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Signed deflators and signed martingale measures — 1

Consider:

Q= {wi,ws,...,wy} — finite set; )

F = (]—"k)i(zo — a filtration on Q: (Q,0) =Fy C --- C Fx = F; J

P — a prob. on (2, F), p1 := P(w1) > 0,...,pm := P(wm) >0,

and we mean P = (p1,p2,...,Pm) € R™;

Z = (Zy, Fr, P)E_, — a process (discounted price of stock). J
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Signed deflators and signed martingale measures — 2

By the first FTAP: (1,Z7) is arbitrage free market < on F
there exists a martingale measure () ~ P of the process Z, i.e.
VE:0< k< K

E°[Zy1|F) = Zy. (1)

Pavlov Igor, Neumerzhitskaia Natalia Slide 2: Martingale measures



Signed deflators and signed martingale measures — 3

Since Q ~ P = Q|r, ~ P|lr, (k=1,2,...,K), we can calculate |

Radon-Nikodym derivatives:

_ dQ’fk
dP’fk

hi(A) >0 P—as. (k=1,2,...,K). (2)

v
It is obvious that h = (hy, Fi, P)&_, is strictly positive
(P — a.s.) martingale. Using generalized Bayes formula it is easy
to see that the process hZ = (hi Zi, Fr, P)fzo is a martingale.

Processes like h are called deflators.
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Signed deflators and signed martingale measures — 4

Let Z = (Zy, Fi) 520 be an adabted process that can take any
real values. A martingale D = (D, Fi, P)i(:o is said a deflator

of the process Z it Dy=1 and the process

D7 = (Dka,fk,P)fzo is a martingale.

v

There is a one-to-one correspondence between the set P(Z, F') of

all martingale measures of Z and the set of all strictly positive

P-a.s.) deflators of the process Z.
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Signed deflators and signed martingale measures — 5

Conclusion: We can not use strictly positive deflators to

study arbitrage markets.

y

A signed deflator D = (Dy, Fy, P)é{:O of the process Z is said

admissible if for D = > ", d;I {w;} and for all non-empty

subset J C {1,2,...,m} ZjEJ d;p; # 0.

We mean (dip1,...,dnpm) € R™ as a signed measure. J

Pavlov Igor, Neumerzhitskaia Natalia Slide 5: Signed deflators




Signed deflators and signed martingale measures — 6

We obtained in the paper of Pavlov, I.V., Danekyants, A.G.,
Neumerzhitskaia, N.V., Tsvetkova, I.V.: Signed interpolating
deflators and Haar Uniqueness Properties, Global and Stochastic
Analysis 9, N3 (2021) 67-75 some results on so called signed
interpolating deflators, but now it is clear that a systematic
investigation of such deflators is associated with the following

definition.
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Signed deflators and signed martingale measures — 7

A signed measure u = (u1, ..., f4m,m) on the o-algebra F is said

admissible (u € ASM) if

ZMZ 1 (3)

and for all non-empty subsets I C {1,2,...,m}
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Signed deflators and signed martingale measures — 8

1) Signed measure, generated by admissible signed deflator, is

ASM.

2) Every probability measure P = (p1,...,pm) on the o-algebra |

F such that p;, >0 (¢ =1,2,...,m) is admissible.

3) It follows from (3) and (4) that for any u € ASM we have
i #0 (¢ =1,2,...,m) and for all subsets I C {1,2,...,m}

(besides I =0 and I = {1,2,...,m}) > ..y # 1.
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Signed deflators and signed martingale measures — 9

Let f be F-mesurable, G C F, and u € ASM. Since (3) and (4) |

are satisfied, we can define F*|f|G] in the usual way:

- Z f(z'),ui

1€G
E“[f\g] — Z = Z . [Gja (5)
g=1 1€G i

where {G1,Go,...,G,} is the partition of € into atoms of the
o-algebra G. If 'H is a sub-o-algebra of G, the telescopic property
E*[E*[ fIG] | H] = E*[f|H] is also valid. Martingale property

