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Let e =¢(r) € {0,1}, r > 0, be a two-state cadlag Markov process with the
infinitesimal generator

([t Ao
A—(/,Ll —Avl), Ao,ll>0.
Let ¢co,c1 € (—°°,°°), co>Cy.

The two-state process t — cg(;), t > 0, is called a telegraph process.
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Integrated telegraph process

The piecewise linear random process that arises after classical integration,

N(t)-1

t
T(t)= /0 Cg(s)ds = Z Cg(fn)ATn +C8(TN(t))(t — TN(t))a AT, = Tyl — Ty
n=0

is called the integrated telegraph process. Here {T,},>1, 0<T1 < m < ...
are the switching times of € = €(¢), 70 =0, and N = N(¢) is the counting
Poisson process.
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Figure: A sample path of the telegraph process 7 (t).



Process .7 (t) is not Markov, but the process (7 (), (1)) is.



Process .7 (t) is not Markov, but the process (7 (), (1)) is.

The transition matrix T1(¢) = (7;;(t)); jejo.1y, Wij(t) = Pi{e(t) = j}, for the
Markov process € = €(¢) has the form

1 A+ —2At o —2At
T1(r) = exp(iA) = 57 ( e t+i?z—2“> L 2=l

Here by IP;{-}, denotes the conditional probability at the initial state,

B} =P{- | £(0) =i}.



In the symmetric case co = —c; =c¢,c >0, 4g = A; = A, the probability
density function p(t,x) of .7 (t) satisfies the telegraph (or damped wave)
equation,

d%u du ,9%u

W(t,x)—i—bl;(t,x):c W(Z,X), t>0.
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Telegraph equation

In the symmetric case co = —c1 = ¢,c >0, Ag = A; = A, the probability
density function p(t,x) of .7 (t) satisfies the telegraph (or damped wave)
equation,

9%u du 2%

82(tx)+27ta( x) = 82( x), t>0.

If ¢,A — +oo and ¢?/A — 1 (Kac's scaling), then the telegraph equation
formally becomes

du 10%u
3 9= 5 g2 ()

Moreover,
D
T =S W.



The fractional telegraph equation and related stochastic processes have
become very popular for research since about the 1980s.
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For example: the equation

DPu(t,x) + 27 - 2%u(

2
u(t,x) 29

=C ﬁ(t X)
can be solved by applying the Fourier transform

for 0<a <1,
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Fractional telegraph equation

For example: the equation

az

D2u(t,x) + 22 - 2%u(t,x) = ¢ ﬁ(; x) for 0<a<l,
can be solved by applying the Fourier transform.
In the particular case a = 1/2, it is proved that the fundamental solution
coincides with the distribution of the classically integrated telegraph
process with Brownian time, i.e.

W) =7(B@)]), >0,

E.Orsingher, L.Beghin (2004).
Here |B(1)| is a reflecting Brownian motion independent of .7.
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» Calculus:

classic equation = fractional equation = analysis

«0O>» «F»r « =

Er» « E>»

DA



» Calculus:

classic equation = fractional equation = analysis

» Stochastics: Markov process = Kolmogorov equation
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» Calculus:

classic equation = fractional equation = analysis

» Stochastics: Markov process = Kolmogorov equation

4

...corrupted (fractional) equation...
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Popular methodology for implementing fractionality

» Calculus:

classic equation = fractional equation = analysis

» Stochastics: Markov process = Kolmogorov equation

4

...corrupted (fractional) equation...

4

...new stochastic process and its analysis



Instead of the classic integrated telegraph process 7 (t) = fé Ce(s)ds, we
study a fractionally integrated telegraph process.
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Fractional telegraph process

Instead of the classic integrated telegraph process 7 (t) = |3 Ce(s)ds, we
study a fractionally integrated telegraph process.

Definition
The fractionally integrated telegraph process . % %(¢) is defined as

1

FUt) =1%[ce(y](t) = ) /Ot(t — 1) egndr, 0<1t<oo,

where t — cg(;) is a two-state telegraph process, « € (0, 1).



Fractional telegraph process

Instead of the classic integrated telegraph process 7 (t) = |3 Ce(s)ds, we
study a fractionally integrated telegraph process.

