the integral operator (16).
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For example,

(KF) (¢, ts) = / K(ti,.... t)f (1, t2)dtr iy =
[t, T]?

t3 [5)
= 1o (83 () / Ual2) / br(t)F (1, t2)dtrdta.
t t

e Remark. It is well known that the Volterra integral operator (the
simplest operator from the family (16)) is not a trace class operator. On
the other hand, it is known that for trace class operators the equality of
matrix and integral traces holds. It is known that for the Volterra integral
operator (although it is not a trace class operator), the equality of matrix
and integral traces is also true. Thus, one cannot count on the fact that
operators of the more general form (16) are operators of the trace class.

As a result, the proof of the equalities of matrix and integral traces for
Volterra—type integral operators (16) is a problem.
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Theorem 7. Suppose that {¢;(x)}?2, is an arbitrary CONS in L[t, T]
and Y1(7),...,¥k(7) € La[t, T]. Then the equality

P
lim G,
o E , i1

fgl 7J'g37-~7fg2,7120

Jg1 =g Jen, 1 =g,

(17)

1 r
~ 5r H 1{g2/:g2/—1+1} ka--»jl
= Usadin) )Gz 1) ()
is satisfied for all possible g1, g, ...,gr—1,8r (see (4)) and for any fixed

.jCI17 .. 7jqk_2r ({ql) ey Qk—2r} — {17 ey k}\{glu 82,...,82r-1, g2r})r where
k> 2rand r=1,2,...,[k/2]. Furthermore, the series (17) converges ab-

solutly for k = 2r and converges absolutely for any fixed q1,...,qx_», for
k> 2r.

e Remark. From Theorem 7 it follows that
‘ )
. * k Ul —
p||—>ngoE J [w( )]T,t - Z Cewa HCJ', =0.

J1,--Jk=0 =1
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Outline of the Proof of Theorem 7

Step 1. The case k = 2 and r = 1. The equality (17) for the case k = 2
and r =1 looks as follows

T

Z/wg t2)¢;(t2 /w 7)pj(t1)dt1dtr = /1/J1(7')1/12(7')d7', (18)

Jot

where {¢J(x)} o is an arbitrary CONS in Lo[t, T] and v1(7),2(7) €
Lg[t T]

The equality (18) is proved in
o [Kuzl] (2011) for special CONS in Lp[t, T] and 1(7),12(7) € CL[t, T].
e [Ryb2] (2023) for an arbitrary CONS in Ly[t, T] and ¥1(7),¢2(7) €
L2[t, T]
e [Kuz1] (2023) for an arbitrary CONS in Ly[t, T] and ¢1(7) = (7 — t)™,
Po(r) =(r—t)"; mn=0,1,2,...
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Step 2. The case k = 2r of (17) for

r
H 1{g2/=g2/71+1} =1,
1=1

i.e. all pairs are formed by adjacent indices

p

.
. 1
Jim > Chhiorsirioi = o7 / Var(tar)2r—1(t2r) X
t

./'2r7j2r727-";j2:o

tor ty

X /1/J2r—2(t2r—2)¢2r—3(t2r—2)--- /’¢2(f2)¢1(f2)dt2-~~dt2r—2dt2r, (19)

t

where {¢j(X)}f.io is an arbitrary CONS in Lp[t, T], ¥1(7), ..., 02 (7) €
Lr[t, T] and r € N.

e [Ryb2] (2023) (the proof of (19) on the base of trace class operators).
e [Kuz2] (2024) (the proof of (19) on the base of Step 1 and induction).

Dmitriy F. Kuznetsov New results on expansion ... 22 /65



Step 3. The case k = 2r of (17) for
r
H 1{g2/:g2/_1+1} =0.
=1
This case is considered in:

e [Ryb2] (2024) (the proof on the base of the theory of trace class opera-
tors).

o [Kuz2] (2024) (the proof of on the base of Parseval's equality and Step
2).

An example on the proof of Step 3 will be given in Appendix 1.
Step 4. General case k > 2r of (17).

o [Kuz2] (2024).
This proof of Step 4 will be given in Appendix 2.

Using Theorem 7, consider some sufficient conditions under which The-
orem 3 is true.
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Suppose that

q p
def .
JEERCTED VR D SRS

Jayr-sJay_py=0 gy gz r-oJea, 1 =0

Je1 =g+ Jgar—1=Jeo,

2
> < oo (20)
)~ ()

(jgzjg1 )m(')-~(jg2,jg2r71 ~

1 r
7? H 1{g2/:g2/71+1} Cjk...jl
=1

for all possible g1, 82, ...,82r—1, 82 (see (4)) and forall r =1,2,...,[k/2].
Then by Theorem 7

q P
A= qII—>rTc]>o Z p||—>nc1>o( Z Cjkmjl

Jql""’qu—2r:0 ]

Jigy gz s+ Jgn,_1 =0 Jgr=Jgp+--Jgar—1=Jear

2
=0.

