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Witten—Dijkgraaf—Verlinde—Verlinde equations

(Dubrovin, Encyclopaedia of Math. Phys. 2006)
The problem: in RY find a function F = F(t!,...,t") such
that
1. Flag := 837F = constant symmetric
. 10&6 . atlatoéat/j naﬁ y

nondegenerate matrix

2. czﬂ = n7°F3 structure constants of an associative algebra

3. F(cht, ..., ety = cdrp (... V) quasihomogeneity
(di=1)
If eq,..., ey is the basis of RY then the algebra operation is

ea €8 = Clﬂ(t)e,y with unity e



Why study WDVV?

1. The origin: Topological Quantum Field Theory

> E. Witten. On the structure of the topological phase of
two-dimensional gravity. Nuclear Physics B,
340(2):281-332, 1990, DOLI:
https://doi.org/10.1016/0550-3213(90) 90449-N.

» R. Dijkgraaf, H. Verlinde, and E. Verlinde. Topological
strings in d < 1. Nuclear Physics B, 352(1):59-86, 1991,
DOLI: https://doi.org/10.1016/0550-3213(91)90129-L.

2. Mathematical developments: solutions of WDV'V are
related with Gromov—Witten invariants

» M. Kontsevich, Yu. Manin. Gromov-Witten Classes,
Quantum Cohomology, and Enumerative Geometry,
Commun. Math. Phys. 164, 525-562 (1994).

» . Strachan. How to count curves: from 19th century
problems to 21st century solutions.
https://www.maths.gla.ac.uk/~iabs/Visions.pdf


https://doi.org/10.1016/0550-3213(90)90449-N
https://doi.org/10.1016/0550-3213(91)90129-L
https://www.maths.gla.ac.uk/~iabs/Visions.pdf

Why study WDVV?

3. Solutions correspond to integrable hierarchies (B.
Dubrovin)

» B.A. Dubrovin. Geometry of 2D topological field theories.
In Integrable systems and quantum groups, volume 1620 of
Lect. Notes Math., pages 120-348. Springer, Berlin,
Heidelberg, 1996, arXiv:
https://arxiv.org/abs/hep-th/9407018.

» B. Dubrovin. Flat pencils of metrics and Frobenius
manifolds. In M.-H. Saito, Y. Shimizu, and K. Ueno,
editors, Proceedings of 1997 Taniguchi Symposium
“Integrable Systems and Algebraic Geometry”, pages 42-72.
World Scientific, 1998.
https://people.sissa.it/~dubrovin/bd_papers.html.

» B.A. Dubrovin. Encyclopedia of Mathematical Physics,
volume 1 A: A-C, chapter WDVV equations and Frobenius
manifolds, pages p. 438-447. SISSA, Elsevier, 2006. ISBN:
0125126611.


https://arxiv.org/abs/hep-th/9407018
https://people.sissa.it/~dubrovin/bd_papers.html

Recent research on WDVV

1. Supersymmetric Quantum Mechanics:

» G. Antoniou and M. Feigin. Supersymmetric V-systems.
Journal of High Energy Physics, 2019(2):115, Feb 2019,
DOI: https://doi.org/10.1007/JHEP02(2019)115.

> A. Galajinsky and O. Lechtenfeld. Superconformal
su(1,1jn) mechanics. Journal of High Energy Physics,
2016(9):114, Sep 2016, DOL:
https://doi.org/10.1007/JHEP09(2016) 114.

» N. Kozyrev, S. Krivonos, O. Lechtenfeld, and A. Sutulin.
Su(2|1) supersymmetric mechanics on curved spaces.
Journal of High Energy Physics, 2018(5):175, May 2018,
DOI: https://doi.org/10.1007/JHEP05(2018) 175.

