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Xi,..., X, — independent r.v., E|X,|? < oo
S, =X+ -+ X,. with o = ES, and ¢ = Var§,.
Third order Lyapunov ratio

1 n
7ZHM—HW

Berry—Esseen inequality:

sup < cls.
X

P{SgéX}—¢(X;Aﬁ

Here ® denotes the standard normal distribution function
with probability density function ¢(x).
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Necessarily L3 > 1/+/n which may be reversed in the i.i.d.
case Xy = &/+/n up to a factor depending on &;. Then

P{S, < x} :¢()?“‘) +O<\;ﬁ>, n— oo.

For more precise statement, put

®3(x) = &%L%X—lW(% x € R,
where
l = 013E(5,, —ES,)’ = 13

The idea goes back to Chebyshev's work of 1887.

i E(Xc — EX,)>.
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Problem is to study whether or not it is possible to
improve approximation by replacing ® with ®3. Such a
replacement would not deteriorate this bound in view of
the relation || < L3. On the other hand, comparison of
smooth linear functionals (for example, characteristic
functions) of F, and ®3 suggests that an improvement is
indeed possible in various natural cases.
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In particular, in the i.i.d. case, if X; has a non-lattice
distribution, Esseen (1945) derived

Fﬂ&gx}:¢%xgu)+o&%> n— oo, (1)

The remainder term may be improved to O(1/n),
provided that EX{" < co and assuming that the Cramér
continuity condition

itXy

limsup |[Ee™™| < 1,

t—00

is met, see Cramér (1937).
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It was also shown by Esseen that a representation similar
to (1) remains to hold for lattice distributions by adding
to ®3 a discontinuous periodic function with a factor of
the order 1/4/n. To make the statement more
transparent, suppose X takes integer values with h =1
being the maximal step (span), so that the distribution
of Xi is not supported on hZ for h > 1.

Then, see Esseen (1945)

S e e A
(2)

with 1(x) = x — [x] + 2
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P{S, SX}:¢3(X;M)+ w(x)gp< ;”)Jro(

Since S, is integer-valued, we are concerned with

)
(3)

P{S, < k} for integers k only. Then, applying (2) to

X =k -+ % the additional term is vanishing, and we

obtain
P{sngk}zcbg(kﬂ(/f_”) +o(\}ﬁ),
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This well-known phenomenon was a focus of
investigations in the scheme of Bernoulli trials, see e.g.

Bernstein (1945), Feller (1943) and Uspensky (1937).
If X, takes 1 and 0 with probabilities p and g =1 — p,
we have i = np, 02 = npgq, and

sup
0<k<n
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In (1937), Uspensky established a two-term
approximation

k+1/2—
wppwﬁgﬂ—¢% Y Wﬂgc,
0<ks<n V/Pq npq

here the Chebyshev-Edgeworth correction is

®a(x) = () = &L = 1)ol)

This approach was adapted by to get a Poissonian
analog.
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Next step has been made by Deheuvels, Puri, and
Ralescu (1989) who extended the inequality to
independent Bernoulli random variables X taking the
values 0 and 1 with not necessarily equal probabilities
px = P{Xx = 1}. Namely, we similarly have

k+1/2—u)

C
Si)

sup
o2

0<k<n o

P{snggk}—-¢3(

where

p=pitotpa, 0% =pigite+paGn (G = 1-pr).

10/30 5 oo



Our aim is to extend the bound to general independent
integer-valued random variables under the 4-th moment
condition

Definition
Given an integer-valued random variable £ with
characteristic function v(t) = E e (t € R), put

V(e) = — sup Ol (4)

0<t<2r 1 — cos t
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One important feature of this functional:
Proposition. If £ is integer-valued, then 0 < V() < oc.
Moreover, V(&) > 0 if and only if the distribution of £ is
non-degenerate and has the maximal step h = 1.
V(&) quantifies the “strength" of the property that the
maximal step of the lattice distribution of £ is exactly
h=1.
We have

V() < Vare.
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We have
V() < Vare.

Example. Suppose that P{{ = £1} = (1 —¢)/2 and
P{{ =0} =< for some € € (0,1). Then h =1, while
V(¢) — 0 as € — 0. It is not surprising that the limit
distribution has a larger maximal step h = 2.

On the other hand, we have an equality

V(&) = Varg = pq,

when £ has a Bernoulli distribution with parameters
p=P{{=1}and g = P{{ =0}.
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Main Result

... Theorem. (Bobkov and U.(2022) Let the
integer-valued random variables X1, ..., X, be
independent and have finite 4-th moments. For sum

Sp =Xy + -+ X,, put p =ES,, 0> = Var(S,), and
V =71 V(Xk). Then we have with absolute constant
c>0

sup

k+1/2—
magky4w(+'/ “N<a’u.(m
keZ o
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... Corollary. Suppose that the integer-valued random
variables & are independent and have a common
non-degenerate distribution with maximal step h =1 and
such that E¢} < oo. Putting n = nE&; and

02 = nVar(¢;), we have

P{Snfgk}::¢3(k_%1£2__u>-+(D(1)

n

as n — oo uniformly over all k € Z.
Moreover, the involved constant in the remainder term
does not exceed, up to a numerical factor, the next
quantity

E(& — E&)®

nV(&)Varéy
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Smoothing operation

Let 1 denote a random variables which is independent of
all X and has a uniform distribution U on the interval
(—1/2,1/2). If all Xy are integer-valued, the random
variable S, = S, + 1 has an absolutely continuous
distribution and

P{S§k+;}:P&%§kL kez
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Applications

e The object of study

Let J be a finite index set, {X;,i € J} a sequence of

random variables taking values in Z.. For a given set
ACJ,

Xa={X;,i € A}.
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Call {X;,i € J} aclassic locally dependent structure if

(LD1): For each i € J, there exists A; C J such that
X; is independent with {X; : j ¢ A;}.

