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Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ.
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Ðàññìîòðèì òðîéêó (X, d, µ), ãäå X � ìíîæåñòâî;

d : X ×X → [0,∞),

êâàçèìåòðèêà,

òî åñòü âûïîëíåíû âñå àêñèîìû ìåòðèêè, òîëüêî íåðàâåíñòâî

òðåóãîëüíèêà ñïðàâåäëèâî â îñëàáëåííîé ôîðìå: ñóùåñòâóåò òàêîå

÷èñëî K1 = K1(d) ⩾ 1, ÷òî äëÿ âñåõ x, y, z ∈ X âûïîëíåíî íåðàâåíñòâî

d(x, y) ⩽ K1[d(x, z) + d(z, y)];

µ � σ-êîíå÷íàÿ áîðåëåâñêàÿ ìåðà, ïðè÷åì äëÿ ëþáîãî øàðà

B(x, t) := {y ∈ X : d(x, y) < t}, x ∈ X, t > 0

0 < µ(B(x, t)) < ∞.
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L0(X) � ìíîæåñòâî êëàññîâ ýêâèâàëåíòíîñòè èçìåðèìûõ

êîìïëåêñíîçíà÷íûõ ôóíêöèé íà X.

Äëÿ 0 < p < ∞, Lp(X) ⊂ L0(X) ñîñòîèò èç ôóíêöèé ñ êîíå÷íîé

êâàçèíîðìîé

∥f∥Lp(X) :=

(�
X
|f |pdµ

)1/p

,

L∞(X) � ïîäìíîæåñòâî â L0(X), ñîñòîÿùåå èç ñóùåñòâåííî
îãðàíè÷åííûõ ôóíêöèé,

∥f∥L∞(X) := inf{λ : µ{x ∈ X : |f(x)| > λ}} = 0.
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Ïðîñòðàíñòâà Ëîðåíöà Lp,r(X) ⊂ L0(X), 0 < p, r ⩽ ∞ :

∥f∥Lp,r(X) :=



(∞�
0

[t1/pf∗(t)]r
dt

t

)1/r

, 0 < r < ∞,

sup
t>0

t1/pf∗(t), r = ∞,

(1)

f∗ � óáûâàþùàÿ ðàâíîèçìåðèìàÿ ïåðåñòàíîâêà ôóíêöèè f on Y :

f∗(t) := inf{λ > 0 : µ({|f | > λ}) ⩽ t}, t > 0.

L∞,∞ := L∞, Lp,p(x) = Lp(X).

Ïðè ôèêñèðîâàííîì p ñ ðîñòîì r ïðîñòðàíñòâî Lp,r(X) ðàñøèðÿåòñÿ.
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Êëàññû òèïà Õàðäè�Ëîðåíöà.
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X := X × I, ãäå I = (0, t0), 0 < t0 ⩽ +∞.

ñî ñòàíäàðòíîé ìåðîé-ïðîèçâåäåíèåì µ×m1, m1 � îäíîìåðíàÿ ìåðà

Ëåáåãà íà I.
X � ¾ãðàíèöà¿ X
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D(x) := {(y, t) ∈ X : d(x, y) < t}, x ∈ X, (2)

¾íåêàñàòåëüíûå¿ îáëàñòè ïîäõîäà ê òî÷êàì x ∈ X

X

X

b

x

D(x)

äëÿ u : X → C îïðåäåëèì ìàêñèìàëüíóþ ôóíêöèþ

Nu(x) := sup{|u(y, t)| : (y, t) ∈ D(x)}, x ∈ X.
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H0(X) � ìíîæåñòâî âñåõ èçìåðèìûõ ôóíêöèé (ýêâèâàëåíòíûå

ôóíêöèè íå îòîæäåñòâëÿþòñÿ) u : X → C, äëÿ êîòîðûõ Nu êîíå÷íà

µ-ïî÷òè âñþäó.