2. Topological quantum field theory

» O.B. Gomez and A. Buryak. Open topological recursion
relations in genus 1 and integrable systems. Journal of High
Energy Physics, 2021(1):48, Jan 2021, DOI:
https://doi.org/10.1007/JHEPO1(2021)048.


https://doi.org/10.1007/JHEP02(2019)115
https://doi.org/10.1007/JHEP09(2016)114
https://doi.org/10.1007/JHEP05(2018)175
https://doi.org/10.1007/JHEP01(2021)048

Recent research on WDVV

3. String theory

» A.A. Belavin and V.A. Belavin. Frobenius manifolds,
integrable hierarchies and minimal Liouville gravity.
Journal of High Energy Physics, 2014(9):151, Sep 2014,
DOI: https://doi.org/10.1007/JHEP09(2014) 151.

» Xiang-Mao Ding, , Yuping Li, and Lingxian Meng. From
r-spin intersection numbers to hodge integrals. Journal of
High Energy Physics, 2016(1):15, Jan 2016, DOI:
https://doi.org/10.1007/JHEP01(2016)015.

4. Supersymmetric gauge theory
> H. Jockers and P. Mayr. Quantum K-theory of Calabi-Yau
manifolds. Journal of High Energy Physics, 2019(11):11,
Nov 2019, DOI:
https://doi.org/10.1007/JHEP11(2019)011.


https://doi.org/10.1007/JHEP09(2014)151
https://doi.org/10.1007/JHEP01(2016)015
https://doi.org/10.1007/JHEP11(2019)011

Recent research on WDVV

5. Topological Recursion
» B. Eynard, Topological expansion for the 1-hermitian
matrix model correlation functions, JHEP/024A /0904,
hep-th/0407261
» L. Chekhov, B. Eynard, N. Orantin, Free energy topological
expansion for the 2-matrix model, JHEP 0612 (2006) 053,
math-ph/0603003
» B. Eynard, A short overview of the “Topological recursion”,
math-ph/arXiv:1412.3286.
6. Superintegrable systems in Classical Mechanics
» Vollmer, A. Manifolds with a Commutative and Associative
Product Structure that Encodes Superintegrable

Hamiltonian Systems. Ann. Henri Poincaré (2025).
https://doi.org/10.1007/s00023-025-01608-5



WDVYV equations

The system of associativity equations, also known as WDVV
equations, follows:

Sums =1 PP PF  PF  PF )
by =\ GixpraptB ot ottt Ot Ot otk O 0tP oty
*nuA(F)\aﬁFu'yy - F/\al/FP«B'Y) =0.

The dependence of the function F on t! is ‘completely’ specified
by the requirement Fiog = 1q4:

F= *7711 katk Z nswt "t + F (%, ),
k>1 k s>1

so that the WDVV system is an overdetermined system of
non-linear PDEs on one unknown function f = f(t2,... tV).



Digression: Hamiltonian PDEs

An evolutionary system of PDEs

— ot ( J oad o
F—Ut—f(t,l‘,u y Uy U - -

)=0

admits a Hamiltonian formulation if there exist A, H = [ hdx
such that

up = AY <5H>, with O (-1)70 o

Sul ou’ 7 Guﬁ}

where A = (AY) is a Hamiltonian operator (Poisson tensor), i.e.
a matrix of differential operators A% = AY79,, where

Oy = Oy 0+ 00, (total z-derivatives o times), which define a
Poisson bracket between functionals.



Solution of WDVV equations and Hamiltonian PDEs

(B. Dubrovin, ’90) Let F' be a solution of WDVV equations
with homogeneity degrees dy,...dy. Let us set

3
oy _ ba, e o°F
G =T Yoot

Then, the two operators
A =nY0,, Ay = gi‘j(’)w + T}juﬁ
where, after replacing t* — u*:
gij = cgdkuk

are Hamiltonian and compatible: A; + AAs is Hamiltonian for
every A € R, hence they define an integrable system of PDEs of
the form uj = Vjuj.



