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One-dimensional data. Clustering.Confidence interval

calculation.

Problem
mmZ[(m = m)*5i + (pi = m2)* (1= 6))]

Sample V ={p1,...,oN} is sorted in ascending order.
Algorithm.
1.Define Vi = {p1},Va = {p2, ..., on }, k = 1

k

1
2. Calculateml——sz,mQ N kZPz,k k+1.

i=k+1
Vi + ,d , <d ,
3. Calculate the next partition W = ! {pk+l_} (Pt ma) (Prs1,m2)
V1, otherwise
Vo = VAW.
4. If W =V, then stop; else V; =W, go to 2.



One-dimensional data. Clustering.Confidence interval

calculation.

Dichotomous clustering algorithm.
1. Initialization. Let V=V UV}, k = 1.
2. lteration. Let V =VFUVyU...UVS, .
For each cluster calculate d;? = Z (p - mf.)Q.
peV}"
Define cluster with maximum dj?* = max{dk, d'z‘, ...,d’,:H}.
The selected cluster is splitted into two clusters, k = k + 1.



One-dimensional data. Clustering.Confidence interval

calculation.

Calculation a minimal length interval, that contains a given number L of
sample elements.
Sample V = {p1, ..., pn} is sorted in ascending order.
Algorithm.
1.Definei=1,j=N.
2. Calculate i = l:+1’ pieL = Pi >pj_pj_1,
L Pi+1 — Pi S Pj—Pj-1
j= Js Pir1 — Pi > Pj— Pj-1

J=1, pmi—pi<pj-pj-1
3. If k>N-L, thena=p;,b=p;. Stop.



One-dimensional data. Hedging in (B,S)-market.

Sellers problem. Call option, f = f(Sy).
Formulation.

N
LN f(x]_[(1+pi>)
. Yy i-1 i=1
Xo(x) = miny, > + e L e—
0(x) I%Hy B P 1er ;71 B, (pi = 1) Bu
Vpi € [a1,az2] U [as, as], AS; = Si—1pi, AB; = Bi_1r,x = Sy,

)’f = {Vr, Vr+lseees 73}
Solution.

N-k
Xi(x) = W D S+ an) (1 +an)V R (p7) (g )N,
7=0

)

* r—a; B *
p= g =1=-p7,
as—ax
Xiv1(x(1 + aq)) = X1 (x(1 +a1))

x(as —a1)

Yis1(x) = ,x = Sk.



Buyers problem. Call option,f = f(Sn).

Formulation.

Y 1
X b
o(x) = n;axy * 1oy

713: = {YF’ Yr+ls-ees 73‘}
Solution. Let r € (ag,ag)

Xk(x) )N 12 \N—Kk Z C f(x(l +a3)j(1 + ag)N_k_j)(p*)j(q*)N_k_j,

« r—a2
pr= ,q—l—pv
as — ds

Xir1(x(1 +a3)) — Xpy1 (x(1 +as))

Yis1(x) =

(1

Vi1 (x) - arbitrary, x = So(1 +r)k.

) x(as —as)
Solution. Let r € (a1,a2) U (as,ay).

Xk(x) = ﬁf()(f(l + r)N—k)'

i—1
it(Pi_r) <

s

One-dimensional data. Hedging in (B,S)-market.

szk.

Vp; € [a1,a2] U [613,614] AS =Si-1pi, AB; = B;_1r,x = Sp,



One-dimensional data. Hedging in (B,S)-market.

N
Sellers problem. Option with aftereffect,f = f (SN,ZS,-).
i=0
Formulation.

N N
N f(u]_[(1+pi>,v+2s,-)
i=1 i=1

y 1 S
Xo(u, b —— § = >
o(u,v) = rfyuny By 17 278, = (pi-r) e

Vp; € [a1,az2] U [as,a4], AS =8;-10i,AB; = Bi_1r,u = Sp,v = S,

Y ={Vr Yrets o Vs )
Solution.

Xi(u,v) = m(q*xkﬂ(u(l +ai),v+u(l+ar)) +p Xea(u(l+aqg),v+
u(l+ay))),

. r—a « «
XN (u,v) = fn(u,v), p* = P al g =1-p°,
Xiw1 (u(1+aq),v+u(l+aq)) = Xgsn (u(1+ay),v+u(l+ap))
Yis1(u,v) =
u(as —aq)

k
u=_Sg,v= ZSi.
i=0

’



One-dimensional data. Hedging in (B,S)-market.