Äëÿ 0 < p, r ⩽ ∞ êëàññ Hp,r(X), ñîñòîèò èç ôóíêöèé u ∈ H0(X), äëÿ
êîòîðûõ êîíå÷íà âåëè÷èíà

∥u∥Hp,r(X) := ∥Nu∥Lp,r(X) .

Ïðè r = p áóäåì ïèñàòü Hp(X) âìåñòî Hp,p(X).
Coifman�Meyer�Stein, 1985: X = Rn+1

+ ââåëè êëàññû, ïîäîáíûå

Hp(Rn+1
+ ) è äîïîëíèòåëüíî ïðåäïîëàãàëîñü, ÷òî ôóíêöèè èç íèõ

íåïðåðûâíû è èìåþò ïî÷òè âñþäó íåêàñàòåëüíûå ïðåäåëû.
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Îñíîâíûå ïðèìåðû.
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Ïðèìåð 1. Ïóñòü n ⩾ 1, Bn ⊂ Cn � îòêðûòûé åäèíè÷íûé øàð â Cn,

X = S = ∂Bn ⊂ Cn � åäèíè÷íàÿ ñôåðà, µ = σ � ìåðà Ëåáåãà íà S.
Íà ñôåðå S èìååòñÿ åñòåñòâåííàÿ êâàçèìåòðèêà

d(ζ, ξ) := |1− ⟨ζ, ξ⟩|, ⟨ζ, ξ⟩ :=
n∑

j=1

ζjξj .
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Êëàññ Õàðäè Hp(Bn), p > 0, ñîñòîèò èç ãîëîìîðôíûõ ôóíêöèé
f : Bn → C, äëÿ êîòîðûõ êîíå÷íà âåëè÷èíà

∥f∥Hp(Bn) := sup
0⩽r<1

∥fr∥Lp(S), fr(ζ) := f(rζ)

Îòîæäåñòâèì ïðîêîëîòûé øàð Bn \ {0} è X = S × (0, 1) ñ ïîìîùüþ
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Ïðèìåð 2. X = Rn, n ⩾ 1, d(x, y) = |x− y| � åâêëèäîâà ìåòðèêà è µ
� ìåðà Ëåáåãà íà Rn, I = (0,∞). Òîãäà

Rn × (0,∞) = Rn+1
+ = {(x, t) : x ∈ Rn, t > 0}.

Äëÿ p > 0 êëàññû Õàðäè Hp(Rn+1
+ ) îïðåäåëÿþòñÿ êàê

(Ôåôôåðìàí�Ñòåéí)

Hp(Rn+1
+ ) := {u ãàðìîíè÷íà : Nu ∈ Lp(Rn)}.

Îíè íåïðåðûâíî âêëàäûâàþòñÿ â Hp(Rn+1
+ )

Hp(Rn+1
+ ) = {u = f ∗ Pt : f ∈ Lp(Rn)}, p > 1

Pt(x) = t(|x|2 + t2)−(n+1)/2
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Äëÿ u ∈ Hp(Rn+1
+ ), p > 0, ñóùåñòâóåò ïðåäåë

lim
t→+0

u(·, t) = f

â ñìûñëå ðàñïðåäåëåíèé ìåäëåííîãî ðîñòà.

Hp(Rn) êëàññ ãðàíè÷íûõ ðàñïðåäåëåíèé.
Ïóñòü φ � äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ íà Rn

φt(x) := t−nφ(x/t), t > 0. (3)

Ââåäåì êëàññû (Ôåôôåðìàí�Ñòåéí)

Hp
φ(Rn+1

+ ) = {u = f ∗ φt : f ∈ Hp(Rn)}, p > 0

Òîãäà Nu ∈ Lp(Rn) ïðè u ∈ Hp
φ(Rn+1

+ )

Hp
φ(Rn+1

+ ) ⊂ Hp(Rn+1
+ ), p > 0 íåïðåðûâíî
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Êëàññû ãðàíè÷íûõ ðàñïðåäåëåíèé Õàðäè�Ëîðåíöà

Hp,r(Rn) := {f ∈ S′(Rn) : N(f ∗ φt) ∈ Lp,r(Rn)}, (4)