Solution of WDVV equations and enumerative geometry

Let N =3 and
00 1

n=|[0 1 0]. Then: Sysz= fyy — fon, + focafoyy =0
100

Then, the number of algebraic curves of degree n passing
through 3n — 1 generic points in the projective plane P?:

N = ¥ (52 (?;)"_‘;1) -y (f?j}j f))N(z’)N(j)

is obtained from a solution of WDVV equation for the
Frobenius potential F' (free energy) for the projective plane.



Simplest general example: WDVV in the case N =3

If N = 3 we have a single equation on f = f(t2,3) = f(x,y):
S9233 = 0. Here n = (n;;) is arbitrary. Explicitly,
(facyy”22 + fyyy7723 + 77127733)fxx;v - fmnyn22
+(_fmyy7723 + fyyz,/ng3 - 277127723 + 7]137733)fzxy - fa27yy7733
+(0"?n22 = 20" 123) fayy + 1220™ gy + 1" (11227133 — 133) = 0.

Introducing u! = fipe, u? = Jzay, ud = fzyy We have the
compatibility conditions



Simplest example: WDVV in the case N = 3

N
a2 + Byl + 13342

3 _ _
V7 = fyyy =

N = —noonssn™ + n3sn™ + (2m23n'™? — n3an*? )

+(277237713 o 77227712)u3 o n33n12u1

+7722(U2)2 + 7723u2u3 + 7733(u3)2 _ 7722u1u3

Solutions of one form of the ‘scalar” WDVV equation are in
‘bijection” with solutions of the WDVV ‘system’ of first-order
conservation laws.



Higher-order homogeneous Hamiltonian operators

Higher order homogeneous operators were introduced in 1984
by Dubrovin and Novikov. We can consider the second-order
and third-order homogeneous operators:

A5 =g ()32 + b (w)uso,

. i
+C;Jk( ) x$+62km( )um

m
uﬂf,’

AY =g (0)3 + b, (w)u}0;
), 4+ (ko
+ déjk( ) Ugpe + d3km( u)u ’;u% + dgkmn( )UQUZ‘UJZ
In canonical form:
AY =0, 0 g% 0 0,
AY =8, 0 (g5, + ¢ ul) o 0,



bi-Hamiltonian structure of WDVV equations

Theorem. For N = 3 and for arbitrary n the WDVV system
admits a bi-Hamiltonian structure (Vasicek, V. JHEP 2021).
For the previous ‘simple’ n:

-20 30,a 0,b

Ay = | La0, 3(9,b+10,) 3¢0, + ¢, ,

bo,, 30,c—cy (b —ac)d, + 9,(b? — ac)
0 0 Or
Ag = 833 0 Gx _az(l 6:1:

Or —a0y (0zb+ b0, + adza)
Aq and As are completely determined by their leading

coefficients:
- -3/2 1/2a b - 0 0 1
g7 =11/2a b 3/2¢ . g7 =10 1 —a

b 3/2¢c 2(b* —ac) 1 —a 2b+a?



Projective invariance of bi-Hamiltonian pair

Theorem Reciprocal transformations of projective type
di = Adz, @ =T'(u!) = (Al + A))/A

with A = ¢;u’ 4 ¢o preserve the canonical form of third-order
homogeneous operators As (Ferapontov, Pavlov, V. JGP 2014).
The leading terms are transformed as

93ij
Ad

g3i5 —7

where g3;; is of the same type as the initial metric; g3 is
identified with a quadratic line complex.

For A, we have an indirect proof and a limited understanding.



Digression: Pliicker’s line geometry

Two infinitesimally close points V,V + dV € P(C**1),
V=1t 0" VeaV =l +dot, . o T  do T

define a line with coordinates
A H
DT S S R 1 A S v v
pt = vidvt — vFdv” = det (v)‘—l—dv/\ v“—l—dv“)
inside the projective space: P(A2C"*1) (S. Lie coordinates for
Pliicker embedding).
We regard (u'), i = 1,..., n as an affine chart on P(C"*!), so
that u"™! =1, du™™! = 0 and
nH)i _ gy

PV = widu! —uldul, u'.



