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Consider the following model of block random matrices. Let X(#),
i,j=1,...,k afamily of n x n real symmetric random matrices.
We will assume that for any fixed pair of indices (i, ),
i,j=1,...,k, the elements of the matrix X('¥) are independent

(with respect to symmetry), have mean zero and finite variance, i.e.
EXS7 = 0and E(XS7)? = (057)? < . (1)

About the matrices X('4) we will assume that they either coincide

at (/,j) # (i1, /1) or are independent. Let the symbol ® denote the

Kronecker product.

Consider a matrix of the form

k
ij=1

A. Tikhomirov, Syktyvkar, Russia Limit theorems for the spectrum of random block matrices



We find it more convenient to change the representation of (2).
We define the so-called generating matrices Z(), ..., Z(m

(m < k?) that are random independent matrices such that for any
pair of indices (/,/): i,j =1,..., k there exists an index

I'=1(i,j) : 1 << msuch that X)) = 7z() . Let, for | = 1,...,m,
Ar={(i,)) i,j=1,... k: X0 =z}, (3)

Then the matrix Wx can be rewritten as

m

wx=>"( 3 @)z

=1 (ij)eA
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k)

Let the generating matrices be Z(1), ... Z(

We define the multiplicities sets as Ay = {(i,j) : |i — j| = + 1},

for | =1,..., k. The symmetric Toplitz matrix has the form

z, 7@ o oz z(R) ]
72z ... z(k=2) Z7(k-1)
k
W:ZZ(')®( Z E(fj)) _
=1 ijeEA
7(k)y  z(k=1) .. 7(2) 7(1)
(4)
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In a Hankel matrix, the number of distinct blocks is m =2k — 1,
and there are equal blocks on all diagonals perpendicular to the

main diagonal: Ay = {(i,j):i+j=1+1}, [=1,...,2k—1:

-0y 72 730 ... Z(k=1)  7(k)
7(2) 7(3) 7(4) e 7 (k) 7 (k+1)
7(3) 7(4)
Wx =
Z(k=1)  7(k) e e 7(2k=3)  7(2k=-2)
Z(k) Z(k+1) e 7(2k=2)  7(2k-1)

A. Tikhomirov, Syktyvkar, Russia Limit theorems for the spectrum of random block matrices



Let VO, V@ . V(M be Hermite random matrices of size n x n
whose elements are independent. Using the previously introduced

index sets (3), we define the following matrices:

ZE” @YW = Z > ED gyl

ij=1 1=0 (i j)eA,

(if)

We shall assume that random variables Yy’ for any fixed
i,j=1<...k,i <j areindependent for p,g=1,...,n,p<q,

and have the same first two moments as random variables X,gcj,), ie.

EYP =0, and E(Y{D)? = (o0, (5)
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We denote A1, ..., Ak the eigenvalues of the matrix ﬁWx, and

[1, - - - [k the eigenvalues of the matrix ﬁWy.

Let us define the empirical spectral distribution functions

an Z]l{)\ <X}

1 nk
Fav(3) = 2> 1y < b
j=1
where 1{-} stands for the event indicator.

In what follows, for (i,) € A;, we shall write

i !
9 - of)
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Theorem 1
We assume that there exists a constant Cy such that for all n > 1

m n

R O (< G )

I=1 p,q=1

Suppose that for all i,j =1, ...,k for random matrices X(V) and
Y() the Lindeberg condition is satisfied, i.e., for any T > 0

1 <& i i
Lox(7) = =5 > E(XP)VHIXP)| > rv/n} — 0

r,s=1
Lov(7) 1= ZE (Y21 > 7V} } —— 0. (D)
r,s=1
Then

Fox(x) — Fay(x) — 0 in probability.
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(a) Student df=5 (b) Normal

Figure: The histograms of 5 x 5 T&plitz matrices with blocks entries
distributed according Student distribution with df =5 degrees of
freedom (left) and standard normal distribution (right).
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(a) Polynomial100 (b) Polynomial3

Figure: The histograms of 5 x 5 Hankel matrices with blocks entries

distributed according distribution with polynomial density

p(x) = W (left) and p(x) = m (right).
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(a) Polynomial100 (b) Polynomial3

Figure: The histograms of 5 x 5 T&plitz matrices with blocks entries
distributed according Student distribution with df =5 degrees of
freedom (left) and standard normal distribution (right).
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Proof sketch