(0 < p < ∞, 0 < r ⩽ ∞) åñòåñòâåííûì îáðàçîì âîçíèêàþò êàê

ïðîìåæóòî÷íûå ïðîñòðàíñòâà â ìåòîäå èíòåðïîëÿöèè Ëèîíñà�Ïåòðå,

ñâåðòêè f ∗ φt, ãäå f ∈ Hp,r(Rn), ïðèíàäëåæàò Hp,r(Rn+1
+ ).
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Íåðàâåíñòâà Õàðäè�Ëèòòëâóäà äëÿ êëàññîâ òèïà Õàðäè.
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Îñíîâíàÿ öåëü äîêëàäà � ðàññìîòðåíèå íåðàâåíñòâ äëÿ ôóíêöèé èç

Hp,r(X), 0 < p < ∞, 0 < r ⩽ ∞, èñõîäíûì ïóíêòîì äëÿ êîòîðûõ

ÿâëÿþòñÿ íåðàâåíñòâà Õàðäè�Ëèòòëâóäà äëÿ àíàëèòè÷åñêèõ ôóíêöèé â

åäèíè÷íîì êðóãå èç C.
Îïèøåì èçâåñòíûå ðåçóëüòàòû â ýòîì íàïðàâëåíèè.

ut(x) := u(x, t), x ∈ X, t ∈ (0, t0), (5)

(ýòî îáîçíà÷åíèå íèãäå íå ïðåñå÷åòñÿ ñ φt)
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Òåîðåìà 1

Ïóñòü 0 < p < q ⩽ ∞, p ⩽ l è ïðè íåêîòîðûõ n > 0 è K2 > 0

tn ⩽ K2µ(B(x, t)), x ∈ X, t ∈ I. (6)

Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ Hp(X) ñïðàâåäëèâû íåðàâåíñòâà

|u(x, t)| ≲K2,p t
−n/p ∥Nu∥Lp(X) , x ∈ X, t ∈ I, (7)

∥ut∥Lq(X) ≲K2,p,q t
−n(1/p−1/q) ∥Nu∥Lp(X) , t ∈ I, (8)

 t0�

0

[
tn(1/p−1/q) ∥ut∥Lq(X)

]l dt

t

1/l

≲K2,p,q,l ∥Nu∥Lp(X) . (9)
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Â ñëó÷àå åäèíè÷íîãî êðóãà B1 ⊂ C íåðàâåíñòâà (7)�(9) äëÿ ôóíêöèé

èç êëàññîâ Õàðäè Hp(B1), p > 0, íà÷àëè èçó÷àòü Ã.Õàðäè è

Äæ.Ëèòòëâóä (1928, 1932, 1941).

Æ.Ìèò÷åëë è Ê.Õàí (1976) ïåðåíåñëè îäíîìåðíûå íåðàâåíñòâà

Õàðäè�Ëèòòëâóäà íà ñëó÷àé ãîëîìîðôíûõ ôóíêöèé èç ìíîãîìåðíûõ

êëàññîâ Õàðäè Hp(Bn) â åäèíè÷íîì øàðå Bn ⊂ Cn è â îãðàíè÷åííûõ

ñèììåòðè÷åñêèõ îáëàñòÿõ èç Cn.
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Ò.Ôëåòò (1970) äîêàçûâàë íåðàâåíñòâà (7)�(9) äëÿ èíòåãðàëîâ òèïà

èíòåãðàëà Ïóàññîíà îò ôóíêöèé èç Lp, p > 1, íà íåêîòîðûõ ëîêàëüíî
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Ïóàññîíà è Ãàóññà�Âåéåðøòðàññà (ñâåðòêè ñ ÿäðîì t−n exp(−|x|2t−2))
ôóíêöèé èç Lp(Rn) ïðè p > 1, à òàêæå ïðè p > 0 ê ôóíêöèÿì íà Rn+1

+ ,

äëÿ êîòîðûõ íåêîòîðàÿ ñòåïåíü k ⩽ p ñóáãàðìîíè÷íà.
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Îáùàÿ ôîðìà òåîðåìû 1 áûëà ïîëó÷åíà íàìè (2024).

