Extension operators on Sobolev spaces and
Neumann eigenvalue problem

Valerii A. Pchelintsev
Tomsk State University

International Conference
“Theory of Functions and Its Applications”
Dolgoprudny, Russia
July 1-5, 2025

This talk is based on the joint work with Vladimir Gol'dshtein and
Alexander Ukhlov

Valerii A. Pchelintsev Tomsk State University Extension operators on Sobolev spaces and Neumann eigen



Neumann spectral problem

1. Neumann spectral problem.

Main problem :

Estimates of the first non-trivial Neumann eigenvalues of the Laplace
operator in bounded domains 2 C R”, n > 2, in terms of the norms of
the extension operators.
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Neumann spectral problem

The classical Neumann spectral problem for the Laplacian:

—Au=pu in Q
gu =0 on 09.

The weak statement of this spectral problem: find a function u € Wy ()
that satisfies the equality

/Vu(x) -Vv(x) dx = u/u(x)v(x) dx,

Q Q

for any function v € W3 ().

Valerii A. Pchelintsev Tomsk State University Extension operators on Sobolev spaces and Neumann eigen



Neumann spectral problem

By the Min—Max Principle the first non-trivial Neumann eigenvalue
11(82) for the Laplacian can be characterized as

f|Vu )|? dx
#1(Q) = min f\ JEdx tu € Wy(Q)\ {0}, /udX:O

Q

Moreover, 11(€) 2 is the best constant B, »(R) in the following
Poincaré inequality

inf u—c| L(Q) < B2(QIVu [ Q)] ue Wz (Q).
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Neumann spectral problem

The Sobolev space W;(Q), 1 < p < oo, is defined as a Banach space of
locally integrable weakly differentiable functions v : 2 — R equipped
with the following norm:

lu | W (/u de>;+(/|VU(X)|de>:
Q

Valerii A. Pchelintsev Tomsk State University Extension operators on Sobolev spaces and Neumann eigen



Neumann spectral problem

Short historical review.

Explicit values of u1(€2) are known only for several particular domains.
For example:

2
e Rectangle a x b: 1 = (m) ;

e 45° right triangle: p; = (g)z a is the leg length;

e 30° right triangle: pu; = % (%)2 ¢ is the hypotenuse length;

e Equilateral triangle: p1 = (%)2, a is the side length;

e n-ball of the radius R: u1(Bgr) = (p"fR/z)zy

Pny2 denotes the first positive zero of the function (tl’"/2Jn/2(t))/.
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Neumann spectral problem

The classical upper estimate of the first non-trivial Neumann eigenvalue
of the Laplace operator is related to the Szegé—Weinberger inequality
(1954/56):

(@) < () = P2t )

where p, /> denotes the first positive zero of the derivative of the function

(tl’"/2Jn/2(t))’, and Q* is a ball of the same volume as Q with R, as its
radius.
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Neumann spectral problem

The classical lower estimate of the first non-trivial Neumann eigenvalue
of the Laplace operator in convex domains Q C R" is related to the
Payne-Weinberger inequality (1960):

where d() is a diameter of a convex domain .
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Neumann spectral problem

In non-convex domains the first non-trivial Neumann eigenvalues can not
be estimated in the terms of Euclidean diameters of domains.

It can be seen by considering a domain consisting of two identical squares
connected by a thin corridor:

When the width of the corridor tends to zero, the first non-trivial
Neumann eigenvalue tends to zero also.
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Extension operators on Sobolev spaces

2. Extension operators on Sobolev spaces.
Recall that a linear bounded operator
1 1 n
E: L,(Q) — L(R")
satisfying the conditions

|Eu | Ly(R™)]]

Eulo=u and |E||:== sup —————
verr@) llu | LH(Q)]
is called a linear bounded extension operator.

We say that Q is a Sobolev L[l,—extension domain if there exists a linear
bounded extension operator.
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Extension operators on Sobolev spaces

It is well known (A. P. Calderén 1961, E. M. Stein 1970) that
if Q€ R", n>2, be a Lipschitz domain
then there exists a bounded extension operator

E:Ly(Q)— LL(R"), 1<p< .

P. W. Jones (1981) introduced the notion of (&, §)-domains and proved
that in every (g, 0)-domain there exists the bounded extension operator

.k k(mon
E: L(Q) — Ly(R"),

forall k>1and p > 1.
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Extension operators on Sobolev spaces

The complete description of extension operators of the Sobolev space
L3(Q), Q Cc R?,

E: L3(Q) — L3(R?)
was obtained by (S. K. Vodop’yanov, V. M. Gol’dshtein, T. G.
Latfullin, 1979) in terms of quasiconformal geometry of domains.

Namely, it was proved that a simply connected domain Q C R? is the
L3-extension domain iff Q is a quasidisc.

