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Quasilinear (QL) equation is PDE with the coefficients depend on u, Vu.
Fully non-linear (Fnl) equation is PDE with the coefficients depend on u, Vu, V2u.

FnL parabolic equations arise in the optimal control of portfolio investments
in Heston market [Beay623]!

1 ((/,L - T)Vz + py‘/zu)2
2 Vs

1
V. — + §U2VVW +raVy+ k(0 —1v)V, =0,

V(T,x,w) = h(x). (1.1)

11U, Benonombekas n A.A. Yy6aros. “ONTHMHE3AIMS WHBECTUIHOHHOTO MOPT(EIS B MOIEIH
Xecrona”. B: Ban. mayun. cem. IIOMU 526 (2023), c. 29—51.
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1. Motivation & FBSDE and Neural networks approaches & Aim

1.2. Stochastic representations of solutions of nonlinear parabolic PDE

Backward Stochastic Differential Equations (BSDEs) were introduced in the linear
case by [Bis73]%. Connections between quasilinear PDEs and the theory of BSDEs
are well known since pioneer papers [PP90]?, [PP92]%.

FBSDEs may be weaky coupled and strongly (fully) coupled

dXt = a(t,Xt,Y;g,Zt)dt-i-A(t,Xt,}/t,Zt)th, XO =T,
dY; = f(t, X0, Yy, Zy)dt + Z;dW,, Yo = €.

If the parabolic PDE is quasilinear then the FBSDE is strongly coupled.
However, PDEs corresponding to standard FBSDEs cannot be fully non-linear.

2J-M. Bismut. “Conjugate Convex Function in Optimal Stochastic Control”. In:
Journal of Mathematical Analysis and Applications 44 (1973), pp. 384-404.

3E. Pardoux and S. Peng. “Adapted solution of a backward stochastic differential equation”. In:
Systems Control Letters 14 (1990), pp. 55—61.

4E. Pardoux and S. Peng. “Backward stochastic differential equations and quasilinear parabolic
partial differential equations”. In: Lecture Notes in CIS 176 (1992), pp. 200-217.
Chubatov A., ICSM-10, 2025.06.05
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1. Motivation & FBSDE and Neural networks approaches & Aim Sirius

1.2. Stochastic representations of solutions of nonlinear

Probabilistic approch for fully non-linear parabolic PDEs was constructed
in paper [Besn/Ian80]° on the base SDE theory,

[Che+07]® on the base 2" order BSDEs (2BSDEs)

and to systems of fully non-linear parabolic PDEs in [BW13]", [Bel14]®.

5$1.11. Benononbekas u FO.JL. Jlamernkmit. “MapKOBCKHe IIPOIECCH, CBS3AHHBIE C HETHHEHHBIMIT
napabommaeckumu cucremamu’. 13: oxi. Axag. Hayx CCCP 250.3 (1980), ¢. 521524,

5P, Cheridito, H. M. Soner, N. Touzi, and N. Victoir. “Second order backward stochastic
differential equations and fully non-linear parabolic PDEs”. [n: Comm. Pure Appl. Math. 60.7
(2007), pp. 1081-1110.

"Ya. I. Belopolskaya and W. A. Woyczynski. “SDEs, FBSDEs and fully nonlinear parabolic
systems”. In: Rendiconti del Seminario Matematico Univ. Politec. Torino 71.2 (2013), pp. 209
217.

8Ya. I. Belopolskaya. “Probabilistic counterparts of nonlinear parabolic PDE systems”. In:

Springer Optimization and Its Applications, 2014. Chap. A chapter in Modern Stochastics and
Applications, pp. 71-94.
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1.3. Reducing the FBSDE solution to a solution of a SOC problem

Reducing the FBSDE solution to a solution of a stochastic optimimal control (SOC)
problem [MY07]?, [Ji+20]°

9J. Ma and J. Yong. Forward-Backward stochastic differential equations and their applications.
Springer, 2007.