N
Buyers problem. Option with aftereffect, f = f (SN, S,-).

Formulation.

N N
N f(u]_[<1+pi),v+2s,-)
y i=1 i=1

1 Sic1
Xo(u, ot — § ——(pi—r) <
o(u,v) = M BT Ty 247 B, (pi=r) Bu

Vpi € [a1,a2] U [613,614] AS =Si-1pi, AB; = Bi_1r,u = Sg,v = So,

= {7?9 VYr+lseees 7s}
Solution. Let r € (as, a3).

1, .
X (u,v) = m(q Xiv1(u(1+asz),v+u(l+as))+ p*Xege1 (u(l +as),v+
u(l+as))),

XN (u,v) = fn(u,v), p*=a3 s g =1-p°,
Xievi(u(l+az),v+u(l+as)) — Xep1(u(l+as),v+u(l +a2))
yk+1(u’v) u(ad _612)

k
u=_Sr,v= ZS,-.
i=0



One-dimensional data. Hedging in (B,S)-market.

Solution. Let r € (a1,a2) U (as,ay).

1 - (L+r)NH— (14 7)k?
Xk(u,v):mf(u(1+r)1v Kyt S, - (
k

u=_Sr,v= ZSi,Si =Si_1(1+7),
i=0
Vi1 (u, v) - arbitrary.



Multidimensional data. Clustering. Confidence ellipsoid

calculation.

Problem

manZ(p,—mj) 0;,j,0i; €[0,1], Zé =1L

i=1 j=
Algorlthm
Let V = {p1,..., on} be the sample, C be the sample covariance matrix.
Define ¢.
Define eigenvector [:||/|| = 1, which corresponds to minimal eigenvalue of
matrix C.
1.Calculate U = {u1,...,un },u; = (I, pi), k = 1.
1, u; €Uy

2.Divide sample U into two clusters U; and Us. Define §; = .
0, u; € Us



Multidimensional data. Clustering. Confidence ellipsoid

calculation.

3. If k > 1 then My = mq, My = mo.
N N
Zéi,ﬁi Z(l = 0:)pi
i=1 i=1

14

Calculate m; = = , My = s
N N
D6 D=6
i—1 i=1
N N
Cin = Z 8i(pi —m1)(p;i —m1)" + Z(l = 8;)(pi —ma)(pi —m2)".
i=1 i=1

inl,l
4. Find vector [, solving the problem: min (C—)2
zli=1 (mg —myq, 1)

5. If k > 1 and ||my — My|| < € and ||ms — Ms|| < & then stop; else
k=k+1, gotol.



Multidimensional data. Clustering. Confidence ellipsoid

calculation.

Let

Za,- =1,m(2) = Z Aipi, C(A) = Z Ai(pi = m(D) (pi = m()7,

AQ) = (ACO)"C1 (D, AC(D)) 0.
Problem:

mngL«(A(a)(pi —m(A)), pi —mu»,Zai =1,4; > 0. (1)



Multidimensional data. Clustering. Confidence ellipsoid

calculation.

Algorithm Minimal Ellipsoid (ME).

Define Hy = {p1,....,pL}-

1. Find A' from problem (1).

2. Construct ordered permutation 7: 7 (i) < 7(j), if

(A (pr(iy = m(AM)), pr(iy = m(2Y)) < (AN (pa(yy — m(AY)), pr(j) =
m(aY)).

3. Form Hy = {pr@),i=1,...,L}.

4. Find 22 from problem (1).

5. If A(C(12)) < A(C(A1)), then A; = A5 ,go to 2; else stop.

We obtained subsample (ellipsoid) Hy, center m(H;) and matrix C(H;).