A domain Q is called a K-quasidisc, K > 1, if it is the image of the unit
disc D C R? under K-quasiconformal mappings of the plane onto itself.
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Extension operators on Sobolev spaces

e Let Q C R" be a Sobolev L}-extension domain. Then the embedding

operator
io : WA(Q) < L2(Q)

is compact.

e The spectrum of the Neumann Laplace operator in Q is discrete, and
can be written in the form of a non-decreasing sequence:

0= 0(Q) < pa(Q) < p2(Q2) < .. < pn(Q) < ..

where each eigenvalue is repeated as many time as its multiplicity.
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Main results

3. Main results.

Theorem 1. Let Q C R" be a Sobolev L}-extension domain. Then for
any bounded Lipschitz domain Q D Q
() < [1Eall® - (), (3)

where ||Eq|| denotes the norm of a linear bounded extension operator

Eq : L3(Q) — L3(Q).
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Main results

Theorem 2. Let Q C R" be a Sobolev L}-extension domain. Then

1@ (12 ”;;2)2, “

where Rq is a radius of a minimum enclosing ball Bq of Q, p,/> denotes

the first positive zero of the function (£="/2J,2(t))" and
the norm of a linear bounded extension operator

|Eq|| denotes

Eq : LA(Q) — L3(Bq).
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Main results

Remark 1. IfQ is a convex domain and a norm of an extension operator
satisfies to the following condition

pn 2
|Eqll < =22

then estimate (4) is better than the classical estimate (2).
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Main results

Example 1. Consider n-dimensional half-ball
B~ ={xeR":|x| <1& x, <0}. Define the extension operator

Ep(u) = U(X1y eeey Xn—1, Xn)s if x e B~
B U(X1y ooy Xne1, —Xn), if x € BT,

where Bt = {x € R": |x| <1 & x, > 0}. Then
Eg- : L3(B™) — LY(B), B={x€R": |x| <1}, and || Eg- || = V2.
Hence by Theorem 2

2
pn/2>7r72
2 4’

im(B7) > ifn>4
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Main results

3.1. Spectral estimates in planar domains.

e Any conformal mapping ¢ : Q — Q' generates an isometry

o L%(Q’) — L%(Q).

¢ S. K. Vodop’yanov and V. M. Gol'dshtein (1975). A
homeomorphism v : Q — Qisa K-quasiconformal mapping if and only if
1) generates by the composition rule 1*() = o 4 a bounded
composition operator on Sobolev spaces L1(€2) and L1(€):

l*(@) | LX(Q)Il < K2|[@ | L)l

for any U € L3(9Q).
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Main results

Consider the following diagram

13(Q) —£— LY(H)

(@‘U*owow*l lw

r2) 0 3(me)

where w is a symmetry with respect to the real axis, that extend any
function u € L3(H*) to a function U from L}(R?).
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Main results

In accordance to this diagram we define the extension operator on

Sobolev spaces
E: L3(Q) — L3(R?)

by the formula
u(x) ifxeqQ,
E = —
(EDC)=1300 ifxer2\@,

where 7: R?\ Q — R is defined as U = (¢ 1)* ow o p*u.

In this case the norm of this extension operator ||E|| < 1+ K.
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Main results

Theorem 3. Let Q be a K-quasidisc. Then

. 2 2
1 1
> ; N
where Rq is a radius of a minimum enclosing ball Bq of Q and

J1.1 ~ 1.84118 denotes the first positive zero of the derivative of the
Bessel function J;.
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Main results

Star-shaped domains. We say that a domain Q* is 3-star-shaped (with
respect to zo = 0) if the function ¢(z), ¢(0) = 0, conformally maps the
unit disc ID onto Q* and the condition satisfies:

/
arg zp (z)’ <Br/2, 0<B<1l, |z|<1.
©(2)

In the paper (M. Fait, Y. Krzyz, Y. Zygmunt, 1976) proved the
following: the boundary of the -star-shaped domain Q* is a
K-quasicircle with K = cot?(1 — 8)m/4.

Then by Theorem 3 we have

A
J11

() = sin (1 - By /4) (RQ)
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Main results

Spiral-shaped domains. We say that a domain Q, is 3-spiral-shaped
(with respect to zg = 0) if the function (z), ¢(0) = 0, conformally
maps the unit disc D onto Qs and the condition satisfies:

z¢/(2)
o(2)
In the paper (M. A. Sevodin, 1987) proved the following: the boundary

of the S-spiral-shaped domain Q; is a K-quasicircle with
K = cot?(1 — B)m/4.

arg e’ <Bn/2, 0<B<1, |yl<pr/2, |z|]<]1.

Then by Theorem 3 we have

n(925) > sin® (1~ B)m/4) (; )
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Main results

3.2. Spectral estimates in space domains.

Let u(x) be a nonnegative continuous function of class W2 in some
two-sided neighborhood of the unit sphere S := {x : |x| = 1}. We set
p = |x|, @ = x/p and denote

My =minu(x) >0, M, =maxu(x), Ms;=sup|Vu(x)|.
x€ES x€S xeS

Let Q; and Qg, R > 1, be a star-shaped domains having the form

Qp:={x:p<pul®)}, p>0.
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Main results

In the paper (S. G. Mihlin, 1979) obtained the estimate of the norm of

extension operator
E*: W3 (1) — W (QR)

which have the form
Mo\ 2
£ < 1+ () (me)? (1Eel? - 1),

where

M3 —-1)MZ 2
N12=max{1+(n IM; 1}

4 ) 27
Ml Ml

and
N3 = max { M2 +2(n — 1)M3, 2M3, 1} .
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Main results

Then by Theorem 1 we have

Theorem 4. Let 0y and Qr, R > 1, be star-shaped domains in
Euclidean space R". Then

(@) < s (E? < () (1 () (e (1l - 1)) .
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