The algebraic variety of A

(Ferapontov, Pavlov, V., JGP 2014, IMRN 2016) The
third-order operator Ag fulfills the condition:

0i(93) jk + Ok(g3)ij + 0j(g3)ri = 0.

It implies that g3 is a Monge metric: a quadratic form in
Pliicker’s coordinates

gs = XTQX = f)\u,papkuppa-

Intersecting g3 with the Grassmannian
G(2,C" ¢ P(A2C™TY)

we obtain, in the generic case, a quadratic line complex.



More algebraic varieties in Ag

It was proved (Doyle 1992; Potemin & Balandin 1992) that the
Monge metric of a third-order homogeneous Hamiltonian
operator can be factorized as:

93 = Paptf du’ @ du? |
WP UG buf, WG = U,
where a,i,5 = 1,...,n. Let us write
a .1 1 [ | 71,0 1 « n+1 ;.4 2.7, n+1
Fdu :iwij(u du’ — du)+§1/1n+1j(u du' — u'du™™).
We can interpret

wa:wgbea/\eb:wg‘bp“b, a,b=1,...,n+1,

as n linear expressions in the Pliicker embedding of P™: a linear
line congruence.



The role of the metric ¢

A third-order operator of the form of A3 is completely
determined by a linear line complex, which is the datum of an
n-dimensional space of 2-forms

A=Span({A® |a=1,...,n}) C A2R"T!

endowed with a scalar product ¢ which lies in the kernel of the
canonical map

C: S’ (AR 5 AR X @Y —» X AY
restricted to A. In coordinates, if ¢ = @4
have

eq N\ epRecN\eqg we

ab,ed | _ac,bd + (pad,bc

C(9)abed = ¢ ©

NOTE. If  metric on RY, the natural metric nJ on A2RY
fulfills the equation!



The Hamiltonian equations for ¢ and v

For As to be a Hamiltonian operator it is enough to require
that ¢ is a metric on the n-dimensional space

A=Span({A% =¢%e* ANe® |a=1,...,n}) c AZR"H!

where a, b=1, ..., n+ 1, which lies in the kernel of C
restricted to S?(A). That amounts to the system of equations:

B B B _
‘Pﬁv(d}ig ;Yk + %s@% + wks Zj) =0,

where i, j =1, ..., n.



WDVYV, new results with N =4

How many independent equations are in WDVV system?
If N = 3 there is only one equation.

Let N =4, and set =2, y = t3, 2z = t*.

[ gy (Foze = fyzz) + 2fgysfoye — Fygyfoze — Foyyfyzz =0,

FoayFyze = fooeFyge — 1fozefaoyz + Foze + Foyyfoze + Wfazefyze — f2y. =0,
FooyFoys — FowsFygy + WfyysFozs — Wfoysfyse + fyzz =0,

froyfoze — Wlawzfrze — 2fans fays + foowfyze + 1faes =0,

fowzFoyy + WfowzFyzz — Fyyefoaw — foze foys + fozz =0,

fowyFoyy + WfawzFyyz — Joaa fyyy — WS pye + 2fny- = 0.



First ‘generic’ case: WDVV with N =4

Choose an independent variable, say x; it possible to find a
subsystem of equations that are linear with respect to z-free
derivatives:

fyyya fyyZ) fyzz: fZZZ

This linear subsystem is overdetermined: it consists of 5
equations. They can be solved for the 4 unknowns fyyy, fyy-,
fyzz> fzz2. If we introduce new field variables u* in
correspondence with every x-derivative of the third order, i.e.

ul = f:mxa u2 = fwzya U3 = fxacza

U4 = fmyya u5 = fzyza Uﬁ = fxzz



First ‘generic’ case: WDVV with N =4

The linear overdetermined system can be solved. For example,
if © =0 we have:

2u8 + u?ut wdut 4 ub 2udud — u?ub
Jyyy = B R Jyyz = a0 Jyzz = a0
3y2,4 | 3.6 2,35 2\2. 6
2 4 (u?)*u* + wu® — 2uu u® + (u”)*u
frze = (W°)? — utu® + T .

u

It is remarkable that also the remaining nonlinear equation is
solved by the above equations. So, the WDVV equations can be
written in orthonomic form.