105 Ji, S. Peng, Y. Peng, and X. Zhang. “Three algorithms for solving high-dimensional fully-
coupled FBSDEs through deep learning”. In: [ Intelligent Systems 35.3 (2020), pp. 7184,

Chubatov A., ICSM-10, 2025.06.05
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1.4. Numerical solution of PDE and FBSDE using neural networks

In paper [EHJ17]!! it was shown that one can develop an effective algorithm to obtain
a numerical solution of the Cauchy problem (1.2) combining the 2BSDE approach
from [Che+07] and neural networks (NN).

In [Rail8a|'? was solved Cauchy problem for quasilinear PDE using original Forward-
backward stochastic neural networks (FBSNN) approach based on Reinforcement
learning (RL), namely Physics-informed neural networks (PINN) [RPK17]'3.

MW, E, J. Han, and A. Jentzen. “Deep learning-based numerical methods for high-dimensional
parabolic partial differential equations and backward stochastic differential equations”.  In:
Commun. Math. Stat 5.4 (2017), pp. 349-380.

12)\[. Raissi. “Forward-backward stochastic neural networks: deep learning of high-dimensional
partial differential equations”. In: arXiv preprint, arXiv:1804.07010 (2018).

3N\laziar Raissi, Paris Perdikaris, and George Em Karniadakis. “Physics Informed Deep
Learning (Part I): Data-driven Solutions of Nonlinear Partial Differential Equations”. — In:
arXiv preprint arXiv:1711.10561 (2017).
Chubatov A., ICSM-10, 2025.06.05
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We consider the Cauchy problem for a fully non-linear (FnL) parabolic equation

g + f(r, 20, Vu,V2u) = 0, u(T,x) = h(z), (r.z) € [0,T] x RY, (1.2)
where u = u(r,x), Viu = (% , V = %ng, kj=1,....d.
Our aim is to develop a new probabilistic approach to solution of (1.2)
based on

— differential prolongation [Ben/lan80],

— FBSDE theory,

— reducing of FBSDE to SOC' problem,

— new extention of original FBSNN approch by Raissi [Rail8al.

Chubatov A., ICSM-10, 2025.06.05
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2.1. A new (FBSDE & extention FBSNN) a

Main steps of new (w.r.t. 2BSDE) FBSDE approach
for fully non-linear (FnL) PDE consist

1. Reducing the Cauchy problem for FnL PDE (1.2) to a Cauchy problem for
quasilinear parabolic PDEs system using differential prolongation [Benlan80].

2. Reducing solution of the Cauchy problem for quasilinear parabolic PDEs system
to a solution of stochastic problem (FBSDE).

For numerical solution of FBSDE we used
1. Reducing solution of the FBSDE to a solution of problem of a SOC [Ji+20].
2. We solve FBSDE using the extention on a case of quasilinear PDEs system of
FBSNNs methodology suggested by Raissi for quasilinear PDE |[Rail8a).
3. We produced new FnLPDEs FBSNNs framework is a extension of the
original FBSNN framework (by M. Raissi)[Rail8b|'* for FnL. PDEs.

MMiazar Raissi. https://github.com/maziarraissi/FBSNNs. 2018.
Chubatov A., ICSM-10, 2025.06.05
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2.2. Reducing of a fully nonlinear PDE to a quasilinear PDEs system

Set notationv = Vu € R,  ~y=V2u=VvecRIQR? v, = Vo tty Yej = Va, Uk
Assumption 1. Assume that f(7,x,u,v,7) is smooth and bounded in 7,2,u,v,y.
By formal differentiation the equation (1.2) in new (quasilinear) notation

? + f(T7 LE,U,U,VU) =0, U(T,(L‘) = h(IE), (2'1)
T
we derive an quasilinear parabolic equation for the function v € R¢
0
% TV f V20 + (r, 2,0, Vo) = 0, k=1,....d, v(T,x) = Vh(z), (2.2)
of
(1, z,u,v,Vv) =V f + 7Y + VoV, f. (2.3)

Assumption 2. Assume that V., f > 0.
Then exists the decomposition (T denote transpose operation)

AAT =2V, f, where A= A(r,z,u,v,V0v) € RI*4, (2.4)

Chubatov A., ICSM-10, 2025.06.05
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2.3. Reducing of the qL. PDEs system solution to a FBSDE solution

