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The report addresses a new formulation of the inverse spectral problem
for self-adjoint semi-bounded differential operators (both for partial and
ordinary derivatives) — the optimization inverse spectral problem.

In the optimization inverse spectral problem, the spectral data of the
operator 𝐿(𝑞1, 𝑞2, . . . , 𝑞𝑛), where 𝑞1(𝑥), 𝑞2(𝑥), . . . , 𝑞𝑛(𝑥) are the coeffi-
cients of the corresponding differential expression, consist of only a part
of the spectrum, specifically a finite number of eigenvalues:

𝜆*1 < 𝜆*2 < · · · < 𝜆*𝑚 ∈ R.

Based on these spectral data, it is required to find new coefficients
𝑞1, 𝑞2, . . . , 𝑞𝑛 that are minimally distant (in some metric) from the given
𝑞1, 𝑞2, . . . , 𝑞𝑛, such that:

𝜆𝑘(𝐿(𝑞1, 𝑞2, . . . , 𝑞𝑛)) = 𝜆*𝑘, 𝑘 = 1, . . . ,𝑚.

Such problems are hereafter referred to as “optimization inverse spectral
problems with incomplete data” (abbreviated as OISP).

The formulation of the optimization inverse spectral problem naturally
arises in various mathematical models for the identification and con-
struction of linear dynamical systems with specified resonance charac-
teristics.

A notable and certainly noteworthy feature of optimization inverse
spectral problems is that each such problem is equivalent to some
nonlinear differential operator. Moreover, by selecting the linear op-
erator 𝐿(𝑞1, 𝑞2, . . . , 𝑞𝑛) and the functional spaces for the coefficients
𝑞1(𝑥), 𝑞2(𝑥), . . . , 𝑞𝑛(𝑥) in the formulation of OISPs, one can “construct”
functionals that generate various nonlinear equations. In particular, it
is possible to obtain well-known nonlinear equations and operators in
mathematical physics: nonlinear (systems of) Schrödinger equations,
Gross-Pitaevskii equations, Hartree-Fock-type systems, 𝑝-Laplace op-
erators, and others.

Using the example of Schrödinger operators, the report will present
the general ideas and approaches to studying the optimization inverse
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spectral problem, as well as results on the existence of solutions, cases
of solution uniqueness, and the representation of optimal coefficients.
The main focus will be on describing the nontrivial connection between
the investigated inverse problem and the nonlinear Schrödinger equation
(NLSE), the Gross-Pitaevskii equation, Manakov-type systems, and the
study of certain properties of these equations (existence, uniqueness,
nodality, and others).
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