(jgzjgl )f\v(')'-~(jg2,jg2,71 )m()>

Substituting p = ¢ into (20), we obtain (10) and Theorem 3 is true.
Thus, we have the following theorem.
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Theorem 8 [Kuz2] (2024). Suppose that the condition (20) is fulfilled,
{0j(x)}2g is an arbitrary CONS in Lo[t, T], ¥1(7),. ... ¥k(7) € Lo[t, T].

Then, for the sum of iterated It6 stochastic integrals
(k/2]

- i1.ic) def i 1 ik )[Sryeess
T Eap®e 37 20 30 SR

. . r=1 (va"'751)€Ak,r
the following expansion

PO =1im Y @ﬂH#
J15e0jk=0
holds. If in addition )1 (T ) SYk(T) € C[t, T, then for

J* [¢(k ](11 k) /wk tk /wl tl o dwgll) .o de"(k)

the following expansion

S E = Lim, > @ﬂH¢
J15ee-jk=0
holds, where notations are the same as in Theorem 1.
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3.2 New Approach Based on Parseval’s Equality
and Dominated Convergence Theorem

We will start this section with an example. Let hi(7),..., hi2o(7) €
Ly([t, T]) and consider the following integral

T t12 t

/déf/hlg(tlz)/h11(t11).../hl(tl)dtl...dtndtlz.
t t t

We want to transform the integral / in such a way that

T tio te ts
| = / th(tlo) / h6(t6) / h4(l’4) / h3(t3) ( . ) dtzdt,dtedtyo,
t t t t

where (...) is some expression.

Using Fubini's Theorem, we obtain
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t t t to t t

/:/Th12(t12)/12h11(t11)/11h10(t10)/10h9(t9)/h8(t8)/8h7(t7)/h6(t6)><

te ts [ 7] t3 %)

X/h5(t5)/h4(t4)/h3(l’3)/h2(t2)/h1(tl)dtldt2dt3dt4dt5dt6dt7dt8><
t t t t t

X dtgdtipdtiidtip = ... =
T tio te ts t3 t
:/hlo(tlo)/h6(t6)/h4(t4)/h3(t3) /hg(tg)/hl(tl)dtldtg «
t t t t t t
te t10 tg tg
X /h5(t5)dt5 /hg(l’g)/hg(tg)/h7(t7)dt7dt8dtg X
ty te te te
T t12
X ('/ h12(t12)/hll(tn)dtndtu) dt3dt4dt6dt10. (21)
10 tio
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Denote

s t
Ciev (s, 7) =/l/)k(fk)%(tk)---/wl(tl)d)jl(tl)dtl...dtk,

where t < 7 < s < T, and suppose that h/(7) = ¥;(7)¢; (1) (I =
1,...,12) in (21) (here {qﬁj(x)}j’io is an arbitrary CONS in Ly([t, T]) and
P1(7), .. 12(7) € La([t, T])). Then

T

C.ilz.il1jlojgjsj7jsjsj4j3jzi1 = /wlo(tl())@bjm(tlo)/¢6(t6)¢j6(t6)/¢4(t4)¢j4(t4)x
t t t

ty
X /1/}3(t3)¢j3(t3)€,-‘f;-2ff“(T, t10) G2 (10, 16) G (16, 1) G2 (83, £)
t

X dtzdtsdtedty. (22)
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Suppose that g1,82,...,82r-1,82 as in (4) and k > 2r, r > 1 (the
case k = 2r is proved in Theorem 7).
Consider dq, €1, ...,dr, er, f € N such that

1<di—a+l<...<d—-1<di <...<dr—er+1<...<dr—1 < df <k,

{gl7g27°"7g2r717g2f} =
:{dl—el—I—].,...,dl—1,d1}U...U{df—Gf—i-l,...,df—1,df},

e1+62+‘ . '+ef - 2r7 {17 ey k} \{g17g27 ce. 7g2r—17g2r} — {QL ey Clk—2r}-

e We will say that the condition (A) is satisfied if ¥ {g;,gi+1} (I =
1,...,2r—=1)3 he{l1,...,f} such that

{g,g+1} C{dh—en+1,...,dp—1,dp}. (23)

Moreover, ¥V h € {1,....f} 3 {g, g1} (I=1,..., 2r — 1) such that (23)
is fulfilled.
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For definiteness, let g1 < ... < gx_2,, kK > 2r, r > 1. Using Fubini’s
Theorem (as in the above example (see (21), (22)), we obtain

p

Z Cjk---jl

Jey gz epr—1 =0

Jer =go - Jgar—1 =Jeor

tq1+1

/ Vara(tas )t / a0 ()%

£ Ydg - Vdp—ep+1
X Z (C : (td,c-i-la tdf—ef) .