Definition
The fractionally integrated telegraph process . % %(¢) is defined as

1

FUt) =1%[ce(y](t) = ) /Ot(t — 1) egndr, 0<1t<oo,

where t — cg(;) is a two-state telegraph process, « € (0, 1).

For any fixed ¢ > 0, consider also the process

1

FU(s,1) = F(a)/ (t—r)aflcg(r)dr, 0<s<t.
0



Fractional telegraph process

The process .% %(t) is a continuous piecewise-deterministic process of the
form

SN G (g 30) + Oy (1), IFN(E) > 1,
Fr) = o
Cs(O)mZ%(l;t), if N() =0,

where {7,},>1 are the switching times of € = £(t), 1) = 0, and the
sequence of functions is defined by

0= 8 ey CZ B .
¢I’l(s’t) - F((X) Z, (t I/l) du - CS(Tn) F(l +(X) Y Tn <s — Tn+17

so that

On(Tur13t) = Ce(t,) "



EquiVa|ent|y'

o 1 N(t)
F (z):m Ceo)f

"2 P (D (-,

n=1

2C:c0_c1.
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Figure: Two sample paths of #%(s,1), o



Note that for any ¢t > 0, the distribution of .7 %(¢) is determined by the
complete switching history {7} <,<y(;). Therefore, the fractional telegraph
process .7 *(t) as well as the pair (.Z#%(r),&(t)) are not Markov processes.



Theorem
For 0 < a < 1, the expectations S)Jt(()l)(t) =E[F%(t) | €(0) =0] and
i)ﬁgl)(t) =E[Z%(t) | €(0) =1], t > 0, are explicitly given by

ta * * * | —

20 =F7a ((Pico+ pher) +2epie (e, 1+ a:241)]
t* * * * _—

zmﬁ”(z) :F(l+oc) [(poco + pic1) —2cppe 2Md)(Ot,H—Oc;Z?Lt)} .

Here p§ =41/ (Ao + A1), pf =Ao/(Ao+ A1), @ = |F is the confluent
hypergeometric (Kummer) function.



If =1, then

() i . i} 1— efZM‘
My, (1) :(P0C0+P1€1)I+P1071 )
1 _6—2}»!

" (1) =(pieo+ plen)t —pSCT-
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Figure: Emél)(t;oc) under ¢ = —c; =1, Ag =24 = 1 with (from bottom to top)
oa=1/3.1/2.2/3.



Theorem

The second moments ,‘Jﬁ(()z) (t) =E[Z%(t)* | €(0) = 0] and

M (1) = BELZ%(t)? | €(0) = 1] are given by

@) t2(x

M0 = [<pz;co - pien? 4¢P (ph — pl)e M (2a, 1+ 20520)
+aept(phico—+ pher)e M d (o, 1+ o 2A1)

At
—|—8c2apf§p’f-(7tt)’2“/ u?* e (o, 1 4 o3 2u)du
0

and

20
2 t * * * [ % *\ . —
gmg )(t) :7F(1 oy [(poc() +p1c1)2 +4c2p0(p1 —po)e 2QUCID(ZOC, 1+2a;2At)

—depy(pico+picr)e M @(a, 1+ o 2A1)

At
—|—8c2apf§p’f-(7tt)’2“/ u?* e 2 (o, 1 4 o3 2u)du | .
0



f A=A =A,co=—c1=c, and oc = 1, then

ye M 1 420t

My(1)=c 222
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Figure: M, (r; ) under ¢ = —c; =1, g = A; = 1 with (from bottom to top)
oa=1/3,1/2,2/3.