Moreover, the above system is passive: there are no ‘hidden’
integrability conditions (Opanasenko, V. arXiv 2025).



Reducing the WDVV system

Consider the WDVV system:
Sapyw = U“A(F)\CXBFMV’Y — FaavFpupy) = 0.

Theorem (Opanasenko, V. arXiv 2025). Choose an index p,
2 < p < N. Then the WDVV system can be split into:

> a subsystem that is linear with respect to tP-free
derivatives;

» a subsystem that contains nonlinear equations wrt tP-free
derivatives;

The linear system can be uniquely solved with respect to tP-free
derivatives.

Conjecture. The part with nonlinearities vanishes upon the
solution of the linear part; WDVV equations can be put in
passive orthonomic form Verified up to N = 5.



WDVYV as a passive orthonomic system

Conjecture. The WDVV subsystem with (possible)
nonlinearities vanishes upon the solution of the linear part;
WDVYV equations can be put in orthonomic form Verified up to
N =5.

Theorem. If the Conjecture is true, then the WDVV system in
orthonomic form is passive for arbitrary N.



WDVV as a first-order systems of PDEs: N =4

Mokhov and Ferapontov (1996) introduced new letters for
third-order derivatives:

ul = Jaaezs u? = frmy; ut = Jrazs ut = fryya u’ = fmyz; u = Jazzs

7 8 9 10
U :fyyya U :fyy2’7 U :fyzm u” = fo.

We have the following compatibility relations:

d=w2  ul=ud w2=dd
u2 = uk u? = ud uﬁzug
: T S Y S o
doul  wd=dd W=
W=ud  wi=dd)  w =
b=l WS=uld W =0



WDVV as a first-order systems of PDEs: N =4

If we express the coordinates u” = Jyyys ud = Jyyzs ud = fyzz
u'® = f,.. by means of (u*), k =1,...,6 using all WDVV
equations, we have two commuting quasilinear systems of
first-order PDEs and a third set of trivial identities:

1 _,,3
(0l — o2 Uz = Ua
uy = Ug, uQ _ u5
z T
2 _ ,4
uy = Uy, u3 _ ’LLG
- )
Uy = Uy, yh o (vt
4 _ [ 2u54uut z ul o
uy - 1 3,5 .26
w T u5 — [ v u’—ucu
u5 B (u3u4+u6 z ul -
vy ul 6 5\2 _ 4,6
u6 — 2u3u5—u2ugg Uz = <<u ) ) w +, X
Yy wl . (u3)2u4+u5u672u2u3u5+(u2)2ub)
T
u
T



WDVV as a first-order systems of PDEs: N =4

What about the residual compatibility conditions? The system

2 ..3 4 _ .5
Ye Ty Ye Ty
de Ty T
Uz = Uy Uz = Uy

is identically verified when you restrict it to the two commuting
systems on the previous slide, and is equivalent to the fact that
the WDVV equations in orthonomic form are passive.

Corollary to the Conjecture. If the Conjecture is true, then
WDVYV equations can be rewritten as a set of N — 2 quasilinear
systems of first-order PDEs. The systems are commuting.

NOTE: It is unknown (although very likely) if solutions of
WDVYV equations are in ‘bijection’ with ‘joint’ solutions of the
commuting WDVV systems.



