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Äçåòà-ôóíêöèÿ Ðèìàíà

Äçåòà-ôóíêöèÿ: ζ(s) =
∞∑
n=1

1

ns , Re s > 1; àíàëèòè÷åñêîå ïðîäîëæåíèå â C \ {1}

Ôóíêöèîíàëüíîå óðàâíåíèå: ξ(1− s) = ξ(s) äëÿ ξ(s) = 1

2
s(s − 1)π−s/2 Γ

(
s
2

)
ζ(s)

Òðèâèàëüíûå íóëè ζ: îòðèöàòåëüíûå ÷¼òíûå ÷èñëà

Ôóíêöèÿ ξ âåùåñòâåííà íà R è íà {Re s = 1

2
},

å¼ íóëè íàõîäÿòñÿ â ïîëîñå {Re s ∈ (0, 1)} è èìåþò äâå îñè ñèììåòðèè

Ãèïîòåçà Ðèìàíà: âñå íåòðèâèàëüíûå íóëè ζ íàõîäÿòñÿ íà ïðÿìîé {Re s = 1

2
}

Ñ÷èòàþùàÿ ôóíêöèÿ íåòðèâèàëüíûõ íóëåé èìååò âèä 1

π Im log ξ = [...] + 1

π Im log ζ

Íà âûñîòå T ïëîòíîñòü íóëåé ïðèáëèçèòåëüíî ðàâíà logT
2π

Èìååì 1

T

2T∫
T

χ(a,b)

(
Im log ζ( 1

2
+it)√

π log logT

)
dt →

b∫
a

exp(−πτ2) dτ
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Îïåðàòîð Ãèëüáåðòà�Ïîéà

Ñàìîñîïðÿæ¼ííûé îïåðàòîð ñî ñïåêòðîì {x : ξ(1
2

+ ix) = 0} ñóùåñòâóåò òîãäà è
òîëüêî òîãäà, êîãäà ãèïîòåçà Ðèìàíà âåðíà

Ñïåêòð ñàìîñîïðÿæ¼ííîãî îïåðàòîðà ëåæèò íà âåùåñòâåííîé îñè

Ñïåêòðàëüíàÿ òåîðåìà äëÿ êîìïàêòíûõ ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ:∑
an(·, en)ee , ãäå (en) � îðòîíîðìèðîâàííûé áàçèñ, an ∈ R, an → 0

Ñîáñòâåííûå ÷èñëà ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ, îáðàòíûõ ê êîìïàêòíûì: a−1n →∞

Â ñîîòâåòñòâèè ñ âûäåëåíèåì ðåãóëÿðíîé ÷àñòè ñ÷èòàþùåé ôóíêöèè 1

π Im log ξ
åñòåñòâåííî ðàññìàòðèâàòü âîçìóùåíèÿ îïåðàòîðîâ. Åñëè ãèïîòåçà Ðèìàíà âåðíà,

òî ìîæíî îãðàíè÷èòüñÿ ñàìîñîïðÿæ¼ííûìè îïåðàòîðàìè.
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Îïåðàòîð äëÿ íóëåé äçåòà-ôóíêöèè
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äëÿ êîòîðûõ K 1−iτ

2
(2π) + K 1+iτ

2
(2π) = 0,

ãäå K � ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ

Ôóíêöèÿ ðàñïðåäåëåíèÿ èìååò âèä T
2π log T

2πe + O(1), ýòî ðåãóëÿðèçàöèÿ

íåòðèâèàëüíûõ íóëåé äçåòà-ôóíêöèè, äëÿ êîòîðîé èìååì òî æå âûðàæåíèå ñ

îñòàòî÷íûì ÷ëåíîì O(logT ) (åñëè ãèïîòåçà Ðèìàíà âåðíà, òî O
(

logT
log logT

)
)

Íåñàìîñîïðÿæ¼ííîå âîçìóùåíèå äëÿ íóëåé äçåòà-ôóíêöèè: A−1 + K , rankK = 1

Ïðåäïîëîæèì, ÷òî ãèïîòåçà Ðèìàíà âåðíà.
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Âîçìóùåíèÿ ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ

Ôîëüêëîð

Äâà ñàìîñîïðÿæ¼ííûõ îïåðàòîðà ñ ÷èñòî òî÷å÷íûìè ñïåêòðàìè ïîëó÷àþòñÿ äðóã

èç äðóãà ðåçîëüâåíòíûì ñàìîñîïðÿæ¼ííûì âîçìóùåíèåì ðàíãà 1 òîãäà è òîëüêî

òîãäà, êîãäà èõ ñïåêòðû ÷åðåäóþòñÿ

Ïóñòü (an) � âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü, ñïåêòð íåâîçìóùåííîãî

ñàìîñîïðÿæ¼ííîãî îïåðàòîðà A

Âîçìóùåíèÿ ðàíãà 2 ðåàëèçóþòñÿ ïðè óñëîâèè bn ∈ (an−1, an+1)

Äëÿ âîçìóùåíèé ðàíãà 2r ïîëó÷àåì óñëîâèå bn ∈ (an−r , an+r )

