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Problem Statement

Let (Q, F,F,P) be a stochastic basis, (B;)y<,<; is a risk-free asset, (S;)y<,<; is a risky
asset: o o

(1)

dSt = mStdt + O'Stth, S() > 0,
Bt = 1

Let € € (0,1). We need to find the smallest value Vo such that there exists an admissible
strategy (Vo,v¢) satisfying the inequality

1
P{Vﬁ/ vzdSUZH] >1-e¢, (2)
0

1
n ([ sa-x)
0 +

where
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Quantile Hedging of Asian Option

When passing to the equivalent martingale measure Q, defined by the equality

oo {-Zm-L(2)") g

the SDE describing the dynamics of the price of a risky asset will take the following form:

dS; = oS dW 2. (4)

For this equation we can also write the solution:

o2
Sy = Spexp {O’WtQ — 2t} ,

—
(@)
~

where the process WtQ = Wy + 2t is a Wiener process with respect to the measure Q.
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Quantile Hedging of Asian Option

Problem (2) can be reduced to the following:

EQ [H].A] — minAe]:,
P[4l >1 -«

We have the following forms of set A € F:
A={We < b}, when m < o2

and
A={W2 <b}U{W2 > by}, when m > o2

The values b, by, by are determined from the equation P[A] =1 —e.
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Quantile Hedging of Asian Option

Apply the martingale representation theorem to M; = EQ[H14 | F;]. Then:

t
M; =E® [H14] + / gsdW 2, (7)
0
where g; — F — adopted process, which is defined as
< a1, W), ®)
gt = i
Put L
= B and 7 =9 H14) + o [ 978V - oS ©)
O'St 0

Thus, we obtain a quantile self-financing strategy 7 = (85,75 )o<i<1-

AV, = 075 Sy dW2 = 42dS,, Vo =EQ[H1,4]. (10)
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Quantile Hedging of Asian Option

In our case
M, = é(tagh St)a where é(tvxay) =E® [(.13 + YNy — K)+ 1A] ) (11)

where & = fot Sudu, m, = fov exp {oWQ — %}du, v=1-—t.
Then _

The function é(t,m,y) is an unique classical solution of the PDE

Gi(t Gl (t 7Y G o =0
t(’x’y)+y ac(vxay)+ 2 yy(axay)* )

G(an y) = (.’E - K)+Q(A)
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Quantile Price for Asian Option

Now, Va € R we define
1
F(a) = / exp{o B, + cua}du, (14)
0
where B, = WQ — uW2 — ou/2.

Theorem 1

If m < o2 then
C: = (Soz — K)p(z)dz. (15)
K/So
If m > o2 then
L= / (Soz — K)ib(2)dz. (16)
K/So
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Quantile Price for Asian Option

Here
o) = B% | 24Tt vy (17)
P(z) = E? [%1{2<F(b1)}U{Z>F(b2)}:| ; (18)

©(-) is the density function of the normal distribution with parameters (0, 1), F(a) is the
derivative of the function F'(a) with respect to parameter a.
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Quantile Hedging of Asian Option with Transaction Costs

The value of the portfolio at time ¢ with initial capital Vp is described as follows:
_ _ t
Ve =Tot [ S, = wadh, (19)
0

where k,, is the proportional transaction coefficient, J,, is a total trading volume
n
To =Sl =il (20)
j=1
In this case, the volume of the risky asset in the strategy ¢ is defined as:

n .
~ J .
’}/tn = Z 1{tj71<t<tj}G;/(tj_1?gtj717Stj71)7 t] = Ea J = 0,...,n, (21)
j=1

where G(t, z,y) is the solution to problem (13), with 52 = o2 + a\/ﬁnn\/g volatility
parameter.
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Quantile Hedging of Asian Option with Transaction Costs

Let the transaction coefficient k,, be such that

limsupn™/ ¥k, = 0. (22)

n—oo

Then the portfolio value (19) for strategy (21) converges in probability to the modified
payoff function, i.e. _
P- lim V7 = H1,4. (23)

n—oo
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Quantile Hedging of Asian Option with Transaction Costs

In the case with transaction costs, the price of an Asian option is determined as follows

/ (Soz — K)p(z)dz, o* > m,
R K/So
C. = (24)

/OO (Soz — K)@(z)dz, o? < m.

K/So

Here (-) and 9(-) are densities with parameter &, defined in (17) and (18).
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Quantile Hedging of Asian Option with Transaction Costs

If lim +/nk, = oo, then
n— oo
i (G = S, (25)
n— oo
If lim /nk, =0, then
n—roo
i 6. = @, (26)
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Monte-Carlo Simulations

Table 1: Comparison of Asian option prices for Sy = 100, K = 100,60 = 0.5, m = 0.25 (m < o?).

€ 0.1 0.05 | 0.025 | 0.01
C, | 11.49 | 11.49 | 11.49 | 11.49
C. | 876 | 10.09 | 10.77 | 11.14

Table 2: Comparison of Asian option prices for Sy = 100, K = 100, ¢ = 0.5, m =1 (m > o?).

€ 0.1 0.05 | 0.025 | 0.01
C. | 115 115 | 11.5 11.5
C. | 10.78 | 11.14 | 11.31 | 11.42
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Monte-Carlo Simulations
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Pic. 1: Convergence of C. for e = 0.05, m = 0.25, ¢ = 0.5, and k,, = 1/n3/2.

Quantile hedging with transaction costs



Thanks for your attention!