(8) âûâîäèëîñü èç (7), à (9) � èç (8) ñ ïîìîùüþ àíàëîãà

èíòåðïîëÿöèîííîé òåîðåìû Ìàðöèíêåâè÷à.
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Èíòåðïîëÿöèÿ îïåðàòîðîâ â êëàññàõ Hp.
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Ïóñòü (Y, ν) � åùå îäíî ìíîæåñòâî ñ σ-êîíå÷íîé ìåðîé ν. Îïåðàòîð
T , îïðåäåëåííûé íà íåêîòîðîì ìíîæåñòâå â H0(X), ñî çíà÷åíèÿìè â

L0(Y ) íàçûâàåòñÿ êâàçèñóáàääèòèâíûì, åñëè ñóùåñòâóåò òàêîå ÷èñëî

K4 = K4(T ) > 0, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

|T (u+ v)| ⩽ K4(|Tu|+ |Tv|),

åñëè äîïîëíèòåëüíî

|T (λu)| = |λ||Tu|,

òî T íàçûâàåòñÿ êâàçèëèíåéíûì.
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Òåîðåìà 2

Ïóñòü 0 < p0 ̸= p1 ⩽ ∞, 0 < q0 ̸= q1 ⩽ ∞, êâàçèëèíåéíûé îïåðàòîð

T : Hp0(X) +Hp1(X) → L0(Y ) óäîâëåòâîðÿåò óñëîâèÿì: ñóùåñòâóþò

òàêèå ïîëîæèòåëüíûå ïîñòîÿííûå M0 è M1, ÷òî äëÿ âñåõ λ > 0 è

k = 0, 1 âûïîëíåíû íåðàâåíñòâà

ν{|Tu| > λ} ⩽

(
Mk

λ
∥u∥Hpk (X)

)qk

, u ∈ Hpk(X),

Ïóñòü θ ∈ (0, 1),

1

p
=

1− θ

p0
+

θ

p1
,

1

q
=

1− θ

q0
+

θ

q1
.

Òîãäà ïðè 0 < r < ∞ äëÿ âñåõ ôóíêöèé u ∈ Hp,r(X) âûïîëíåíî
íåðàâåíñòâî

∥Tu∥Lq,r(Y ) ≲K4,p0,p1,q0,q1,r,θ M
1−θ
0 M θ

1 ∥u∥Hp,r(X) .
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Íåðàâåíñòâà Õàðäè�Ëèòòëâóäà äëÿ êëàññîâ òèïà

Õàðäè�Ëîðåíöà.
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Òåîðåìà 3

Ïóñòü âûïîëíåíî óñëîâèå (6) è 0 < p < q ⩽ ∞, 0 < s ⩽ ∞.

Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ Hp,∞(X) ñïðàâåäëèâû íåðàâåíñòâà

|u(x, t)| ≲K2,p t
−n/p ∥Nu∥Lp,∞(X) , x ∈ X, t ∈ I, (10)

∥ut∥Lq,s(X) ≲K2,p,q,s t
−n(1/p−1/q) ∥Nu∥Lp,∞(X) , t ∈ I. (11)
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Òàê êàê ïðè ôèêñèðîâàííîì p > 0 ïðîñòðàíñòâà Ëîðåíöà Lp,r(X)
ðàñøèðÿþòñÿ ñ ðîñòîì r > 0, òî èç òåîðåìû âûòåêàþò íåðàâåíñòâà

|u(x, t)| ≲ t−n/p ∥Nu∥Lp,r(X) , x ∈ X, t ∈ I, (12)

∥ut∥Lq,s(X) ≲ t−n(1/p−1/q) ∥Nu∥Lp,r(X) , t ∈ I, (13)

â êîòîðûõ u ∈ Hp,r(X), 0 < p < q ⩽ ∞, 0 < r, s ⩽ ∞.