Ëåììà

Ïóñòü ÷èñëà nr > r , r ∈ N, òàêîâû, ÷òî ïðè âñåõ n 6 nr âûïîëíÿåòñÿ óñëîâèå

an−r < bn < an+r . Òîãäà ñóùåñòâóåò ñàìîñîïðÿæ¼ííûé îïåðàòîð B ñî ñïåêòðîì â

òî÷êàõ bn, äëÿ êîòîðîãî ðàçíîñòü A−1 − B−1 åñòü êîìïàêòíûé îïåðàòîð, äëÿ

ìîäóëåé ñîáñòâåííûõ ÷èñåë êîòîðîãî èìååò ìåñòî îöåíêà σ2r+1 6 2

anr−r
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Âîçìóùåíèÿ ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ
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Âîçìóùåíèÿ îïåðàòîðîâ äëÿ íóëåé äçåòà-ôóíêöèè

τn � íóëè K 1+iz
2

(2π) + K 1−iz
2

(2π), 1

2
+ iγn � íåòðèâèàëüíûå íóëè ζ

Äëÿ êàæäîãî n èìååì γn ∈ (τn−r , τn+r ), ãäå r = r(n) = o(log n)

Çàïèøåì r = αn log n, αn ↘ 0. Ìîæíî âçÿòü nr � exp( r
αn

) è, ïîñêîëüêó

n � τn · log τn2π , ëåììà äàñò îöåíêó äëÿ ìîäóëÿ (2r + 1)-ãî ñîáñòâåííîãî ÷èñëà

2

τnr−r
� log τnr−r
π(nr − r)

� log nr
πnr

� r/αn

πer/αn

Ïîñêîëüêó αn → 0, ïîëó÷àåì ñóáýêñïîíåíöèàëüíóþ îöåíêó const · e−Ar
äëÿ ñêîëü óãîäíî áîëüøîãî A
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Ïàðíûå êîððåëÿöèè

Ïðåäïîëîæèì, ÷òî ãèïîòåçà Ðèìàíà âåðíà, è äëÿ íóëåé äçåòà-ôóíêöèè 1

2
+ iγn

ââåä¼ì íîðìèðîâàííóþ ïîñëåäîâàòåëüíîñòü: δn = γn · log |γn|2π , äëÿ êîòîðîé èìååì

1

T
·#
{
δn ∈ (0,T )

}
→ 1

Ïàðíûå êîððåëÿöèè êîíòðîëèðóþò ïîïàðíûå ðàçíîñòè:

F (d) = lim
T→∞

1

T ·#
{

(δm, δn) : δm, δn ∈ (0,T ), δm − δn ∈ (0, d)
}

F (d2)− F (d1) = lim
T→∞

1

T ·#
{

(δm, δn) : δm, δn ∈ (0,T ), δm − δn ∈ (d1, d2)
}
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T ·#
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Ïàðíûå êîððåëÿöèè (2)

F (d) = lim
T→∞

1

T ·#
{

(δm, δn) : δm, δn ∈ (0,T ), δm − δn ∈ (0, d)
}

Ãèïîòåçà Õ. Ìîíòãîìåðè: F (d) =
d∫
0

{
1−

(
sinπu
πu

)2}
du

Ãèïîòåçà ïîäòâåðæäàåòñÿ êîìïüþòåðíûìè ýêñïåðèìåíòàìè (A. Odlyzko)

Ìîíòãîìåðè äîêàçàë ýòî ñâîéñòâî äëÿ ïðåîáðàçîâàíèÿ Ôóðüå íà èíòåðâàëå (−1, 1)

Montgomery H.L. The pair correlation of zeros of the zeta function. Analytic number

theory, Proc. Sympos. Pure Math., vol. XXIV, AMS, Providence, R.I., 1973, 181�193.

Ïðèâåä¼ì ôîðìóëèðîâêó èç ñòàòüè P.Bourgade, J.Keating, Quantum chaos..., 2010

Òåîðåìà

Ïóñòü f ∈ C∞, supp f ⊂ (−1, 1). Òîãäà äëÿ m, n = 1, . . . ,N, m 6= n èìååì∫
f (t)

(
1

N

∑
exp

(
2πit(δm − δn)

))
dt →

1∫
−1

f (t) |t| dt =
∫
R
f̂ (u)

{
1−

(
sin(πu)
πu

)}2
du
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Ïîñòàíîâêà çàäà÷è

Ïðè ïðåäïîëîæåíèè, ÷òî ãèïîòåçà Ðèìàíà âåðíà, ñóùåñòâóåò ëè

ñàìîñîïðÿæåííîå ðåçîëüâåíòíîå âîçìóùåíèå îïåðàòîðà A îïåðàòîðîì ðàíãà 1,

äëÿ ñïåêòðà êîòîðîãî âûïîëíåíî êîððåëÿöèîííîå ñâîéñòâî Ìîíòãîìåðè?