We rewrite the quasilinear system (2.1), (2.2) in the form

Qu + 1Tr[AAJ“VQU] +o(1,z,u,v,Vv) =0, u(T,z) = h(x), (2.5)

or 2
ov, 1

5 +3 Tr[AATV20] + Up(r, 2, 0,0, Vo) =0, k=1,....d, v(Tx)=g(x), (2.6)

where ¢(7,2,u,v, Vv) = f(7,2,u,0,Vv) — 3 Tt[AAT Vo], g(z) = Vh(2).
Set U(t) = u(t,X (1)), Z(t) = Vu(t,X(t)), V(t) =v(t,X (1)), G(t) = Vo(t,X(t)). (2.7)
We write a FBSDE system (assotiated with (2.5)-(2.6)) in the form
dX(t) = A(t,X,UV,G)dW (t), X(r)==z, 7T€l[0,1], te][r,T], (2.8)

AU(t) = —p(t, X,UV,G)dt + Z(t)* AL X,UV,G)AW (1), U(T) = h(X(T)), (29)
dV(t) = —(t, X,UV,G)dt + G(t) " A(t, X.UV.G)dW (t), V(T) = g(X(T)), (2.10)
where W (t) € R? — standard Wiener process.
The solution of FBSDEs (2.8)—(2.10) give us u(7,z), namely U(7) = u(7,z).

Chubatov A., ICSM-10, 2025.06.05
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2.3. Reducing of the qL. PDEs system solution to a FBSDE solution

As a result we have obtained a strongly coupled forward-backward system of SDEs.
We roughly state the conditions from [Ji+20, Assumption 1-2] as condition C 1.
Condition C 1 holds <= A(t,x,u,v,Vv), ¢(t,z,un,Vv), ¥(t,x,uw,Vv), h(x),
g(z) are bounded and uniformly Lipschitz continuous and some conditions
of coefficient monotonicity are fulfilled.

Theorem. If condition C 1 holds then

1. 3! solution of the FBSDEs (2.8)-(2.10);
2. U(t) = u(t,x) is a viscosity solution of (1.2).
The proof of this statement one can find for example in [Bel14], [AR06]'°.

To obtain a closed system we can apply the Ito martingale theorem,
but we apply other way using reduction to SOC problem.

I5R. Abraham and O. Riviére. “Forward-backward stochastic differential equations and PDE with
gradient dependent second order coefficients”. In: ESAIM: Probability and Statistics 10 (2006),
pp. 184-205.

Chubatov A., ICSM-10, 2025.06.05
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2.3. Reducing of the ql. PDEs system solution to a FBSDE solution
We write a FBSDE system (2.8)—(2.10) in the following (Pardoux-Peng) form

dX(t) = A(t,X,YT)dW(t), X(r) ==z, 7e€l0,1)], telrT), (2.11)
dY (t) = —¢(t, X, Y, T) dt + () dW (1), Y(T) = ¢(X(T)), (2.12)
where Y = (g) € R\t g = (’;) o) = @E;) ERTIT = (ATZ ATG) € R?® R,

P(t, X,Y,T) = o(t, X,UV,G), %(t, X,Y,T) = o(t, X,UV,G), A(t,X,Y,]) = A(t,X,U,V,G).
We reduce (2.11)—(2.12) to the SOC problem [Ji+20, p. 5, case 2|

T
_ : A _ A 2 A _ 2
gL, L= ik E[YAT) - g(XA(T))) +/T YA) — il dt], (2.13)

where A; = (yt, gt) is control, y;, g; is Fi-adapted and square-integrable processes,
t ~
XA(t) —ac—i—fA (8,X4(5),Ys, s )AW (5), YA(t) =y — fd; (5, X4(s), YA(5), gs) ds+fg5+dW(s)

Note [J1—|—20] that under condition C 1 we have infya,y el L =0,
(X (1), (U#),V (1), (Z(),G(t))) = (X(t),Y(t),T(t)) is the unique solution of (2.11)-
(2.12).