Multidimensional data. One-step portfolio.

x - portfolio, p - assets return, (x, p) - portfolio return,
p
D = UEI,-, El; = {p : (C;'(p —m;),p —m;) < 1} - confidence set,

=1
P(p ElD) >,
m;, C; - center and matrix of ellipsoid El;.
Define for ellipsoid EI;
a(i,x) = min (x, p) - minimal return,
pE

Bi,x) = max(x p) - maximal return,

a(l x) + B(i, x)

v(i,x) = ——————= - average return,

o(i,x) = M variance,

a(i,x) = (x, m)—\/(Cxx ,B(i,x) = (x,m;) ++/(Cix, x), y(i,x) = (x, a;),
o (i,x) = /(Cix,x).

Define for portfolio x

a(x) = min a(i, x) - minimal return,

v(x) = miny(i,x) - minimal average return,

o (x) = max o (i, x) - maximal variance.



Multidimensional data. One-step portfolio.

Mean-variance portfolio:
1. max(x,m), (Cx,x) < b,(I,x)=1,m=Ep,C = Epp? —mm”,
X

2. max min(x, m;), (Cix,x) < b, (I,x) =1,
X l

3. min max(C;x, x), (x,m;) > b, (I,x) =1,
X L

4. max[min(x, m;) — Amax+/(C;x,x)], (I, x) = 1.
X i J
VaR portfolio:
1. maxa, P((x,p) > @) 21, (I,x) =1,
2. maxa(x), (I,x) =1 © maxmin((x, m;) —+/(Cix,x)), (I, x) = 1.
X 1
Portfolio with minimal risk:

minmax+/(Cix,x), (I,x) =1,
X 12

a* - guaranteed return ,d* - guaranteed risk (confidence probability ).



Multidimensional data. Dynamic portfolio.

p
M = U M;, M; = [(x,m;) = V(Cix, x), (x,m;) + VY (Cix, x)].

i=1
Let a1 = min((x, m;) — 4/(Cix,x)), ay = max((x,m;) +/(Cix, x)).

1 1

Consider two cases:
1. Vy € [a1,a4] = y € M.In this case we have one interval [a1,a4].
2. Ay € [ai,a4] : vy € M. Let M = [a,a4]\M,as = inf{M},as =
sup{M}.
In this case we have two non-intersect intervals: [ay,as], [as, a4].



Multidimensional data. Dynamic portfolio.

The first case.

=So(1+p),p € la1,a4],S0 =1,
Bl = Bo(l +I‘),BO = 1,

yel r
Xu/N = YnSn/N+BnBn/N > Sn/N = S(n-1)/N (1 * N) s Bu/N = B(n-1)/N (1 * N) ’

1% aiy ag +
= =(a" = (5, -1
LelS T s =@ - -0y,
min Xg, X1 > f(Sl)
1
c*=—[(a +1>Zcf (P gV - Zc @Y @],

(1 5)

}"—GZY as al
>‘(: *:]_— *,_:1 —_— *’_:1 e *'
P pp=(1+ )= (1+5)a
. ] a*+1 X 1+a4/N

= . ’l = ,
Jo OgloS (1+E)N " 1+a,/N
A

max Xo, X1 < f(S1),

C, = ﬁ (a*+1— (1+%)N)+_



Multidimensional data. Dynamic portfolio.

The second case.
=So(1+p),p € [a1,a2] U [as,aq],So =1,
Bl = Bo(l +r),BO = 1,
o r
Xu/N = YnSnN+BuBn/N> SnyN = Sn-1)/N (1 + ﬁ) »Bu/N = Bu—1)/N (1 + N) ,
Le|5 2 ulS S s =@ - si- ),

N N N N N
Sellers problem

min Xo, X1 > f(S1),

1
0:———%H020@wm“ wawwﬂ
(1eg)
r—a; * = ay - a *
* = :1— = 1 _— = 1 —_—
p a4—a1’q p,p ( +N)P,CI ( +N)61v
a +1 . 1+ay/N
Jo = loglo =

1 ’10— .
ai\N 1+a1/N
So(1+ﬁl) 1/



Multidimensional data. Dynamic portfolio.

Buyers problem
min Xo, X1 > f(S1),
l.re (02,613)

C.= [(a +1)Zc (P (g")N - Zcf Py (@~ Jl
(1+—)
}”—611;[ as as
"= g =1- *,-:(1+—) *,-:(1+—) .
P PP N)Pa N )4
. ] a*+1 X 1+a3/N
= . ,1lp = .
Jo = 1108 an\V |7 T Txag/N
SO(1+N)

2. r € (ay,as) U (asz,ay),

C, = ﬁ (a*+1— (1+%)N)+.