For the symmetric case, co = —c1 =c¢ >0 and A9 = A; = A, the results look
simpler:
Ctaelet

(1) ) (M) —
m, (t)_r(1+a)d>(oa,l+oc,2)tt), my o (¢)

Ctaefz)u

m@(a, 1+ o;2A1),

2¢?
C I(a)T(1+o)A2e

At
/ u?* e 2 d (o, 14 a3 2u)du,
0



Theorem

Let #%(t) be symmetric, i.e. co=—c;=c>0and ly=21 =1 > 0.
For At — oo the following asymptotic relations are valid:

1 PO A (1) PO .
° T +a)(a) A’ 1 NEE I
and
200—1 C2 )
(2a71)1t"(1+a)r(a)2 T ifa>1/2,
2 2 m c .
MG (e), TP (1) ~ § 2020 & Fa=102,
2Ky 2 .
Mi+a)(a) 22> ifo<a<1/2,
where

Ko :/ W e d(at, 1 4 o3 2u)du.
0



Consider a random process Z = Zg(t) defined by the equation

dz
q O =—BZ(t) ey, 1>0,
with Z(0) = 0. The solution is given by
3
Zﬁ (l) :/ C_B(t_s)cs(s)ds 0<t<oo
0
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Kac-Ornstein-Uhlenbeck

The piecewise deterministic continuous process Zg(t) sequentially follows
two deterministic patterns Yy and v, alternating at random times 7,.
Patterns yp and y; are defined as

o (t,x) = po+ (x—po)e P, vi(t,x) = p1 + (x—p1)e P,

where pg = co/B,p1 =c1/B.

Let B > 0. Then both levels py and p; are attractive, and the interval
[01,po] serves as an attractor for the process Zg: if the process starts at a
point x outside this interval, x ¢ [p1, po], it falls into [p1,po] in a finite time.
Moreover, once caught, the process remains there forever.



Kac-Ornstein-Uhlenbeck

Figure: A sample path of Zg(z), B > 0.

The process (Zg, €) is Markov with an infinitesimal generator
A+diag(Lo,L;), where A is the infinitesimal generator of &(¢), and Loy, L;
are the differential operators,

d

L():(co—ﬁx)a, le(cl—ﬁx)%.



Theorem

The fractionally integrated telegraph process %%, 0 < a < 1, is represented
through the infinite dimensional Kac-Ornstein-Uhlenbeck process
Zg, B € (0,),

o _ 1 “ -
F (t)_F(l—ooF(a)/o B=*Z(r)dB.

Cf. Muravlev, 2011.



defined by

Consider the time-changed telegraph processes .7 %(t) and 74(t) which are

o Eq(1)
70 = 7 (Eal0) = [ cugods.

; t>0,
Ta(t) :/() cs(Ea(s)dS7

where Eq = Eq(t) is the inverse o-stable subordinator.
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Time-changed telegraph process

The first two moments of .7 %(¢) and Z(t) can be represented explicitly.

Theorem
ForO<a<1,t>0,

E[77() | e(0) = 0] =<2t PiChya | Py _ g (_ppsr),

I'l+a) A
E[7°() | £(0) = 1] :pic(()lif)‘:‘ 2= P g (o0

d
” E[Za(r) | €(0) = 0] =(poco + pic1)t +2picdo(t; @),
E[Za(r) | €(0) = 1] =(poco + pic1)t — 2ppedo(t; @),

where 8o(t; @) = [ Eu(—2A5%)ds



Theorem
ForO<a<1,t>0,

* * 2
Eo [ga(t)f :2(]9060 +p1C1) 200

I'(l1+2a)
+2p’f(p’f€(:l+p661)c [1‘(1 i - é‘éaa,a(_ZAta)} a
+2pT(2p76L2— pi)e [(fa(—z,w) —1+ mzi a)z“] :
B (7 2 EHA) e
_2p8(pTC(il+ poci)e [F(l ir - ;@@w(_zma)} .
+2p8(2p;2—p8)c2 [‘Dﬁ“(_uta)_wr(ﬁ a)ta] '



Theorem
ForO<a<1,t>0,

E[Za(t)* | €(0) =0]
= (pico+ pie1) > +2p5(pico + pier)ct St o)
+4pi(p} — po)edi(t: ) +8pypic* & (1 a);

E[Za(t)* | €(0) = 1]
= (Poco+ pic1)*t> = 2pg(poco + pier)eto(t; o)
—4pi(ph — p1)edi(t; ) +8pypic® & (1; ).
Here
t

t
So(t;0) = | Ex(—2As%)ds, &(t;) :/ 5Eq(—2As%)ds,
0 0



Thank you for your kind attention!