Jebg-ddp —ep+1
Jgy gz Jen,—1=0

Py - tay —eg 1

Jdy ++-Jdy —ep +1

X

(td1+17 tdl*el )>
Je1=Jgr >+ Jear—1=Je2r

X dtg, ... dtg, , (24)
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5r Hl{g =g—1+1} Giv.r
2r g e Ui )~ () Usarsay 1)~ ()

T tq1+1
— [V lta )i, () [ vt (ta) %

><]-{t“he condition (A) is satisfied} H E H 1{g2(/h 7g2(;7) 41} X
h=1 =1

o Uy —ep+1

X
th Jdp—ept1

(Jg )ﬂ() U md my IN()

2rp, 82r,—1

(tdh+17 tdh—eh)

X dtg, ... dtg, , (25)

def
where i1 @ T 60 t e+ ter=2r,n+...+rr=r.
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Lemma 1 [Kuz2] (2024). The following equality holds

p
: Vap - todp—ep 1
pll_sgo o E : (def...jdf_efﬂ (tdf+17 tdf_ef) s
Je1:Jg3 o Jgar—1=

1/%11 e;+1

Jd1 Jaby—ep 1 (td1+1’td1_el))

Je1=Jgp >y —1 = Je2r

= ]-{the condition (A) is satisfied} H 2 H {g2l —gzl 1+1}

Py Pdy —ept1
><Cth -Jdy, heh+q+ (tthrl’ tdh*eh) ) (26)

U (h)J mINC)U myd (i I

2rp S2rp—1

def
wheretk+1—Ttoite1+ Aer=2r,n+...+rr=r.

Proof. Using Theorem 7 and a modification of the proof of Theorem 7,
we prove (26). Note that the series on the left-hand side of (26) converges
absolutly since its sums does not depend on permutations of basis functions
(here the basis in Lo([t, T]") is {&),(x1) ... &, (%)} —o)-
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Suppose that
P

Y- Vd—e+1

jg]_ 7jg3 7~~~:J'g2,,1 =0

Yy Py —eg+1
o G gy e (tdy+1, tdy—ey) o . ' < K < o0,
Je1=Jeo > Jear 1 ey
(27)
where constant K does not depend on p and tg 41, tg—e;, - - - 5 tde+1, tdp—ef

(here di—e; > land dr+1 < k) In (27): tkt1 déf T, to déf t,er+...+ef =

2r: another notations as above in this section.

e Remark. The condition (27) can be weakened, i.e. the constant K?
can be replaced by the function F(tg,, ..., tq, , ) such that

2 2 k—2
wa(tch) . -f‘/}qk,zr(t%—m)F(tmv R tqk—Zr) € Ll([ta T] r)
(integrable majorant). Moreover, we can suppose that the weakened version
of (27) is valid a.e. on X = {(tg,,. .-, tg o)  t <tg <...<tq , <T}
with respect to Lebesgue’'s measure.
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Applying (26), (24), (25), we obtain (k > 2r, r > 1)

p p

p|l_>ngo Z Z Cjk 1

Jay s+ a2, =0 Ny Jez o+ Jgor 1 =0

Jer =gy - Jgar—1 =Jeor

2
<

1 r
_7 H 1{g2/=g2/_1+1} Cjk...jl
=1

(jgzjg1 )f‘*(')-~~(jg2,.ig2,_1 )~ ()

00 p

< Jim o> Y G

Jay a0, =0 gy gz gar—1=0

Je1 =g Jear—1 Je2r

2

1 r
— I Yer-en-1+1) Cicoo
2r e Usalsy )~ )-lisgr iy ) ()
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tgy+1

= |Im /qu 2r tqk 2r)¢qu 2r(tqk 2r / wa tql ¢Jq1(tq1)

p—o0 .
Jag s aJCIk 2r—

p
Y-V —ep+1
X Z (def-njdffefﬂ (tdﬁLl’ tdf*ef) T

Jey ez ey —1 =0

dy -ty —eg +1
oy -+ Jdy —eq 41 (td1+17 tdl*el)