Ïåðåôîðìóëèðîâêà:

Ñóùåñòâóåò ëè ïîñëåäîâàòåëüíîñòü (xn), ãäå xn ∈ (n − 1, n), äëÿ êîòîðîé∫
f (t)

(
1

N

∑
m 6=n

exp
(
2πit(xm − xn)

))
dt →

1∫
−1

f (t) |t| dt =
∫
R
f̂ (u)

{
1−

(
sin(πu)
πu

)}2
du

äëÿ ëþáîé áåñêîíå÷íî ãëàäêîé ôóíêöèè f ñ íîñèòåëåì íà (−1, 1) ?

Äëÿ ðåøåíèÿ åñòåñòâåííî çàäåéñòâîâàòü âåðîÿòíîñòíûå ìåòîäû (Ä.Í. Çàïîðîæåö)

Äëÿ âîçìóùåíèé êîíå÷íîãî ðàíãà óñëîâèå ñîñòîèò â îãðàíè÷åííîñòè (xn − n)

Îòâåò îòðèöàòåëüíûé (îäíàêî íàïîìíèì, ÷òî ñàìè íóëè ζ ïîëó÷àþòñÿ ïðè

ñóáýêñïîíåíöèàëüíîì óáûâàíèè ñîáñòâåííûõ ÷èñåë âîçìóùàþùåãî îïåðàòîðà)
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Òåîðåìà

Åñëè (xn) òàêîâà, ÷òî
∫
f (t)

(
1

N

∑
exp

(
2πit(xm − xn)

))
dt →

1∫
0

f (t) t dt

äëÿ ëþáîé ãëàäêîé ôóíêöèè f ñ íîñèòåëåì íà (0, 1), òî xn − n íåîãðàíè÷åíû

Äîêàçàòåëüñòâî (îò ïðîòèâíîãî): äîêàæåì, ÷òî ôóíêöèÿ n(x)− x íåîãðàíè÷åíà.

Äëÿ T ∈ [xN , xN+1] îïðåäåëèì

rT (x) = χ(0,T ) ·
(
n(x)− x

)
= χ(0,T ) ·

(∑N
k=1

χ(xk ,∞)(x)− x
)

Ôóíêöèè rT íå ìîãóò áûòü ðàâíîìåðíî îãðàíè÷åííûìè, åñëè ïîêàçàòü, ÷òî

1

T

∫ T
0

∣∣rT (x)
∣∣2 dx =

1

T

∫
R

∣∣r̂T (t)
∣∣2 dt ñòàíîâèòñÿ áîëüøèì ñ ðîñòîì T
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Òåîðåìà
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Äîêàçàòåëüñòâî (2)

r̂T (t) =
∫
r(x)e−2πixt dx =

n∑
k=1

T∫
xk

e−2πixt dx −
T∫
0

xe−2πixt dx

= i
2πt

n∑
k=1

(
e−2πitT − e−2πitxk

)
−

(
Te−2πitT

−2πit + 1

2πit

T∫
0

e−2πixt dx

)

=
1

2πi t

n∑
k=1

e−2πitxk + ie−2πitT (n−T )
2πt − e−2πitT−1

4π2t2

Äëÿ ìîäóëåé âòîðîãî è òðåòüåãî ñëàãàåìûõ èìååì∣∣∣ ie−2πitT (n−T )
2πt

∣∣∣ = n−T
2πt ,

∣∣∣ e−2πitT−1
4π2t2

∣∣∣ 6 1

2π2t2
ñîîòâåòñòâåííî.
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Äîêàçàòåëüñòâî (3)

Âîçüì¼ì ϕ ∈ C∞ ñ íîñèòåëåì íà (0, 1) è ñî çíà÷åíèÿìè íà [0, 1]:(
1

T

∫
R

∣∣r̂T (t)
∣∣2 dt)1/2

>

(
1

T

∫
R

∣∣r̂T (t)
∣∣2 ϕ(t) dt

)1/2

>

(
1

T

∫
R

1

4π2t2

∣∣∣∣ n∑
k=1

e−2πitxk
∣∣∣∣2 ϕ(t) dt

)1/2

−
(

1

T

∫
R

(n−T )2

4π2t2 ϕ(t) dt

)1/2

−
(

1

T

∫
R

1

4π4t4 ϕ(t) dt

)1/2

=
1

2π

∫
R

 1

T

n∑
k,l=1

e−2πit(xk−xl )

 ϕ(t)

t2
dt

1/2

− |n−T |
2π
√
T

(∫
R

ϕ(t)
t2 dt

)1/2

− 1

2π
√
T

(∫
R

ϕ(t)
t4 dt

)1/2

Âòîðîå è òðåòüå ñëàãàåìûå ñòðåìÿòñÿ ê íóëþ (åñëè xn − n = o(
√
n) ïðè T →∞)

Ïåðâîå ñòðåìèòñÿ ê 1

2π

(∫
R
t · ϕ(t)

t2
dt

)1/2

, ÷òî ìîæåò áûòü ñêîëü óãîäíî áîëüøèì

(èñïîëüçîâàíî, ÷òî äëÿ ôóíêöèè Ìîíòãîìåðè η(t) = |t| èìååì
∫ ε
0

η(t)
t2

dt =∞)

Ñïàñèáî çà âíèìàíèå!
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