E* fni1|Fn] = fn for a process (fn, Fn)i_, is the same too.

n=0
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Signed deflators and signed martingale measures — 10
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Interpolation idea — 11

Now we will briefly describe the main ideas of interpolation

through extensions of filtration.

y

We say that a filtration (Q,G = (G,);_,) interpolates the
filtration (Q, F = (F)j,) if there exist integers

0=ng < ni <ng <..<ng =N such that

gnozf())gnl:Flwnagn}(:fK-
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Interpolation idea — 12

Let n € ASM be a martingale measure of an adapted process

7 = (Zk,fk)fzo. Consider a filtration (G — (gn)szo), that
interpolates the filtration F' = (Fj)%_ . Define the process
zint — (zint G\ by putting Zit := EM[Zk|Gy),

n=20,1,...,N. It is clear that th Zi, k=20,1,..., K. Thus,

1 is a martingale measure of the process Z**.
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Interpolation idea — 13

If 11 is the unique martingale measure of the process Z“*, we
say that this measure satisfies G-uniqueness property. If
satisfies this property for every interpolating filtration G € G of

some collection G, we say that this measure satisfies

G-uniqueness property.
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Interpolation idea — 14

In this work we consider two kinds of such collections. If G is

the set of all interpolating Haar filtrations, we say instead of
G-uniqueness property Universal Haar Uniqueness Property

(UHUP). If G is the set of all interpolating filtrations so called

special Haar filtrations, we say instead of (z-uniqueness

property Special Haar Uniqueness Property (SHUP).
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Interpolation idea — 15

A filtration H = (H,,)Y_, is called Haar filtration if Hy = {2, 0}

n=0
and each o-algebra H,, is generated by a partition of the set )

into exactly n + 1 atoms Hy, H{', ..., H. Interpolating Haar

filtration (IHF) is defined as on the slide 11 (namely H,, = F,

0<k<K).
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Interpolation idea — 15a

An interpolating Haar filtration H of F' is said special

interpolating Haar filtration of F' if Vk (0 < k < K) and Vn
(ny < n < ngyq) an atom A of H,, = Fi (when moving from ny
to ng + 1) is divided in such a way that at least one atom of

o-algebra 'H = Fi11 1s obtained.

nNeg41
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Interpolation idea — 16

Consider the set P(Z,F). Suppose that P(Z,F) £ (). Then the
financial market (1, 2) is arbitrage-free. If a measure

P € P(Z,F) satisfies G-uniqueness property, where G is a
filtration interpolating the filtration F', then we can pass to the
interpolating market with the stock Z"* = (Zfl”t, gn)szo with
one martingale measure, namely the measure P. By the second
FTAP this market is complete and we can calculate fair price of

each contingent claim and form corresponding hedging portfolio.}
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Interpolation idea — 17

Bogacheva, M.N., Pavlov, I.V.: Haar extensions of arbitrage-free |

financial markets to markets that are complete and
arbitrage-free, Russian Math. Surveys 57, N3 (2002) 581-583.
Bogacheva, M.N., Pavlov, 1.V.: Haar extensions of arbitrage-free
financial markets to markets that are complete and
arbitrage-free, Izvestiya VUZov, Severo-Kavkaz. Region,

FEstestvenn. Nauki, N3 (2002) 16-24.

We will study here interpolation properties of ASMM.

v
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Some analytic properties of admissible signed martingale

measures for static processes — 18

A static process is: Zy =a, Z1 = Y ;- bily,.y, m > 2. J

In this case a measure u = (1, ..., n) € ASM is a martingale

measure (u € ASM M) for the process Z if

Z bi,uz- — q. (6)
1=1
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Some analytic properties of ASMM for static processes — 19

Ifby =---=b, = a, it is clear that ASMM = ASM. If
by =--- = b, # a, then ASMM = (). These cases will not be

considered further.

IIf m = 2 and by # by, then ASMM +# () iff a # by and a # bs.