Äëÿ èíòåãðàëîâ Ïóàññîíà ôóíêöèé èç Lp,∞(Rn), p > 1, íåðàâåíñòâà
(10) è (11) èç òåîðåìû 3 äîêàçàë Ò.Ôëåòò (1970).
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Â òðåòüåì íåðàâåíñòâå t0�

0

[
tn(1/p−1/q) ∥ut∥Lq(X)

]l dt

t

1/l

≲ ∥Nu∥Lp(X)

0 < p < q ⩽ ∞, p ⩽ l, â ïðàâîé ÷àñòè íåëüçÿ ïîñòàâèòü

∥Nu∥Lp,r(X) âìåñòî ∥Nu∥Lp(X) = ∥Nu∥Lp,p(X)

ïðè ëþáîì p < r.
Îäíàêî, èçìåíèâ îáëàñòü äëÿ l, ìîæíî ïîëó÷èòü è òðåòüå íåðàâåíñòâî.
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Òåîðåìà 4

Ïóñòü âûïîëíåíî óñëîâèå (6) è 0 < p < q ⩽ ∞, 0 < r ⩽ l < ∞,

0 < s ⩽ ∞.

Òîãäà äëÿ ëþáîé ôóíêöèè u ∈ Hp,r(X) ñïðàâåäëèâû íåðàâåíñòâà t0�

0

[
tn(1/p−1/q) ∥ut∥Lq,s(X)

]l dt

t

1/l

≲K2,p,q,r,l ∥Nu∥Lp,r(X) . (14)

Äëÿ èíòåãðàëîâ Ïóàññîíà ôóíêöèé èç Lp,r(Rn), p, r > 1, óòâåðæäåíèå
òåîðåìû 4 äîêàçàë Ò.Ôëåòò (1970).

Îãðàíè÷åíèå r ⩽ l â òåîðåìå 4 ÿâëÿåòñÿ òî÷íûì � äëÿ ëþáîãî l < r
åå óòâåðæäåíèå òåðÿåò ñèëó.
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Äðîáíûå èíòåãðàëû â êëàññàõ òèïà Õàðäè�Ëîðåíöà.
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Ïóñòü kα ∈ L1(0, t0), òîãäà â ñèëó íåðàâåíñòâà (10) íà âñåõ êëàññàõ
Hp,r(X), 0 < p, r ⩽ ∞, îïðåäåëåí èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì kα:

Iαu(x, t) :=

t0�

0

kα(s)u(x, t+ s) ds, (x, t) ∈ X (15)

(ñ÷èòàåì u(x, s) = 0 ïðè s > t0).
Èíäåêñ α ó îïåðàòîðà Iα è åãî ÿäðà kα ïîêàçûâàåò, ÷òî ìû

ðàññìàòðèâàåì îïåðàòîðû òèïà äðîáíîãî èíòåãðèðîâàíèÿ ïîðÿäêà

α > 0,
÷òî ôîðìàëüíî áóäåò çàêðåïëÿòüñÿ ñëåäóþùèì óñëîâèåì: ñóùåñòâóåò

òàêîå ÷èñëî K3 = K3(α), ÷òî

t�

0

|kα(s)| ds ⩽ K3t
α, 0 < t ⩽ t0. (16)
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Òåîðåìà 5

Ïóñòü âûïîëíåíî óñëîâèå (6), 0 < p < ∞, 0 < α < n/p,
1/q = 1/p− α/n, 0 < r ⩽ ∞ è ÿäðî îïåðàòîðà (15) óäîâëåòâîðÿåò

óñëîâèþ (16).