Chubatov A., ICSM-10, 2025.06.05
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2.4. Numerical scheme

The Euler-Maruyama scheme applied to solve (2.8)-(2.10) rewritten the [¢,, ty41] of
the given partition m: 7=ty < --- <t, < --- <ty =T leads to

Xn+1 ~ Xn + A(X’m Una Vna Gn)AWny XO =, (214)

Un+1 ~ Un - W(Xnv Una Vn; Gn)At + ZJA(Xny Unu Vn) Gn)AWna UN - h(XN)v
(2.15)

Vn+1 ~ Vn - T/J(Xna Un; Vna Gn)At + G:L_A(Xna Un: Vna Gn)AWm VN = g(XN)’
(2.16)

where

AWy =Wyg1 — Wi, Xp, = X(t0),Up = Ul(tn), Vo = V(tn), Zn = Z(tn), Gn = G(ty).
To obtain the FBSDE solution we solve the SOC problem using the extention on a
case of quasilinear PDE system of FBSNNs suggested by Raissi for quasilinear PDE.

Chubatov A., ICSM-10, 2025.06.05
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2.5. FBSNN & Loss function
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Du’(t,X (1)),
=D (t,X (1)).

each of the L hidden layers (HL) D S neurons.
dim(0) = 2+d)S+(L-1)(S+1)S+ (S+1)(1+4d).
The fully connected feedforward network obtains 6 using Adam method.

Chubatov A., ICSM-10, 2025.06.05
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2.5. FBSNN & Loss function

As a loss function, we choose a function that ensures the fulfillment (in the sense of
mathematical expectation) of equalities (2.15), (2.16) along with terminal conditions

Aty

n=0

L(6;N) =E Vit = V| +

~ ~ 9 N—-1
Ups1 — Un+1’ +AEY ‘
n=0

- 2 - 2
+ |On = h(xn)| -+ [P = g0xn) ] . (2.17)

where
Up =02 (tn.X0), Vi =07 (tn, X0n), Zn =D (t,,X,), Gn =DV (t,,X,),
Upy1 and V, 41 calculate using Buler-Maruyama scheme
Upi1 = Un — ¢(tn, Xy, Un, Vi, G) At + ZF Aty Xy Un, Vi, Gi) AW,
Vis1 = Vi = ¥(tn, X, Un, Vi, Gn) At + G A(tn, X, Un, Vi, Gr) AW,

Chubatov A., ICSM-10, 2025.06.05
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2.5. FBSNN & Loss function

To find the mathematical expectation in (2.17) we use the Monte Carlo method with
batches by M realizations of the Wiener process W™ (t)

mo= X" Ay, X UM VLG AW, X = 1 (2.18)
Then the estimation ﬁ(@; N, M) for the loss functions L(0; N) takes the form

N-1 M
L(6; N, M) = = <Atz Z ‘Un-i-l n+1| +Atz Z H ntl n+1H2+
n=0 m=1 n=0 m=1

- 2 M _ 9
+ Z ]Uﬁ—h(xﬁ)] +3° Hw—g(w)u ) (2.19)
= m=1

Jm = UM — o(tn, X, UM VI G At + Z0F Ay, X, UM VM G AW,
o i o (2.20)

V=V — (b, XU VM G A+ G A(t,, X, UM, VM G AW
(2.21)

Chubatov A., ICSM-10, 2025.06.05




2. FBSDE & extention FBSNN approach Sirius

University

2.5. FBSNN & Loss function

Algorithm 1 The sequence of calculations L(0; N, M)

Require: z; 0; N, M

1. Xi"==z
2: ﬁg =0
3: forn=0,...,N—1do
4 U =, X00); Vi =0 (60, X00); 27 = Dultn, X3"); G = Do(tn, X7
5: Q;”H +— (2.20); Vi) « (2;21); X+ (2.18)
6: 1 :Mu"(th,XQ“H); Vit = 0% (tns1,X7051)
~ ~ _ 2 ~ _ 2 N N ~
71 Ln: Z (U:Ln+1—U;n+1’ +’Vn711—Vn711 );LE:LE+Ln
8: end for m
~ M ~ 2 ~ 2 N ~
o i = 3 (|ow - noxf + | - g0x)| ) Lre = L