To prove the theorem, we only need to show the convergence of the
corresponding Stieltjes transforms in any subset of the upper

complex half-plane with non-empty interior. Let
Ra(z) = (A—zI)™,

is the resolvent matrix of the symmetric matrix A. Symbol /
denotes a unit matrix of the appropriate dimension. The matrix
RA(z) is defined for all z = u + iv,v > 0. We only need to prove
that in some region G C C, with a non-empty interior there is the

convergence
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1 1
ETI“ Rw, (z) — ETI“ Rw., — 0 when n — oo in probability. (8)

We will divide the proof into three parts. First we show that we can
replace random variables by so-called truncated random variables.
Then we prove that for truncated quantities, the difference between
the expectation of the Stiltjes transformations of the matrices Wx
and WA, tends to 0. Finally, we show that the variance of the
Stiltjes transformations tends to 0 (Girko's lemma). The
convergence of expectations and the convergence of variances to

zero entails the convergence of probabilities.
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For any o € [0, 7/2], we introduce random matrices
Z0(a) = Xjcos o + Y sina.

Accordingly, let's denote

In what follows, we will denote the elements of the matrices
Wx(a) = (W), and ZO(a) = (Z)) by W and Z(), omitting o

and X in the notations unless this is controversial.
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It is obvious that

1 1
ETT Rw, (z) — ETF Rw, (z) 9)
1 ™ 1
= nkTr Rw, (z, 5) - WTr Rw,(z,0)
1 [2 dTr Rw,(z,a)
— = T TWS D 1
nk / oo da (10)

= s Z/z a[RWX]JJ z O‘)da. (11)
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We can write down

a[RwXLAz a) zm: Z a[waL, z,0) 0Z4)
it C'?qu Oa

Note that for any invertible matrix A, the following differentiation

formulae are valid

T = A A (12

See, for example, Alexei M. Khorunzhy, Boris A. Khoruzhenko,
Leonid A. Pastur; On asymptotic propertiies of large random
matrices with independnet entries. June 1996, Journal of

Mathematical Physics 37(10).
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Applying the formula (12) to the resolvent matrix Ry, (z, ), we

get

O[Rwyji(z, @)
?ﬂ) - Z (2 = dpg)[Rwx (2, Q)] (r—1)ntp
pq (r,;s)EA

X [RWX (27 CV)]j,(sfl)nJrqa
where 0,4 stands for the Kronecker symbol. Note also that

7 _
867;‘7 = — ,59 sina + YP(Q cos a=: Z,SQ.
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Summing up the above formulas, we can write down

1 1

E(—Tr R, (2) = —Tr RWX(Z))

nk m n

- L3y Y v

Jj=11=1 p,g=1(r,s)€A,

I
x /0 E Z80 () [Rwy (2, @))j (r—1)ns [ R (2, @) s 1yn g

(13)
In the following, we will estimate the values
DY) —=EZIR : R :
Pq Pq[ Wx(z7a)]1,(rfl)n+p[ Wx(za O‘)]J,(sfl)nJrq

for/=1,...,mr,se Ajand p,g=1,...,n

A. Tikhomirov, Syktyvkar, Russia Limit theorems for the spectrum of random block matrices



Let us introduce the matrices

z(hpa) = 7() \/%Z,gg(E(pvq) + E(@P)) ie. the matrix Z(P9) has
zeros instead of the element Zéi,). Accordingly, we define the
matrices W(P9)(z, o), Rl(,:}f:’q)(z,a). The simple resolvent

equality Ra, — Ra, = Ra, (A2 — A1)Ra, entails
Rwy(z,0) = RGP (2, a) (14)

— Ruy(z,0)(W — WP (2 a))RYP D (z,0).  (15)
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Palindromic Toplitz matrizes

We will study the limiting behaviour of the spectrum distribution of
a random symmetric palindromic palindromic teplitz matrix. A
palindromic matrix is called palindromic if its first row is a
palindrome. Let X1, X>,..., X, be independent random variables
with EX; =0 and EX? = 1.
For any I =1,..., n we define the sets
Zfil eje] +e1e5, + 160, ecm | =1,

(N — 2n—I+1,_ T T

e = Zjil (5j€j+l—1 +Ej+i-1€; )
2

+ Zj£2n—l+1(5j5];2n+/ + 6j_2n+/5JT), forI=2,...,n.