Je1=Jgp >+ Jear—1 Je2r

_l{the condition (A) is satisfied} H E H 1{g2(lh)_g2(;7) 41} X
h=1 =1

wd de —ep+1
XC. h-_ h—en (tdh+1, tdh—eh) %
Jdp--Jdp—ep+1 (J )m() (J (h)J (h) )m()
& 82ry, B2ry—1
2
Xdtg, ... dtg,_, | =|[Parseval's Eq.] = (28)
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g +1

= p||_>moo / qu 2 (ta_a) / wa ty )X

Y-V —ep+1
X Z (def...jdf_efH (tdf+17 tdf_ef) s

Jey e ey —1 =0

U) "pdl er+1
CJd1 <y —eg+1 (tay+1: te—e)

Je1=Jep i Jgar—1 g2y

_l{the condition (A) is satisfied } H h H {gzl =g2 +1}

Y-V —ep+1
oy, ey, —ep t1 (tdh+17 tdh_eh)

(J'géh)jéh))m() (J(h Jmy (),

2rh 2rp—1
Xdtg, ...dtg, , =[Dom. Conv. Th. and (26),(27)] =0,  (29)

where the integrand function in (29) converges to zero (a.e. on X =

{(tgrs ot o) t<tg <...<tq , <T} w.r. to Lebesgue’s measure).
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Thus, we have proved the following theorem.
Theorem 9 [Kuz2] (2024). Suppose that the condition (27) is fulfilled,
{0j(x)};20 is an arbitrary CONS in Lo[t, T] and t1(7), ..., k(7) € Lo[t, T].

Then, for the sum J* [w(k)](-,'%;'ik) of iterated It stochastic integrals (9) we
have

PO <tim 3 G aTT6

Jise-jk=0

If in addition Y1 (7), ..., Yk(7) € C[t, T|, then for the iterated Stratonovich
stochastic integral J* [w(k)](T'f't’"k) of multiplicity k (3) we have

SR =Lim > G ch i (30)
J1seJk=0
where iy, ..., ik = 0,1,..., m; another notations as in Theorem 1.
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Partial Proof of the Condition (27)

Lemma 2 [Kuzl] (2025). Suppose that {¢;(x)};%, is an arbitrary
CONS in Ly([t, T]) and ¥1(7),...,vk(7) = 1. Then

P
> Gideaieripp(5:7)| S K < 00, (31)
Jrifr—2,---22=0
where p € N, r = 2,4,6,..., constant K does not depend on p,s, T (but
onlyont, T),

C:I'km.il(svT) :/¢jk(tk)---/¢j1(t1)dt1...dtk,

where k e N, t <17 <s<T.

e Remark. However, the proof of condition (27) in some other cases is
the subject of the proof of the following three theorems.
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On the base of Theorem 9, we proved the following 3 theorems.

Theorem 10 [Kuz2] (2024). Suppose that {¢;(x)};2, is an arbitrary
CONS in Llt, T]. Then, for the iterated Stratonovich stochastic integral

I '1/kTIkt / (tx —t)' / (t1 )’ldwt’l). .dwgik) (k =3,4)
the following expansion

pri) 5, Z Gt (V. (k=3,4)

heler ¢ P00 L
is valid, where iy,...,ig =0,1,... . m; h,..., 1, =0,1,2,...,
T tr
Cioj = /(tk —t)ke (). .. /(tl —t)lig; (t1)dty ... dty, (k= 3,4);
t t

another notations as in Theorem 1.
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Theorem 11 [Kuzl] (2025). Suppose that {¢;(x)}2, is an arbitrary
CONS in Ly[t, T]. Then, for the iterated Stratonovich stochastic integral

[ (i) / / dw{ ... dwi¥) (k =5,6)

the following expansion

. . p
I;—(’Itl“.k) - 1});1;1(} ] Z Gt C(k) (k=5,6)
J1ye-jk=0
is valid, where iy, ... ig =0,1,...,m,

T to
Cjk---j1 :/¢jk(tk).../¢j1(t1)dt1...dtk (k:5,6);

another notations as in Theorem 1.
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Theorem 12 [Kuzl] (2025). Suppose that {$;(x)}72, is a CONS of
Legendre polynomials or trigonometric Fourier basis in La[t, T]. Then, for
the iterated Stratonovich stochastic integral

x T x b2
/.’;f’;l"‘ik):/ / aw{t) . dwi?  (k=7,8)
t t

the following expansion

. . P - .
I?f?""k) - ll;i_.glo- > G }1'1) e ka'k) (k=17,8)
Jise-Jk=0

is valid, where iy, ...,ig=0,1,..., m,

T tr
Cj/<~~-j1 :/(Z)jk(tk).../¢j1(t1)dt1...dtk (k:7,8);

another notations as in Theorem 1.
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Sketch of the proof of Theorem 10

The condition (27) will be satisfied under the conditions of Theorem 12
if
9

S (x — ) pi(x)dx - [ (x — t)™p;(x)dx| < K, (32)
> e ofataan [

u

Z/ (x = 1)/ y(x /( — t)";(y)dydx| < K, (33)

=07

where pe N, Im=0,1,2,...,t<7<s<T,t<u<6<T, constant
K does not depend on p, s, T, u,0 (but only on t, T).