10: Loy = & (Aths + Lrc)
Ensure: return Z/(l)

Chubatov A., ICSM-10, 2025.06.05
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2. FBSDE & extention FBSNN approach

2.6. Differences (comparison) from Raissi’s method & FBSNN framework

ou/Ot + § Tr[AATV?u] + (7,2, u, Vu=v,Vv) =0, u(T,x) = h(z),
Ovy /0T + %TI‘[AAJ'_VQ'U}C] + (1, z,u,v, Vo) =0, k=1d, v(Tx)=g(x).
dX () = A(t,X,UV,G)dW (t), X(1) =z, gg; B é(u " ;
dU(t) = —¢(t, X,UV,G)dt + Z(t) " A(t,X,UV,G)dW (t), U(T) = h(X(T)), Vi B
dV (t) = —(t, X,U,V,G)dt + G(t) T A(t,X,U,V,G)dW (t), V(T) = g(X(T)). GEt; ; V( . X
= ()U;& = h[ [ = g+ a0 S ([0 - o+ [ - v,
m=1 n=0

)

)
®),
)

X(#))-

framework FBSNNs (by M. Raissi) | FnLPDEs FBSNNs (this)
quasiLinear equ. 1 equ system of (1 + d) equ
d, z € R? d = 20,50,100 d=1
A A=0F or A=ocdiag(x) A(v,vz)
loss — — 70”7 — 70"0or — ”1”(relnit 9)
loss normalization L =Ls+ Lrc L= ﬁ (AtLs, 4+ Lrc)
LR selection - auto

Chubatov A., ICSM-10, 2025.06.05




3. Numerical results for FnL. PDEs in Heston market

3.1. F'nL PDE & cases with exact solution

The FnL PDE for the optimal portfolio investments in Heston market has the form

1 - xr TV 2 1
Up—— ((p = r)tta + prtta) +—02uuyu+m:ux+/1(9—l/)ul, =0, uw(Tx,v) = h(z).
2 VUgy 2
(3.1)

For some h(x) (h € {ln,exp, pow}) the exact solution has the form

u(t,z,v) € {h(z) + p(r,v), h(z)p®(r,v)}, where p(7,v) is solution of some linear PDE
op
ar

obtained using Feynmann-Kac formula [Kacb1

p(T,V)ZJE[( T) (6 (T /E 9(s.6r(s)) ds] |
E(r,1) = exp (= [ f(t.&, (D) dt), dE(t) = alt, (1)) dt + A(t,&(1)) AWy, &(7) = v.

+ A(T V)AT(rv) VP + a(r)Vp — f(rw)p = g(Tw), p(Tw) = q(v),

]16

6 Mark Kac. “On Some Connections between Probabil-
ity Theory and Differential and Integral Equations”. In:

Proceedings of the second Berkeley symposium on mathematical statistics and probability.2
ChubﬁtO\ A ICSI\I 10, 2025.06.05
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3.1. F'nL PDE & cases with exact solution

Logarithm case. If h(z) = Inz,z > 0 then u(7,z,v) = Inz + f(7,v),
where f1(7,v) is solution of linear PDE
1 1 1
fr 4 50 h RO =) fy At S(p=1)= =0, fH(Tw) =0,

Exp case. If r =0, h(z) = —e 7",z € R,v > 0 then u(r, z,v) = —e " (f*(r, 1/))62,
where 09 = ﬁ;, f?(1,v) is solution of linear PDE

1 1 1
2+ 5021/]‘3,, + k(0 —v)f2 + §u2(1 - p2);f2 =0, fA(Tw)=1, 6y=10— %.
Power case. If h(z) = %x”,x > 0,7 € (0,1) then u(r,z,v) = %:c7 (f3(r, 1/))53,

where d3 = %, f3(1,v) is solution of linear PDE

2+ %(ﬂu S+ k(03 —v)fo + k(l/)%f?) =0, f3(Tw)=1, 6#3=0-— ypo(p—r1)

Ly A=) S
where k(v) = 5 s — (=6 V-

Chubatov A., ICSM-10, 2025.06.05
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3.2. Quasilinear PDEs system & FBSNN

