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First functional

Let V denote a set of sequences a = {a; € [R}]f;"f . The symbol p, denotes a projector from V to V:

(Pn(a)). =a; for j e {1,...,n}, (pn(a)), =0 for j>n.
j J

Let k € N. The symbol %, denotes a subset of V, all elements g € 9%, of which satisfy :

+ 00
p;>0foralljeN, and b(f) = ) f* <+
=1
Let s e R, n € N, we define

n_ ¢ da.

D (s,5) = H | p—Pai+isal What do we get in n

j=1 uRw/ﬂ/ﬁ]




Example

LetNsn>1land B={xeR": |x| <1}. We consider

= 0.

— 2 Oru(x) = Au(x), u(x)
=1

|

B= (I, ($(x) € LAB)}A

|x|=1

+00
The Green's function is G(x.y) = ) BB ().
j=1

For x ~ y the main part is proportional to In(|x—vy|) for n=2 and |x—y|*™ for n>2. Hence b,(f) =+ x.

For other numbers we get 5, () = | d"x... | d"x. G(x,x,) - ... - G(x_;,x,). Hence pe A, for n=2,3.
JB JB




1)

2)

Representations

fo r da, |
(I)n(S, ﬂ) — H ! e_SO[a’ﬁ]_l_lSSl[pn(a)],
j=1 "Ry [7lp;

+00 +00
Sola, Pl = Z,BJ ajz, Sila] = Z ajz.
j=1 j=1

n 1

@, =[[(1-is8) "~ =f)e”,

j=1

n 1 n

1.(s) = H (1 + sz/ﬁ]2>_4, g2,.(s) = 2 arctan(s/ﬂj) .



Some properties

Let @(s, ), f(s), and g(s) denote the limit values of @ (s, /), f.(s), and g (s), if such exist.
Let s € R\{0} and € %,. Then we have
1) 0 < f(s) <f,.1(5) <f,(s)<1forall n e N;

2) f(-) e LP(R) for all p > 0;

3) g(s) < + oo ifand only if b,(f) < + o0;

4) @ (s,) has a limit when n - + «o if and only if »,(f) < + .

If s =0, then we have ©(0,5) =1, f(0) =1, and g(0) = 0. What do we need to do if f € %,\AB,?

We need to renormalize!



Regularization

Let p € %B,\A,.

A regularizing function is called a function p( - ) € C(R,,[0,1]), such that for all A > N :

1) p(0) = 1;
+00 1
2) Z‘ﬁj(/\) = r(Ai k+o(1) < + co, where S(A) = p,/p(+/BIN).

singular behavior

Example: characteristic function of the interval [0,a] for some fixed a > 0.

A regularization of the function ®(s, /) Is the transition to ®(s, /(A)) using the deformation

p =BT = PN = {BM}T



Renormalization

The object ®(s, f(A)) Is renormalizable if we can find such functions that
"D (s + by, (BN + by Y1)
has a finite imitat A - + «.
Here /. = h(A, s, ) satisfy: 1) real;
2) they diverge at A - + ~ for all fixed s;

3) and they tend to zero at s — 0 for each fixed A.

Not unique! — We obtain a family of functions!



The functional 1s renormalizable!

(D(S ) ,B(A)) — (I)(S, 'B( A))e—iS(r(A)+9)/2
X

. '
Not exist! / l Additional phase factor!

req.

d(s, B) s B(s, B(A)) —T s B(s, B(A))e—is(r(M)+0)/2 22F0, s 3 9).

O (s, f, 0) = (s, fA))e~5CN+07 = f(s>exp< - é(se +8,(9)) ) ,

s) = —sk+s°| dr
g,(s) | 2T



Second functional

Let 1 > 0 and p € %,\A,, then

n da.
AV E (H o )exp( — Solp, ()] — /1<Sl[pn(a)])2> . Nonlocal quartic model

j=1 “Rw/][/ﬁ]

Z(A,p)= lim Z(4,5) =0 forall 1 >0 and Z(0,5) = 1.

n—-4+oo

x

Second type of "divergence"!



Renormalization

Note that

208 =T(®,(- f)D) = —— | dse=" 0 (5, p).
At IR

Then we get

O(s, ) —=— (s, B(A)) —2s B(s, B(A))eis(rM)+0)/2 _A2H0, 5o 3 p)
I I I
Z\B) —=2 s Z(\, B(A)) — "5 Z(\, Be(A))N(A) —22F2 4 7(), B, 6)

+00
N(A) = e~ AT JBA)IBA). B(N) = (BA) = r(A) — 0}
j=1 X
Spectrum! What do you do!?

Z(, B, 0) = : ds e 4Df(s)cos (s6/2 + g,(5)12) .
N .

Not zero! For almost all values 4.



Physical approach

Let us see

nor da; , k L k(o da )
(H ! e‘/”f%')(Sl[Pn(a)]) = (Z afi) <H ! e‘ﬂf“f“f“f)
j=1 7R\ /7l p, i=1 j=1 "Ry 7l p; —0

n k n
= (Z 62,) exp (% Z cjz/bj)

J=1 c=0

Integration — Formal series

Let » =1 and 3, = 1, then
- (26!

2
2k 24|
t ’
o k122

f (is)* [ dr 2ok _ f (is)* (2k)!

k' g /7 Skl k1%

Itis (1 —is)~!”” for |s| < 1.
=0



Diagrammatic technique

Let us define three elements :

Example 1 :

Example 2 :

1) The dot denotes the summation operator for all index values;

2) The line with one index denotes the component a; forj e N;

3) The line with two indices denotes the value 5,(25(A))~', where i,j € N.

400 Ix
Sila] =) a’= —e Y as;2p(A) g = —e—e
j=1

i ji=1

sy =2 () by(AA) =4 € by(pA) =8 /N



Auxiliary operators

The symbol H denotes a linear operator from the set of polynomials C[S,] to C,

which is defined on monomials S} by two rules :

1) if k =0, then H(S}) = H(1) = 1;

2) if ke N, then [H](S{‘) IS equal to the sum of all possible pairwise connections of

Example : H(S,) = Q
1 |
sH= () () +2 € = b)) + by

ish= () () (O +6 () €3 +8 /A, =200 + 25, B0bHAN + byA)

2k external lines for k vertices.

1
Ebl(ﬁ(/\))




Physical «integral»

Let /(- ) be a function that can be represented using a Taylor series
+00 .
f(z) = Z iz .
j=0
A functional integral of /(S,[ - ]) with a weight exp(—S,[ - .,#(A)]) is a formal series
+00 |
D FHES),
j=0
which is indicated by a symbolic entry of the form

Da e~ PNV [a]).
JV




Our functionals

D e~ SolapN)+isS [a] — Z H(S)
| 1
¢ V ]:O ] )
" —Sola,p(A)]-AS[a] N (_;t)j 2j
Da e o el = 2 . [I-[I(S1 )
Jy =0 ]

Renormalization!

. +00 /o N\j
Fa e—So[a,ﬂ(A)]+iS(Sl[a]—r(A)/2—9/2) — Z (li)] H ((Sl _ I"(A)/Z _ 9/2)])
JVy =0 ]

i , +00 (—ﬂ)]
D e=SlapWI-AS lal=r=n? = N

JV ]:O ].

H((S; — r(A)/2 — 0/2)%)



Many thanks!