The conditions (32),(33) are proved using the Cauchy—Bunyakovsky in-
equality, Fubini’s Theorem and Parseval’s equality.

Dmitriy F. Kuznetsov New results on expansion ... 42 /65



Sketch of the proof of Theorem 11

Denote

s to
Cjk...jl(S;T) = /¢jk(tk).../¢jl(t1)dt1...dtk (k:ﬁ, t<7<s< T)

The condition (27) will be satisfied if

P p
Y Guls )| <K, |3 GlsnGO.u)| <K, (34)
j1=0 j1=0
p p
Z Ciojiir (5, 7) G (0, 1) | < K, Z Cirjoji (5, 7) G (0, v)| < K, (35)
J1,2=0 j1,2=0

p P
Z Ciapoir (5, 7) G (0, u)| < K, Z Giui(s,7)Cpojp (0, u)| < K, (36)

J1:.j2=0 Jj1.J2=0

P P
chzfl(sv T)Cjzjl(07 u)| <K, ZQI(S7T)Ql(p7 V)szz(97 u)| <K, (37)
J1,j2=0 j1:j2=0
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Z o ( Cirjp (6, u)| <K, Z Ci(p,v)Gijp (0, u)| <K, (38)

J1.j2=0 J1.2=0
p
Z Chojojiin (5, 7)| < K, (39)
J1.2=0
P P
z Chojijoin (5:T)| < K, z Cijojoin (5:7)| < K, (40)
J1.j2=0 J1:J2=0

where pe N, t <7 <s<T,t<u<f<T,t<v<<p<T,constant
K does not depend on p, s, 7,u,6,v,p (but only on t, T).

The conditions (34)—(38) are proved using the Cauchy—Bunyakovsky in-
equality, Fubini’s Theorem and Parseval’s equality for one and two functions.
To prove (39),(40) we use the equality (that follows from Fubini's Theorem
for the case 1(7),...,¢¥a(7) = 1)

CJ'4J'3j2j1(57 T) + CJ'1J'2/'31'4(57 T) =
= Q4(57T)Q3jﬂl (57 T) - (:_1'31'4(577—)(-}2/1 (577-) + CJ'ZI'3J'4(Sv T) le(S,T). (41)
s



Substitute js = j3, jo = j1 into (41)
CJ'3J'3J11'1(57 )+ Cj1]1j31'3(57 T) =

= Q3(57T)Q3jﬂl (577_) - C:i3j3(577—)Cj1j1 (577-) + Cj1j3j3(577') le(S,T). (42)

Since
p p
) Z Ciajajijn (5, 7) = ] Z Ciujijais(:T) | 5
J143=0 J1.3=0
then
2
2 Z Cjsjujn (5, 7) =2 Z Cis (5, 7) Cisjuju (s, 7) Z Cirjn (s, 7)
J1.j3=0 J1.3=0 Jj1=0
(43)

Using (43), Cauchy—Bunyakovsky's inequality and Parseval's equality,
we obtain (39). Analogously we obtain (40), since

p
Z Cj3j1j3jl(57 T) Z CJlJ3_/IJ3(5 T) Z CJ1JaJ3J1(5 T) Z CJ311J113(5 T)

J13=0 J1:3=0 J1:43=0 J1:3=0
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Sketch of the proof of Theorem 12
The condition (27) will be satisfied if (34)—(40) together with

p
Z le(s?T)Cjz(pv V)le(e:u)cjz(:uv W) <K,

J1.2=0
P
§ : deljdl—1jd1—2fd1—3jd1—4jd1—5(577—) S <K, (44)
jgl ~J.g3 7jg5 =0 Jg1 = Jep Jez =Jey Jes —Jeg
p
§ : (dezjd2—1jd2—2jd2—3jdz—4(S’T)le (9’ u)) P < K,
Jigq ez Jgs =0 Jer=Je2 Jez = Jes Jes —Jeo
p
§ : (C.J'dz.l'd271jd272jd2f3(s7T)C:I'dljdlfl(97 U)) S <K,
_jg1 ’jg3 ’ng =0 Jg1 =Jego Jgz =gy Jes —Jge
p
E : <de2jd2—1jd2—2(s7T)deljdl—ljdl—2(07 u)> S <K,
jgl ,jg3 ,ng =0 Jg1 = Jep Je3 =Jey Jes —Jeg