Let us transform FnL PDE (3.1) to the quasilinear PDEs system D 14+2=13 2 PDEs

. + 5 Tr[B V2u] + (¢, Vu) + (v, v1,014,01,) = 0, u(T,x,wv) = h(z), (3.2)
o + §Tr[B V] + (¢, V1) + 1 (v,v1,v1,) = 0, v (Tyx,w) = he(x), (3.3)
where v1 = vi(T,2,V) = Uy, Vv = (vVig,01,), a(v,v1,v1,) = (@ — r)vy + povvy,,
aQ(IE,Uh;)l,,) _ poa(rv,viy) -
_ _ v(v14)2 Vig _ _
B = B(v,v1,Vvy) = _ poa(vior,ny) o >0, c=c(zy)= (/ﬁ;(@ B V)) ,
Vg

a\V, v1,01 (%1
)%;, Y1(v,v1,01,) = ror—(pu—r
X

a\V, V1,01
Yo (v, v1,V14,01,) = —(p—r )M-

Chubatov A., ICSM-10, 2025.06.05
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3.3. Numerical examples

4-dim 2-dim_model_HJB_Heston_tensorflow 1x
(trajectories=range(0, 5))
N=10, M=100, layers=[5, 32, 32, 32. 32, 1],
act f=relu, it=500.0, loss=4.5271e-03, loss n =1
rel_erri_qs = 9.697e-02, rel_err_est = \sqrtiloss)[Y_s| = 2.423e-02
abs_errs_gs = 2.693e-01

4-dim 2-dim_model_H|B_Heston_tensorflow 1x 4-dim 2-dim_model_H|B_Heston_tensorflow 1x
trajectories=rangel0, 5) relative errors
012 — i i
45 ] — Lleamedu(t X - e — mean
—=- Exactu(t X:) 010 - e | === mean + 2StD
_ A0 m =i 5
X 35] @ Yo=Ya:=ul05.Xa £ oo
g u
S g
i £ 006
S 30 z
25 004
20 0oz T
y y u T T T T y u T T T
05 06 07 08 09 10 05 06 07 08 09 10

Figure 1 — Solution of (3.1)(500 iter)

Chubatov A., ICSM-10, 2025.06
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3.3. Numerical examples

4-dim 2-dim_model_HJB_Heston_tensorflow 1x
(trajectories=range(0, 5))
N=10, M=100, layers=[5, 32, 32, 32. 32, 1],
act_f=relu, it=1500.0, loss=2.6161e-03, loss n=1
rel err_gs = 2.935e-02, rel_err_est = \sqrtlloss)/|Y_s| = 1.842e-02
abs_erry_gs = 8.151e-02

4-dim 2-dim_model_H]B_Heston_tensorflow 1x 4-dim 2-dim_model_H|B_Heston_tensorflow 1x
trajectories=range(0, 5) relative errors
35 > 0.05 i
— mean -
—-- mean + 250 -
30 004
- B
IS, B
e \ o 003
7 — Leamnedult, X)) £
= 209 oo Exactultx) ® oz
m Yr=ullXy)
15
® Yi=Yos=u(05.Xas =5) 0oL
05 [ o7 08 o9 10 s [ 07 08 09 10
t t

Figure 2 — Solution of (3.1)(1500 iter)

Chubatov A., ICSM-10, 2025.06




Conclusion

We present a probabilistic approach and a numerical method based on it for solving
the Cauchy problem for fully non-linear parabolic equations.

Considered equations are reduced to systems of quasilinear parabolic PDEs and a
probabilistic representation for viscosity solution of PDE systems is constructed.
To construct this representation we use the Forward-Backward SDE (FBSDE) theory
and we apply an alternative probabilistic representation with respect to 2BSDE
(suggested in [Che+07]).

We follow the FBSNN type methodology suggested by Raissi [Rail8a| for and we
modify FBSNN methodology to apply it to fully non-linear parabolic PDEs.

As an example, we construct a numerical solution of an equation, which de-
scribes the optimal control of portfolio investments in the Black-Scholes and the
Heston markets.

Chubatov A., ICSM-10, 2025.06.05
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