Example 1. Fair prices interval calculation.

02 01 0 01 02 03

Picture 1. Empirical distribution densities (N = 2000, firm " Magnit”).



Confidence probability 0.95,
intervals [—0.1842,0.0015], [0.1151,0.3118],
for CRR model a = -0.0914, » = 0.2134,

r =0.0583, Sg = 4500, K = So, N = 10.

Calculations for call option.

Model | Sellers successful | Buyers successful Total
hedging hedging experiments

Robust 1991 1611 2000

CRR 1343 657 2000

Calculations for option with aftereffect.

Model | Sellers successful | Buyers successful Total
hedging hedging experiments

Robust 1444 702 2000

CRR 1338 662 2000




Dependence of capital on time in the case of call option

Moment of | Stock Buyers capital Capital Sellers capital

time price (robust model) | (CRR model) | (robust model)
0 4500 1945.80 2028.91 2275.51
1 5316.95 2613.92 2667.30 2895.76
2 4826.33 1965.79 2047.83 2333.87
3 4354 .47 1327.26 1458.52 1810.40
4 4967.81 1763.85 1864.01 2213.27
5 4717.86 1327.22 1465.26 1877.29
6 4238.99 650.78 871.02 1365.15
7 5013.87 1204.03 1346.51 1841.10
8 4748.88 717.05 911.76 1492.62
9 5773.92 1507.16 1601.06 2161.52
10 5214.49 699.12 798.49 1490.95

F(Sy) = 714.49



Dependence of capital on time in the case of option with aftereffect

Moment of Stock Buyers capital Capital Sellers capital

time price (robust model) | (CRR model) | (robust model)
0 4500 1258.84 1287.56 1437.80
1 4958.07 1386.98 1418.63 1584.16
2 6115.55 1692.76 1732.49 1937.38
3 7269.07 1981.41 2029.90 2274.43
4 8405.76 2252.56 2310.27 2593.97
5 8291.32 2284.04 2338.28 2617.17
6 7398.59 2217.72 2257.93 2504.42
7 8786.94 2487.79 2541.84 2835.77
8 10536.58 2777.86 2852.83 3201.83
9 9282.98 2846.20 2896.21 3208.25
10 11346.56 3101.55 3179.19 3548.52

F(Sn) = 3447.34



Example 2. Dynamic portfolio. Two clusters.

0.104

0.054

=

Picture 2. Sample

elements (N = 2000, firms "Alrosa” and " Rusolovo”).



Example 2. Dynamic portfolio. Two clusters.

0.157

0.10+

0.05

=

Picture 3. Minimal volume ellipsoids (7 = 0.4).
my, mo - centers, Cy, Cy - matrices.



Example 2. Dynamic portfolio. Two clusters.

0.104

02 04 05 0.8 1

Picture 4. Return min((x,mq) — +/(C1x,x), (x,m3) —/(Cax, x)).



Example 2. Dynamic portfolio. Two clusters.

=

0.03 010 013 020 023 030 033

Picture 5. Minimal volume ellipsoids (7 = 0.6).
my, mo - centers, Cy, Cy - matrices.



Example 2. Dynamic portfolio. Two clusters.

0.10+
0.084

0.084

03 1 1-5: 2

Picture 6. Return min((x,mq) — +/(C1x,x), (x,m3) —/(Cax, x)).



Example 2. Dynamic portfolio. Two clusters.

0.0404
0.0384
0036+
00344
0.0324
0.0304

0.028 -

Picture 7. Risk max(\/(Clx,x), \/(ng,x)).



Example 2. Dynamic portfolio. Two clusters.

Guaranteed return a* = max min((x, my)—+/(C1x,x), (x, m2)—/(Cax,x)) =
0.11.

Guaranteed risk d* = min max(~/(C1x, x), /(C2x,x)) = 0.03,x1 = 0.51, x5 =
0.49.

Intervals

ay = (x,mq) —/(C1x,x) = 0.10,a3 = (x,m1) + /(C1x,x) = 0.15,

as = (x,ms) — /(Cax,x) = 0.22,a4 = (x,m3) +/(Cax, x) = 0.28.