Dmitriy F. Kuznetsov New results on expansion ... 46 / 65



p

2.

fgl ajg3 Jgs =0
<K,

p

>

Jey ves Jgs =0
<K,

p

2.

fgl ajg3 Jgs =0

<K

(de3jd3—1jd3—zid3—3 (s,7) CJ'd2 (0, u) CJ'd1 (p, V))

(C:I'd?,fdrl_idrz (s,7) C:I'dzjdz—l (6, u) C:idl (P, V))

(de3jd3—1 (s,7) deQJ'd2—1 (0, u) de1jd1—1(p= V))

Jo1 =g ez =Jey Jes =Jes

jg1 :jgz ajg3 :jg4 Jg5 :_jg6

Jo1 =g ez =gy Jes =Jes

IN

IN

IN

are fulfilled, where p € N, 7 < s, u < 0, v < p, w < u, constant K does
not depend on p,s, 7, u,0,v,p,w,u € [t, T] (but only on ¢, T).
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All of the above inequalities (except (44)) are proved using Cauchy—
Bunyakovsky's inequality, Parseval's equality and Fubini’s Theorem. The
main difficulty is related to the proof of (44).

It is easy to see that (44) reduces to the following 15 inequalities

>

J1J2,j3=0

p

p

> ¢

J1:J2,3=0

J1:J2:J3=0

<K,

E  Cirjajajasoin (5:7)

J1:J2,3=0

p

p
> " Chpsiriaiin(s:7)

J1:J2:3=0

J1:J2:j3=0
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p p
D Cuisiioin (5D <K | D Ciaiiaioin (5, 7)| < K,

J1:J2,j3=0 J1:J2:/3=0

p p

Y " Cajiiion(5:7)| < K, > Cjiiisioin(5:7)| < K,
J1:J2:43=0 J1:J2:/3=0

J1:J2:J3=0 J1:j2,j3=0

J1:J2+J3=0

where p € N, t <7 < s < T, constant K does not depend on p, s, 7 (but
onlyont, T).

All of the above inequalities (except the red ones) are proved using
Cauchy—-Bunyakovsky's inequality, Parseval's equality, Fubini's Theorem as
well as the following equality
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= Cis(5: ) Csjujsjosn (5, ) — Clsjs (55 T) Cljajosa (S, T)+
+CJ'4J'5j6 (5’ T) Cj3j2j1 (57 T) - Cj3j4j5j6 (57 T) Cjzil (57 T)+
+ Chrjajajijo (5: T) Cjy (5, 7) (45)
that follows from Fubini's Theorem for the case 91(7),...,¢e(7) = 1. At

that {¢;(x)}72, is an arbitrary CONS in Lo[t, T]. For example,

p p
1

> Chinapin(8:7) = 5 > (Cfa(sﬁ)@zjzjum(s,T)

J14J2453=0 J1J2.43=0

—Cijs (s,7) Cisjujoin (s,7)+ Chapis (s,7) Ciijoin (s,7)—

- Q1j31213 (57 T) Cjzjl (57 T) + C:iziljsjzjé (57 T) C:il (57 T)) .
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The remaining inequalities (the red ones) are proved using the Cauchy—
Bunyakovsky inequality, Fubini's Theorem, Parseval's equality, Lebesgue's
Dominated Convergence Theorem and estimates of integrals of ¢;(x), where
{qﬁj(x)}j’io is a CONS of Legendre polynomials or trigonometric Fourier
basis in Lp[t, T]. For example,

2 2
P o ,
Z CJ'2J'3j1j3j2j1(5 ) T) = E 1- E CJ'zJ'sle'ajzh( s, T) <
S Js=0 =0 jijs=0
2
P P p
2 —
= Z 1= Z z : CJ'21'3j1J'3J'2/'1(577') =
J2=0 Jo=0 \J1.3=0
2
P p
- (p - 1) Z Z CJ'2/'3J'1J'3J'2/1(57 7') =
J2=0 \J1.j3=0

2
p p

—p DY | Y [ énlte) [ 0a()Cilte ) Culte, )dads | <

J2=0 \Jj1.j3=07
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2
P

p s te
<(p+1) Y [ D2 [ 0nl) [ ()Gl ) G (. ) et | <

2:5=0 \J1.J3=0"