(LD2): For each i € J, there exists B; O A; such that
Xa, is independent with {X : k ¢ B;}.

(LD3): For each i € J, there exists C; D B;
Xg, is independent with {X; : | ¢ C;}.

Note B; is bigger than A;, C; is bigger than B;.
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o Example: €1,& -+ &y iid. Be(p). Xi = &€
Xi is independent with X; when
j—il>1=A={i—1,i,i+1}.

{Xi_1, Xi, Xiz1} is independent with X when [j — i| > 2,
=B ={i—2,i—1,i,i+1,i+2}.

{Xi—2, Xi—1, Xi, Xit1, Xit2} is independent with X; when
j—i] >3

= CG={i—-3,i—2,i—1ii+1i+2,i+3}
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e The object of our study:

wW=> X.
ieJ
Such locally dependent structure can be found in Chen
and Shao 2004, Réllin 2008 etc.
1 Chen L HY, Shao Q M. Normal approximation
under local dependence[J]. 2004.
2 Rollin A. Symmetric and centered binomial

approximation of sums of locally dependent random
variables[J]. 2008.
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e The approximating variables:
My = B(n, p) x P());
My = NB(r, p) * P()).

e The total variation distance

dr (W, M;) = sup |P(W = k) — P(M; = k)|.

keZ

e Question: dry (W, M;) <7
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e Two questions naturally arise.
Q 1: How to determine these parameters like n, p, r, p, A?

A basic idea: The first three moments match each other
EM, =EW, EM?=EW? EM =EW">.

Q 2: Which is a better variable for approximating W?

Put pu=EW, o0°= VarW

Consider two different cases, separately.
e Case 1: /1 > 02, we use M; to approximate W.

e Case 2: /1 < 02, we use M, to approximate W.
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2. Main results

To state our main results, we introduce some additional
notation.

B A o, Aq

e+t Mpld Tt g+ Ap

S(W):= sup [EAPH(W)
hil|h] <1

Xe, = {Xi,1 € G}, Sy(W|Xc) = sup [E(APh(W)[Xc)
pillhl<1

01

Y

where A denotes second-order difference

AP h(W) = h(W +2) — 2h(W + 1) 4+ h(W),
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Si(W) := esssup Sp(W|[Xc,), S(W) = supSi(W),

Vi = % [EXi(E)X},(E)X5 (E)X¢, + EX{(E)X5,(E)XC)]
V=22
icJ
where 3 denotes the sum over all possible E in front of

(E)
each X..
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Theorem

Su, Wang and U.(2025)) (i) Assume 1. > o and
( g 7

2\ < q|n+ \/q|, where {n, p,q, \} was given in Case I,
then we have

SWw)y 1)
dTV(W7 Ml) < C {(1—291)%& + ,U] 1

(i) Assume 11 < 0 and 2)\q < rq + \p, where
{r,p,q, \} was given in Case 2, then we have

S(W)

dry (W, My) < C<1\/q)(1__2&ﬁu.

p
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Denote by ® the standard normal distribution function,

¢ the standard normal density function

[
®35(x) = ©(x) — L(x* = 1)o(x). xR,
I In |Eet|
Vi = — — j=1,2
J I_;OSS;JSP% 1—cost’ J ’

From Bobkov and Ulyanov 2022,

k+1/2 —
sup |P(M; < k) — @3 ( / 1) < v
keZ o j

2
< ohy

26,/30

F DA



Theorem
Denote K; = sup,c; |Ail|Bi|| Gi|. Iflimyy o K; and all
EX? are bounded by a constant, then

k+1/2—p 1]

sup
keZ
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(ki, ko)— runs

&1,-+ ,&p iid. Be(p). A (ki, kp)-event if there occurs
ki > 0 consecutive 0’s followed by k» consecutive 1’s
Define

Xi=(1=&) (1= &ru-1) G Grmthe1,

n+1—k1—k2
w= Y X
i=1
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Theorem

(Su, Wang and U.(2025)) Let m > 1 and {p;,i € J} are
identical to p, assume

2(2 1
b= (1 p) ph < (2m +1)

22m+1)2+3m(m+1) o
Then we have
drv(W, M) = O(NY);
wppquky—¢4k+U2_“ﬂ:omrw
keZ o
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Other Applications
(i) k — runs
(i) Birthday problem

(iii) Counting monochromatic edges in uniformly colored
graphs

(iv) Triangles in the Erdés-Rényi random graph
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