(16)
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Hereafter ¢;, j = 1,...,2n means the jth unit orth in R?", i.e., the
vector that has all coordinates except jth equal to 0 and jth equal

to 1. The matrix W can be represented as

1 n
w=——3 x¢&0, 17
@,; I (17)
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X2
X3

X1
Xo
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anl
an2
an3

anl
Xn72

X3 Xo Xt
Xa Xz Xo
Xs Xa X
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Now let X1, X, ..., X, be independent random variables with
E Xy =0 and E|Xk|?> = 1. We will assume that there exists a

constant us such that

sup E | X, |® < pz < oo. (19)
k>1

Theorem 2

Let X1, Xo, ... be a sequence of independent random variables with

EXy =0 and E|Xi|> =1 for k > 1. We will assume that the (19)
condition is satisfied. Let F,(x) be a sequence of empirical spectral
distribution functions of palindromic random heptic matrices W,
constructed by the values X1, X, ..., X,. then there is a constant

C such that
sup | E Fp(x) — ®(x)| < Cpgn™4 (20)
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To prove the theorem, we will use the method proposed by the
author in 1976, 1980. Consider the characteristic function of the

expected spectral distribution function E F,(x)
1 & 1
fo(t) = o Z; Eexp{it)j} = o ETr exp{itW,}. (21)
J:
We show that function f,(t) satisfies the equation

t2 + |t|

fo(t) = —tfa(t) + 6(t) Cpuz N

(22)

where |6(t)| < 1.
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To analyse the function f,(t) we will use Duhamel’s vormula. For

any symmetric matrices M1, My the following is true

exp{it(M1 + M2)} = exp{itM; }

+ i/otexp{ile}Mg exp{i(t — s)(M1 + M2) }ds.
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We denote U := U(t) = exp{itW}, W() \/T ZJ#,Xlg )
U (t) = exp{itW{)}. Applying Duhamel's

Ui .=y .=

formula, we get

U(t) = UD(8) + i, / UN()EDU(t — s)ds.  (23)
It is not difficult to obtain the following representation
F(t) =i 1 s> EXTrEOU() =Ty + T+ T3, (24)
(2n)2 1=
where
Ty =i 5 > EXTreNu(e),
(2n)2 1=

U (s)eDU(t — s)ds,
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T3 =

( Ex3Tr5<’> / / )(s1)ENUN ()

X 5( )U(t — 51 — 52)d51d52.
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Lemma 1
Under the conditions of theorem 2 , there exists an absolute
constant C > 0 such that the following is true

C,LL3t2

T3 <
|\ﬁ

A. Tikhomirov, Syktyvkar, Russia Limit theorems for the spectrum of random block matrices



Continuing, we can write down
Ti(t) = Gu(t) + Gio(t) + Gia(t), (26)

where

. n t
T11(t) :wz /O ETr exp{isW}ED exp{i(t — s)W})EW ds,
1=1

i n t ps
_ : (1) T (1)
Tio(t) = (2,7)2@/;5)@/0 /0 exp{iss W}EW exp{i(s — s )W}
x EN exp{i(t — s)WN e ds, ds,
i n t t—s
Ti(t)=————— EX swye) st W
13(1) (217)2\/%; //0 /0 exp{is W exp{is W}

x EW exp{i(t — s — s )W e dsds,
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Lemma 2
Under the conditions of the 2 theorem, there exists an absolute
constant C > 0 such that the following is true

2

max{| Tia(£)], | Tus(t)|} < Cpus—

o (27)
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We represent Ti1(t) in the form

-1 <& t
_ =L Dy — 12
Mo = o EH: /0 ETrU(s)EDU(t — s)EWds  (28)

Furthermore, let [A, B] := AB — BA denote the commutator of

matrices A u B. We proof the following lemma.

Lemma 3

ETrU(s)EVU(t — 5)e0) (29)
= TrU(t)E? + i/s TrU(r)[W, EDU(-r)U(t)EDdr.
0

(30)
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Applying the 3 lemma to the function Gii(t), we get

Gui(t Z Tru(€ R(t), (31)

where

R(E) = ~ o > [ [ e v, e - naretas
(32)
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Lemma 4

There is an equality

[ on—1 1 1 -~ 1 1 2n |
] 1 2n—1 1 - 1 1 1
Z(g(/)g(/)) —
=1
L 2n 1 1 -« 1 1 2n—1
(33)
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The lemma 4 implies equality

C\“/%t2 FR(H).  (34)

1
folt) = —tha(t) + ;5 > Upe+
j#k
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Thank you for your attention!
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