2

< (p+1) Z /% te /dy t2) Z i (82, 7) Cjijs (t6, t2)dtadts | =

J2)./2— JI,J3 0
2
p+1 // ZC:“ t2, 7 Z J3J1.l3(t67t2) dt2dt6:
T j1=0 j3=0
p+1)// Z C:II f2, 7 Z C/3JIJ3 t6)t2 dtrdtg <
T \1=0 ;=p+1
s te p - 5
p+1 //Z t277-)z Z C}3jlj3(t67t2) dt2dt6§
s T A0 =0 \p=pe1
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p+ //Z t2’7_)z ( i C}3jlj3(t6at2)) dtrdts =

T+ T 1= =0 J1:O 3:p+1

p+1)// 27—)2(2 CJ3JIJ3 t67t2) dt2dt6_
J3

A=0 p+1

2
P+1)// to— T)Z (/% Z Ci,(0, 2)C t6,.9)d.9) dtrdts <

j3=p+1

p+1)// th— T)Z (/qbﬂ Z C,(0, 02)C;, t6,9)d9) dtydts =

=0 3=p+1

2
p+1)// th— 7 /( > G0, tz)q3(t6,9)) dfdtydts. (46)
J:

tr 3=p+1
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For the trigonometric case, we have

G0 v)| = | [ oytr)ar <§. (>0), (47)

where constant C does not depend on j, x, v. Moreover,

o0
1 d 1

R (49)
J x2 " p

J=p+1 p
Combining (46)—(48), we get
2
Ki(p+1)
Z Chpsiiaion (8, 7) | < — ;= K2,

J1:j2.j3=0

where constants K, K1 depend only on t, T.
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Appendix 1

Consider an example on proof of Step 3 in the proof of Theorem 9. Let
us prove that

p
pll_)ngo E : q3j4j4j3j1j1 =

J1.J3.ja=0
p A tg ts
- ph_)ngojugzot/w6(t6)¢j3(t6)t/,¢5(t5)¢j4(t5),t/ Va(ta) o), (ta) x

ty t3 [%)
x / Pa(t3) s (£3) / Pa(t2) 5 (12) / (82 (1) dty dtadtsdtadisdts — O,
t t t (49)

where {¢j(x)}f.io is an arbitrary CONS in Lp[t, T] and 91(7),...,¢e(7T) €
L2[t7 T]
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Step A. Using Step 2 (k = 2) and generalized Parseval’s equality, we
obtain

p T ts
im Y / Vi(t6) (1) / s(t5) 5 (15) / Gat4) 5 (1) / a(t3)65(83) %

p—o0 =
J1J3.Ja=0"%

to
X /iﬁg(tg)(ﬁjl(tg)/¢1(t1)¢j1(tl)dtldtgdt3dt4dt5dt6: (50)

t
T T T

— [ wsttshalt)dts - [ ws(tu)va(ea)dts - [ valrin(e)dee. (1)

t t t
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Rewrite (51) in the form

o0

3 /um}1{t4<t5}w6(t6)¢,-3(ts)w5(ts)¢j4(r5)w4(t4)<z>j4(t4>><

J1:J3,j4a=0 [t, -,—]6

x3(t3)dj (t3)h2(t2)dj (t2)1(t1) @, (1) dtr dtadtz dtsdts dte =

:% / Ve (te)13(ts) s (ta)a(ts)a(t2)1(t2)dtadtadts. (52)

(6, TP

Step B. From (52) we obtain
> / Lt <ty Lity<ts)Sq(t2, B3, ta) e (te) s (ts )11 (t1) Py (t6) Py (t3) X

J1:J3:Ja=0 [t,T]6

><¢j4(t5)¢j4(t4)¢j1(tz)qul(tl)dtldtgdt3dt4dt5dt6 =

:% / sq(t2, te. ta)ibe(te) s (ta )1 (t2) dtadtadte, (53)

[t, TP
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where sq(t, t3, ts) is a partial sum of the Fourier series for the function
g(t2, t3, ta) = V2(t2)3(t3)Ya(ta) 1 (< 13-

e Remark. Note that the equality (53) remains true when sg is a partial
sum of the Fourier series of any function from Ly([t, T]?), i.e. the equality
holds on a dense subset in Ly([t, T]?).

e Remark. The right-hand side of (53) defines (as a scalar product of
sq and 2651 in Lo([t, T]%)) a linear continuous functional in L([t, T]3)
given by 116151)1. On the left-hand side of (53) (by virtue of (53)) there is a
linear continuous functional on a dense subset in Ly([t, T]®). This functional
can be uniquely extended to a linear continuous functional in Ly([t, T]3).

