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We investigate so-called (𝑑,𝑁)-antisymmetric functions that appear in
the area of interest as wavefunctions of fermions’ systems. Here 𝑁 and
𝑑 are natural numbers and we consider 𝑥 = (𝑥1, . . . , 𝑥𝑁 ) ∈ R𝑑𝑁 , where
𝑥𝑖 = (𝑥𝑖1, . . . , 𝑥𝑖𝑑) ∈ R𝑑 for all 1 ⩽ 𝑖 ⩽ 𝑁. Every function 𝑢 defined on
R𝑑𝑁 we call antisymmetric, if for all 1 ⩽ 𝑖, 𝑗 ⩽ 𝑁 and 𝑥1, . . . , 𝑥𝑁 ∈ R𝑑

𝑢(𝑥1, . . . , 𝑥𝑖, . . . , 𝑥𝑗 , . . . , 𝑥𝑁 ) = −𝑢(𝑥1, . . . , 𝑥𝑗 , . . . , 𝑥𝑖, . . . , 𝑥𝑁 ).

As we expected, the constants in classical inequalities are much better
for antisymmetric functions. Indeed, one of our main results in [HLS23]
is Hardy inequality for antisymmetric functions. It claims that for any
𝑢 ∈ ℋ1

𝐴(R𝑑𝑁 ) we have

∫︁
R𝑑𝑁

|∇𝑢(𝑥)|2 𝑑𝑥 ⩾ 𝐻𝐴(𝑑𝑁)

∫︁
R𝑑𝑁

|𝑢(𝑥)|2

|𝑥|2
𝑑𝑥 (1)

The constant in (1) is sharp and 𝐻𝐴(𝑑𝑁) ∼ 𝑁2+2/𝑑 unlike classical
𝑁2.

Similarly, we improve Sobolev inequality restricted to antisymmetric
functions. For every 𝑢 ∈ ℋ1

𝐴(R𝑑𝑁 ), 𝑑𝑁 ⩾ 3 the following inequality
holds

∫︁
R𝑑𝑁

|∇𝑢(𝑥)|2𝑑𝑥 ⩾ 𝑆𝐴(𝑑𝑁)

(︂∫︁
R𝑑𝑁

|𝑢(𝑥)|
2𝑑𝑁

𝑑𝑁−2 𝑑𝑥

)︂ 𝑑𝑁−2
𝑑𝑁

.

The constant 𝑆𝐴(𝑑𝑁) is sharp and is (𝑁 !)
2

𝑑𝑁 times bigger than the
classical constant 𝑆(𝑑𝑁).

The spectrum of Laplace-Beltrami operator restricted to antisymmetric
function is fully investigated in [Shc24]. The main theorem claims that
for 𝑑 = 1 the eigenvalues of the Laplace-Beltrami operator −∆𝜃 on
antisymmetric functions on sphere equals
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𝜆𝑙 =

(︂
𝑙 +

𝑁(𝑁 − 1)

2

)︂ (︂
𝑙 +

𝑁(𝑁 + 1)

2
− 2

)︂
,

whose multiplicity 𝜅𝑙 satisfies the inequality

2

𝑁 !(𝑁 − 2)!
ℓ𝑁−2 ⩽ 𝜅ℓ ⩽

2

𝑁 !(𝑁 − 2)!

(︁
ℓ+

𝑁(𝑁 + 1)

2

)︁𝑁−2

.

Spectral inequalities for Schrödinger operator are presented as Cwikel-
Lieb-Rozenblum and Lieb-Thirring inequalities in [LS25]. Let 𝑑 = 1
and 𝑉 ⩾ 0 be a symmetric potential such that 𝑉 ∈ 𝐿𝛾+𝑁/2(R𝑁 ). Then
for any 𝛾 satisfying the conditions⎧⎪⎨⎪⎩

𝛾 ⩾ 1/2 if 𝑁 = 1,

𝛾 > 0 if 𝑁 = 2,

𝛾 ⩾ 0 if 𝑁 ⩾ 3.

we have

Tr(−∆− 𝑉 )𝛾− ⩽
𝐿𝛾,𝑁

𝑁 !

∫︁
R𝑁

𝑉 𝛾+𝑁/2 𝑑𝑥,

where 𝐿𝛾,𝑁 is classical LT constant.
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