Òîãäà ñïðàâåäëèâû íåðàâåíñòâà

∥N(Iαu)∥Lq,r/p(X) ≲ ∥Nu∥αp/nLp,∞(X) ∥Nu∥1−αp/n

Lp,r/q(X)
, u ∈ Hp,r/q(X),

(17)

∥N(Iαu)∥Lq,r(X) ≲ ∥Nu∥Lp,r(X) , u ∈ Hp,r(X) (18)

(≲ çàâèñÿò òîëüêî îò K2, K3, p, α è r).
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Êëàññ Õàðäè�Ëîðåíöà Hp,r(Bn), 0 < p, r ⩽ ∞, îïðåäåëèì êàê

ïîäïðîñòðàíñòâî â Hp,r(Bn), ñîñòîÿùåå èç ãîëîìîðôíûõ ôóíêöèé
u : Bn → C.
Ãîëîìîðôíàÿ ôóíêöèÿ â Bn ðàçëàãàåòñÿ â ðÿä ïî îäíîðîäíûì

ìíîãî÷ëåíàì

u(z) =

∞∑
m=0

fm(z), fm(sz) = smfm(z),

ñõîäèìîñòü ðàâíîìåðíàÿ íà êîìïàêòàõ â Bn.
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äðîáíûå èíòåãðàëû Ðèìàíà�Ëèóâèëëÿ

Rαu(z) =

∞∑
m=0

Γ(m+ 1)

Γ(m+ α+ 1)
fm(z) =

1

Γ(α)

1�

0

(1− s)α−1u(sz) ds;

äðîáíûå èíòåãðàëû Àäàìàðà

Aαu(z) =

∞∑
m=0

(m+ 1)−αfm(z) =
1

Γ(α)

1�

0

(
ln

1

s

)α−1

u(sz) ds;

äðîáíûå èíòåãðàëû Êîøè�Ñåãå

Cαu(z) =

�

∂Bn

u∗(ζ)

(1− ⟨z, ζ⟩)n−α
dσ(ζ) =

=
Γ(n)

Γ(α)Γ(n− α)

1�

0

(1− s)α−1sn−α−1u(sz) ds 0 < α < n.
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Ïîòåíöèàëû Ðèññà

Iαu(x, t) =
1

Γ(α)

∞�

0

sα−1u(x, t+ s) ds, 0 < α < n,

âîçíèêàþò êàê ñâåðòêè (ïî ïðîñòðàíñòâåííîé ïåðåìåííîé)

ãàðìîíè÷åñêèõ ôóíêöèé â Rn+1
+ ñ ÿäðàìè |x|α−n.

Ìîäèôèöèðîâàííûå ïîòåíöèàëû Áåññåëÿ

JP
α u(x, t) =

1

Γ(α)

∞�

0

sα−1e−su(x, t+ s) ds

îïðåäåëÿþòñÿ êàê ñâåðòêè ãàðìîíè÷åñêèõ ôóíêöèé â Rn+1
+ ñ ÿäðîì,

ïðåîáðàçîâàíèå Ôóðüå êîòîðîãî ðàâíî (1 + |ξ|)−α.
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Ðàññìîòðèì äàëåå êëàññû Õàðäè�Ëîðåíöà, ñâÿçàííûå ñ óðàâíåíèåì

òåïëîïðîâîäíîñòè: ïóñòü W (x) = e−|x|2/4 (òåïëîâîå ÿäðî
Ãàóññà�Âåéåðøòðàññà) è

Hp,r
heat(R

n+1
+ ) := {u(x, t) = f ∗W√

t(x) : f ∈ Hp,r(Rn)}.

Ñâåðòêè f ∗W√
t íàçûâàþò îáû÷íî òåìïåðàòóðàìè.

Ïîòåíöèàë Áåññåëÿ ïîðÿäêà α > 0 äëÿ òåìïåðàòóð

JW
α u(x, t) =

1

Γ(α/2)

∞�

0

sα/2−1e−su(x, t+ s) ds

îïðåäåëÿåòñÿ êàê ñâåðòêà òåìïåðàòóð ñ ÿäðîì Áåññåëÿ Gα,

Ĝα(ξ) = (1 + |ξ|2)−α/2. Åñëè u ∈ Hp,r
heat(R

n+1
+ ), òî ôóíêöèÿ u(x, t2)

ïðèíàäëåæèò Hp,r(Rn+1
+ ).
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Ñïàñèáî çà âíèìàíèå!
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