Let us implement the passage to the limit lim in (53)
o g—00

> /1{t1<t2<t3}1{t4<t5}1!16(tﬁ)ws(t5)¢4(f4)¢3(t3)1/f2(t2)¢1(tl)><

J1:J3:ja=0 [¢,T]6
X Bj; (t6) D5 (t3)Bja (t5) iy (ta) 0jy (t2) 0jy (t1) dtr dta dtzdtadts dte =

:% / Lit, <11 ¥6(t6) V3 (t6) 5 (ta )04 (ta )2 (t2) 101 (t2) dtadtadts.

[t,T]?
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After two more steps (by analogy with Step B) we obtain

[e.e]

> [ lucscncncew sl () in(t)is(n)i(a)i(n)x

J13:a=0 [ T16

X ¢} (t6)Bjs (t3) B (t5)Pju (ta) 0jy (t2) By (1) dtr dta dtsdtadts dte =

1
=2 / 1{t2<t6} 1{t6<t4}1{t4<t6} V6 (te)13(te) s (ta)ha(ta)
—_———
[th]3 :0

><1/J2(t2)1,[11(t2)dt2dt4dt5 =0.

The equality (49) is proved.
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Appendix 2

Consider step 4 in the proof of Theorem 9. Using Fubini's Theorem, we

et
g T ti12 ti41 t t

t t t
coodt_dtidtypy .. dte =

T tj42 41 ti41

:/hk(tk).../h/+1(t/+1) /h/(t,)dt, /h/_l(t,_l)...

t t t t
[}

.. ./hl(tl)dt;[ ce dt/_ldt/+1 ... dt—

t
[I)) ti41 t—1 ti—1

/%Am”./mﬂawg/muq/mAWAynfmumm”.

_]Mmm/mMmg/mmH)/mww /MNH%-

t t
ta

... / hl(tl)dtl ... dt/_gdl'/_ldtH_l .. dty,

t
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where 2 < | < k —1 and hi(7),...,hi(7) € La[t, T]. The case | = k is
considered by analogy with (54). The case / =1 is obvious.
Suppose that k > 2r. Let us carry out the transformation (54) for
G

Keeod1

Je1=Jez > Jear—1=Jeor

iteratively for jg,,...,Jq,_, (k> 2r). As a result, we obtain

Cj =

kee o1

Je1=Jen > Jear 1= Jeor

o C—(d)

kw1 ’

Je1=Jen s Jear—1 =)oy

Jer=Jgp - Jgar—1=Jeor >
(55)

2k—2r
_ d-1 | A(d)
- (=1) (Cjk~--jl

where some terms in the sum

ok—2r
d=1
can be identically equal to zero.
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Applying (55) and Step 3 (k = 2r) in the proof of Theorem 9, we get

P
lim E C,
P00 Jk---J1

Jey ez »r+Jgor—1=0

Jer =go+Jgar—1 =Jeor

2k—2r

= X

~(d)
C.Ik J1
Jer =gy Jgar—1 = Jgor

. d

X lim ¢l
p—00 k J1
Jgq Jeg s Jg2r 1= Jo1=Jey - Jeor—1=Jear

2k72r

14

d—

= (_1) IEH]‘{gzlzgz/—H-l}x
d=1 =1

~(d)
= G

(C(a) ) .
(ngJg )m( ) -(J.ger.ng— )m()
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Case A. The condition

H 1{g2/=g2/71+1} =1 (57)
=1

is fulfilled for

A(d) ~(d) _ k—2

e | » Gt (d=1,2,...,27%), (58)

Je1=Jgp >+ Jear—1Je2r Je1 =gz s Jear—1 Je2r

CJ'k~~~J'1

Je1=Jen o Jear 1oy

Case B. The condition (57) is satisfied for (58) and the condition

H 1{g2/=g2/71+1} =0 (60)
=1

is fulfilled for (59).

Case C. The condition (60) is satisfied for (58), (59).
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For Case A, using transformation (54), we obtain

2k—2r _
(—1)d-1 (C‘d). _E@) )
= ? P i)~ Ol DO g ) Oy iy 1))
1
(jgz.jgl)m(’)m(jgz,jgzrfl)m(')
For Case B
A(d) )
Cjk~~~J'1 o o - Cjk...jl o o : (62)
(ng./gl)m(')"'(.’gzpfgzrfl)m(') (Jgg]gl)m(')~~-(1g2rjg2,,1)m(')
For Case C .
H 1{g2/=g2/_1+1} =0. (63)

=1
Combining (61), (62), (63) and (56), we complete the proof of Step 4
(k > 2r) in the proof of Theorem 9.
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Thanks for your attention!
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