Let a* =0.2,r =0.18 € (as,as).




Example 2. Dynamic portfolio. Two clusters.

Picture 8. Dependence of sellers price and buyers price on N.



Example 2. Dynamic portfolio. Two clusters.

0.15

0.104

0.03

0.05 010 013 020 023 030 033

Picture 9. Minimal volume ellipsoid (1 = 0.6).
m - center, C - matrix.



Example 2. Dynamic portfolio. Two clusters.

0.16+
0.134

0.14 4

02 04 05 08 1

Picture 10. Risk 4/(Cx, x).

Guaranteed risk d* = min max+/(Cx,x) = 0.07,x7 = 0,x0 = 1=



Example 3. Dynamic portfolio. Five clusters.

Picture 11. Sample elements (N = 5000, testing sample).



Example 3. Dynamic portfolio. Five clusters.

02035

0.195
0.1904

0.185

Picture 12. Minimal volume ellipsoids (17 = 0.9).
(m;)2_, - centers, (C;)?_, - matrices.



Example 3. Dynamic portfolio. Five clusters.

018654

01860

01855

0.1830+

0.1845 4

01840

02 04 06 0.8 1

Picture 13. Return 'r{nns((x, m;) — 4/ (Cix, x)).

.....



Example 3. Dynamic portfolio. Five clusters.

0.0060

0.0055

0.00304

0.0045

02 04 06 0.8 1

Picture 14. Risk .nllax5(\/(Cix,x)).

.....



Example 3. Dynamic portfolio. Five clusters.

,,,,,

Guaranteed risk d* = min max(+/(C;x, x)) = 0.004, x; = 0.51,x9 = 0.49.
Interval a; = 0.18,a4 = 0.20.
Let r = 0.19.



Example 3. Dynamic portfolio. Five clusters.

0.0204

0.018+

0.016+

0.0144

0.0124

0.0104

0.008

0.006

Picture 15. Dependence of fair price on N.



Example 3. Dynamic portfolio. Five clusters.

0.194

0.13

Picture 16. Minimal volume ellipsoid (17 = 0.6).
m - center, C - matrix.



Example 3. Dynamic portfolio. Five clusters.

0.018 4

0.017 1

0.016+

0.0154

0.014+

0.0134

0.0124

0.0114

0.0104

0.009

02 04 0.6 0.8 1

Picture 17. Risk 4/(Cx, x).

Guaranteed risk d* = min max +/(Cx, x) = 0.009, x; = 0.59, xo = 0.41.



Example 4. Optimal portfolio. Two types of assets.

We consider sample from example 3.
V= (p)N,. N =5000,V = Vi UVy, V] = Vo,
V1 - training sample, Vs - testing sample,

V== Z (x,p) - sample average profitability,
N
pEVs
Vinin = min(x, p) - sample minimal profitability,
pEVQ

1 _
D=— § (x,p)? — (V)2 - sample variance.
N
pEV2



Example 4. Optimal portfolio. Two types of assets.

Number of | Optimal \% D Vimin A
clusters portfolio
1,0 0.998985 | 0.000054 | 0.981859 0

K=1 0.74,0.26 | 0.998264 | 0.000028 | 0.983947 | 0.5
0.64,0.36 | 0.997983 | 0.000023 | 0.984044 1
0.86,0.14 | 0.998595 | 0.000037 | 0.983208
K=2 0.86,0.14 | 0.998595 | 0.000037 | 0.983208 | 0.5
0.86,0.14 | 0.998595 | 0.000037 | 0.983208 1
1,0 0.999955 | 0.000075 | 0.981859 0
K=3 1,0 0.999955 | 0.000075 | 0.981859 | 0.5
0.55,0.45 | 0.995666 | 0.000022 | 0.983856 1
0.06,0.94 | 0.990917 | 0.000031 | 0.982096
K=4 0.56,0.44 | 0.993338 | 0.000012 | 0.983865 | 0.5
0.56,0.44 | 0.993338 | 0.000012 | 0.983865
0,1 1.005529 | 0.000008 | 0.995623 | 0
K=5 0.46,0.54 | 1.001753 | 0.000006 | 0.996051 | 0.5
0.47,0.53 | 1.001736 | 0.000006 | 0.996083 | 1

[y