WDVYV equations as algebraic varieties: preliminaries

Following a construction of Agafonov and Ferapontov
(1996-2001) we associate to each system of conservation laws

ullf = (Vl)w
a congruence of lines in P"*! with coordinates [y!, ..., y"*?]

yi — ui n+1 + Viyn+2

In other words, the congruence is the family of lines through

the points
wl oo W™ 10
vi ...ovm o001

whose Pliicker coordinates are

u'VI — IV u', 748 1.



WDVYV equations as algebraic varieties:
systems with third-order Hamiltonian structure

Theorem (Ferapontov, Pavlov, V. LMP 2017) The system of
conservation laws ul = (V*), is Hamiltonian with respect to A
(recall that Ag is determined by g3 = goagi/)f‘wf and

Uf = Yful + wf) iff

V' = 902" = a(nfu’ +€%)

Py (W07 + U507 +p0]] = 0,
Py [ +win] —win]] = 0.

The associated congruence of lines is linear: it holds

1 - ‘ .
51/1%(1#‘” —u'V) + WiV —nitut — €4 = 0.

)




The Structure Theorem of WDVV equations

Theorem (Opanasenko, V. arXiv 2025) Let N > 3. Given
2< A< < N, the WDVV equations

{SAﬁuya 1<B<V<N}
can be written as

1
Y m, k k, m Y, k m _
§wkm(u)\ uu - U‘)\uu ) + )\wkuu - ,uw:,ynu)\ - )\ué.’y - 07

where the equation Syg,,, is associated with v = (v, 84 1) and
all coefficients are zeroes except:

> for2<f<r<Nand2<a,b< N we set
v,0+1) a v,5+1 .
P Dy =t = =g i (va) # (8,0);
> for2< S <v<M<N and p e {\ pn} we set

(V/o’+1) M1 wp+1) M .
PPy = T Tovs pWingy =T TpBs



The Structure Theorem, continued

» for2< B <v < Nand2<a<vw, with p e {\ pu}, we set

pwEijfl) = 1'"1,5 with a # 5, pnggfl) =115 = 1" N,
o) = .
> for 2 < B < v <N we set
WP = =M (g — naips); (1)
> for 1 <v <N and 8 =1 we set
,\wEZ:i)) =1 and ﬂwEZi)) =1. (2)

NOTE: The function of two arguments (v, 5 + 1) yields an
index ordering, and it is crucial for the induction argument.



WDVYV equations as algebraic varieties:
N — 2 linear line congruences

For fixed A, p such that 2 < A < pu < N, the WDVV equations
have the form

1
_ Y o(,m, k S k.om Y,k Y ,,m Y1
Sxpuv = §¢km(u‘)\ y, — ) awgy, = pwpuy = 38Tl =0,

where v = (v, 8+ 1). These are N — 2 linear line congruences,
one for each choice of A, u, each consisting of a system of n
hnear equatlons Wlth respect to the Pliicker coord.

u/\uu — u)\u#7 uly, u w 1.

Is it enough to make them into Hamiltonian systems?



Linear line congruences, N = 4

The system S2132 = 0, S2133 = 0, S2233 = 0, S2134 = 0,
S9934 = 0, S2334 =0 (A =2, p = 3) can be written as

1
idjzm(umvk — WKUp) + 2w Uk — W), um — 2367 = 0,

where
0 22 23 o _p2dg 0 0 0-n22 23 _p24
022 0 _p33 24 34 0 0 0_n23 33 34
3 23 33 34 5 0o 0 0 o0 0 0
P = T 034" 0440 s U° = 22 23 o (  _,34 _, 44 s
0 —n**t —n3t 0 —ntto moa FPRG K
224 34 o .4 o o 723 133 0 53 0 0
) o o0 o0 o n24 340 p44 o 0
00 o0 0 0
00 0 —n22 _p2 _,2
PO= 0% % |, vl=w2=ut=0
= 0722428 o 424 o ; = = =Y,
0n28 33 _p24 o _,d4
0n2d 34 o 4 g
1 0 0 0 0 0
0 1 0 0 0 0
0= —n'2ngg n'Znpa =030 0By, —n'4ngs ntngg 0
kA= 0 0 0 1 0 0
a2, B o ST I . 14,
0 e TR Eel TR k9 n'3npg—ntingy nlings