In this case ASM M consists of only one measure.
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Some analytic properties of ASMM for static processes — 20

Let m = 3. If numbers b1, by, b3 are different, then all measures

= (p1, o, u3) € ASMM are given by the system:

)
_ba—a+ (b3 —b2)us
M1 = b — b
< ! (7)
_a—0by+ (b — b3)us
p2 =
\ b2_b1

bl—CL bQ—CL b1—a bg—a
h 0,1,— = = = .
WIEre MS# ) b3—b27 b3—b27 b3—b17 bg—bl

If b1 75 bQ, but bl = bg or bg = bg, then ASMM 75 @ iff a 75 bl

and a # by; ASM M is described by (7) with us # 0; 1.
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Some analytic properties of ASMM for static processes — 21

Let m > 4.

1) If numbers by, ..., b, are different, then ASM M = ().

2) If among the numbers b1, ..., b,, there are only two different
ones (denote them o and b”), then ASM M # () iff a # b and
a#b".

3) If among the numbers by, ..., b,, there are more than two

different ones, then ASM M +# ().
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Some analytic properties of ASMM for static processes — 22

We say that a measure u € ASM M satisfies the noncoicidence
barycenters condition (u € NBC) if for any subsets

I = {i1,%2,...,ia} and J = {41, j2, ..., jg} of the set
{1,2,...,m} such that I N J = () the following inequality is

fulfilled:

o ¢
Z bik My, Z bjk My,

a B
kz—jl Hiy, D My
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Some analytic properties of ASMM for static processes — 23

We say that a measure u € ASM M satisfies the weakened
noncoicidence barycenters condition (u € WNBC) if
inequalities (8) are satisfied only for single point sets I, i.e. have

the form: ;
kzl bjk::“jk;
k=1

where ¢ € {1,2,...,m} and 7 ¢ J.
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Main results for static model — 24

It 1s clear that

NBC c WNBC Cc ASMM Cc ASM C R™. (10)

y

The main purpose of this section is to prove that W NBC'is

dense in ASM M and NBC'is dense in W N BC' (according to

the norm of R™).

v

Lemma

If WNBC # 0, then numbers a,by,ba, ..., b, are different.
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Main results for static model— 25

SM —the set of all measures (points) u = (p1,..., m) € R™.

ASM — the set of all admissible y = (u1,..., tm) € SM:

> o, i =1 and for all non-empty subsets I C {1,2,...,m}

D icr Wi 7 0. |
For a static process Zp =a, Z1 =Y ", bilg,y, m > 2

ASMM — the set of all martingale measures

= (1, s pom) € ASM: > " by = a. )
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Main results for static model— 26

For a static process Zy = a, Z1 = > ;" bily,.y, m > 2:

v
W NBC — the set of all u = (u1,...,um) € ASMM:
8
bi # =5 Vied{l,2,...,m}, VJ C{1,2,...,m}, where
k=1
i & J. |

NBC — the set of all = (u1,...,umn) € ASMM:

Sl S REL T VT = i, g,y ba )y VT = 1yl -5 ds),
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Main results for static model— 27

For a static process Zy = a, Z1 = > ;" bily,.y, m > 2:

)
SHUP (resp., UHUP) — the set of all

= (1,  m) € ASMM: p is the unique martingale
measure for the process 2" = EF[Z1|H,|, n =0,1,...,m — 1,
for any inteprolating special Haar filtration (resp., inteprolating
Haar filtration) (H,)"Z;, where Ho = (£, 0),

Him—1 = 0{wi,...,wn}. |
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Main results — 28

If the numbers a,by,bo, ..., by, are different, then W NBC' is

dense i ASMM and NBC' is dense in W N BC'.

4
Theorem

f the numbers a, by, ba, ..., by, are different, then

SHUP =WNBC and UHUP = NBC.
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Main results — 29

Remark |

Theorems 1 and 2 remain true for dynamic models
7 = (Zy, Fi, P)i(zo. The proofs are carried out by induction by

combining the results obtained for each atom A € Fy,

decomposed into atoms By, ..., B, € Fri1.
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