T
23¢ ="' (0,0, (1123)% — n22m33, 0, M237024 — M227)34, 724733 — M237)34)



The Metric Theorem

Theorem. (Opanasenko, V. arXiv 2025) Up to scaling by a
constant multiple, there exists a unique solution ¢ = 79, with
the following ordering:

Bp(a=1)(b=1) _ , Ab-1)

Caamy =10 Bla—1)

n )

of the system

Hijs: :
Hijk‘ wm(w%]k + w@%ﬂ + wk i) =0,
M s (UL + w]km +appm]) =0,

it 0, (W57 +win] —win]) = 0.



Order in which the

11,22 1232
7]11 7]2‘3 B (71]2 )1‘3
7 3 _ K

12,23 13,22

non non
P14

P16

equations H are solved

P14

P34
a4

P46



The Hamiltonian Theorem

Theorem. (Opanasenko, V. arXiv 2025) Let N > 3, and
choose an independent variable t?, 2 < p < N. Then, we obtain
N — 2 Hamiltonian systems of first-order conservation laws,
indexed by u such that 2 < u < N and p # p:

@Wh, =D,  I=1,..n, (3)

where VI VI(uA)

Each of the above systems is Hamiltonian with respect to one
and the same third-order Hamiltonian operator Aj

AY = 0,(95 00 + ¢ (uF)2) 0

93ij = cpaﬁwf‘@bf , where 95" is defined in the Structure Theorem
and ¢,g is defined in the Metric Theorem.



Bi-Hamiltonian conjecture

Many of the above first-order systems of conservation laws are
endowed with a Ferapontov operator A;p:

AT = 970, + Tk + P (wh)s 0 07 o (wh),

Aq is compatible with As: A7 + AAg is Hamiltonian for every
AeR.

Recent results by Lorenzoni, Opanasenko, V. (soon in arXiv)
show that compatibility implies that

g7 = V2% + 92 — Puiw)

where 1! Z%J are a family (parametrized by j) of fluxes which
are Hamiltonian with respect to As.

Conjecture. Every WDVV system is bi-Hamiltonian by a pair
as above.



Invariance of bi-Hamiltonian structures for WDVV
systems

Theorem An invariance transformation of the WDVV
equation preserves the form of the Hamiltonian operators in a
bi-Hamiltonian first-order WDVV system.

Proof The symmetry group of a third-order WDVV projects to
the symmetry group GL(N — 1,C) of a first-order WDV'V.

Invariance transformations that involve only two independent
variables preserve the form of the Hamiltonian operators
[Vasicek, V., 2021].

Any matrix in GL(CY~!) can be generated by means of 2 x 2
Gauss’ elementary matrices (up to permutations).



Symbolic computations

Within the REDUCE CAS (now free software) we use the
packages CDIFF and CDE, freely available at
https://reduce-algebra.sourceforge.io/.

CDE (by RV) can compute symmetries and conservation laws,
local and nonlocal Hamiltonian operators, Schouten brackets of
local multivectors, Fréchet derivatives (or linearization of a
system of PDEs), formal adjoints, Lie derivatives of
Hamiltonian operators, anticommuting variables and
super-PDEs.

Cooperation with AC Norman (Trinity College, Cambridge) to
improvements and documentation of REDUCE’s kernel.

A book, in cooperation with JS Krasil’shchik and AM
Verbovetsky: The symbolic computation of integrability
structures for partial differential equations, is published in the
series Texts and Monographs in Symbolic Computation,
Springer, 2018.


https://reduce-algebra.sourceforge.io/

Thank you!

Contacts: raffaele.vitoloQunisalento.it



