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Computing radical expressions for roots of unity

Andreas Weber 16 

We will use a s s ignmen t s  to  i n t e r m e d i a t e  expressions to p r in t  the  dag  r ep re sen t a t i on  of t he  radica l  express ion  for t he  29- th  
roo t  of unity.  T h e  roo t  of t he  dag will be  the  last  auxi l iary  var iable  t h a t  is p r in ted ,  i .e. t82 ;  th i s  f o r m a t  co r re sponds  to  
t he  o u t p u t  of t h e  o p t i m i z e  c o m m a n d  of MAPLE [3]. 
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t l l  = t S t 3 ,  t 12  = t 8 t 2 ,  t 13  = 2 ~ + ~ - ~  + ~ -- 1 / 5 ,  

t 14  ~ t 1 3 2 , t 1 5  = t 1 4 2 , t 1 6  = t 1 4 t 1 3 , t 1 7  =: t 15  t 1 4 ,  t 18  = t15  t 1 3 ,  
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t 34  = ( - - 2 5 9  t l O  -- 2 5 9 3 t l l  -- 2593t12 _ .Z.~'~.3 -- 982 t 1 5  --{- 1628 t16  -- 257 t17  + 2672 t18  + ,t t 1 4 )  t26  - 1  , 

= _ 178 14 + 207t 8_ 2 8 5 . 7  178 15 + 2 5 9 , 1 0  + 25v1  + 2 5 v 1 2  _ 352 15),25-1 20-1, 
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Figure  2: Radica l  express ion for ~29 

Table  1: S u m m a r y  of C o m p u t a t i o n s  
T h e  following c o m p u t a t i o n s  t imes  refer to  our  MAPLE i m p l e m e n t a t i o n  of t h e  a lgo r i t hm on a SUN SPARC 10 works ta t ion .  

p p - 1 comp.  size of t e r m  size of t e r m  
t ime  ( t ree  rep.)  (dag rep.)  

(in sec.) r a t iona l  radica l  r a t i ona l  radica l  
ope ra t ions  opera t ions  ope ra t ions  ope ra t i ons  

3 
5 
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11 
13 
17 
19 
23 
29 
31 
37 
41 
43 
53 
61 
67 
71 
73 
79 
89 
97 

101 
109 
113 
127 
151 
163 
181 

2 <1  
22 1 

2 . 3  2 
2 . 5  10 

22 • 3 5 
24 5 

2 • 32 13 
2 . 1 1  758 
22 • 7 352 

2 - 3 . 5  206 
22 - 32 267 

23 • 5 418 
2 • 3 • 7 1379 
2 ~ - 13 9190 

2 ~ • 3 • 5 639 

3 
9 

86 
566 
196 

36 
767 

22357 
27225 

8634 
2429 
7316 

144977 
352608 

28194 

2 
6 

38 
189 

59 
19 

221 
73731 

8133 
2753 

691 
2349 

43207 
101319 

8959 

3 
8 

30 
94 
47 
28 
90 

450 
147 
216 
158 
259 
410 
679 
318 

2 . 3 . 1 1  27435 
2 . 5 . 7  2058 
23.  32 506 

2 . 3 . 1 3  27693 

3655262 
441479 

11996 
1883327 

1204289 
131457 

3401 
542751 

872 
684 
293 

1049 

5 
6 
5 
6 
7 
7 
8 

11 
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12 
9 
9 

13 
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2 . 3 . 1 1  38739 347236 1132419 1055 13 
2 ~ . 3  2573 6702 2053 237 19 

2 2 . 5 2  3700 72796 23271 708 11 
2 2 . 3  ~ 4372 63949 17943 405 11 

2 4 . 7  16419 656641 195381 904 19 
2 . 3 2 . 7  38256 3070482 913347 868 14 
2 . 3 . 5  z 24544 400742 127933 920 11 

2 . 3 4  33739 357895 100287 805 16 
2 ~ . 3 2 . 5  74043 1109706 352045 1063 1 7  
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Computing radical expressions for roots of unity (19)



UNIFIED CONSTRUCTIONS OF HEPTAGON AND

TRISKAIDECAGON

HELMUT RUHLAND

1. Introduction

In [2] A. Gleason gave constructions of a heptagon and triskaidecagon using only
square roots and the trisection of angles. Later S. Adlaj [1] presented a very elegant
construction of the heptagon, that shows the action of a cyclic subgroup of order 3
in the related Galois group on the 3 constructed vertices.

In this article I present 3 new unified constructions of the 2 regular polygons,
unified means here all based on S. Adlaj’s geometric construction.

In section 2 I repeat the construction in [1] and show one more for the heptagon.
In section 3 2 constructions for the trikaidecagon are shown.

2. Constructions of the heptagon

2.1. The first construction, type I: S. Adlaj’s from [1]. Let ϵk = e2πi/3 k =

((−1+
√
3 i)/2)k, k = 0, 1, 2 a third root of unity. Define the 3 third roots ζk, k =

0, 1, 2:

ζk = ϵk
3
√

ζ ζ =
1− 3

√
3 i

2
√
7

(2.1)

Determining the third root of ζ is a equivalent to a trisection because |ζ| = 1. The

angle to trisect is θ = − arctan(3
√
3) = − arccos(1/(2

√
7)) ≈ −79.1066◦

Take as radii of the 2 grey, concentric circles in figure 1:

R1, R2 =

√
(7±

√
21)/18 (2.2)

Form three vertices of the heptagon, the three red, green, blue parallelograms in
figure 1 realize the following complex additions:

V0 = R1ϵ0 +R2ζ1 V1 = R1ϵ1 +R2ζ0 V2 = R1ϵ2 +R2ζ2
1 (2.3)

The 3 constructed vertices V0, V1, V2 represent the quadratic residues PR2 =
{1, 2, 4} modulo 7. The triangle built by these 3 vertices has 3 different side lengths
on so no symmetry.
The cyclic permutation C3 : ζk → ζk+1 of order 3, subscripts modulo 3, acts on
these 3 vertices.

1There is no typing error here, in V0, V1 the ϵ and ζ subscripts are different

1
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2.2. The second construction, Type II . Now the angle to trisect is θ = 0 = 0◦.
Only a square root is necesary to get θ/3 = 0◦, 120◦, 240◦.

Set R1 = 1 and R2 equals one of the six real roots rk, k = 0, . . . , 5 of the
palindromic, sextic polynomial P = r6 + 6r5 − 6r4 − 29r3 − 6r2 − 6r + 1. Because
P is palindromic, with every root r, the inverse is a root too. The 6 roots can be
constructed by square roots and solving a cubic, because withQ = (s3+6s2−9s−41)
and s = r + 1/r P = Q(s) r3

rk, rk+3 =
sk ±

√
s2k − 4

2
sk a root of Q k = 0, 1, 2 (2.4)

These 6 roots can also be expressed by the ζk gotten by the trisection 2.1:

rk, rk+3 =
sk ±

√
s2k − 4

2
sk = −2 +

√
7 (ζk + ζ̄k) k = 0, 1, 2 (2.5)

The vertices of the heptagon are given by 2.3. Hint: a negative R2 in this geo-
metric construction means: a vector in the parallelogram has to be taken negative.

In contrary to the previous construction, the triangle built by the 3 constructed
vertices V0, V1, V2 is now s an isosceles triangle with symmetry axis a horizontal
line through 0.
C3 : ζk → ζk+1 acts now on the 6 radii rk and so on the 6 isosceles triangles. Up
to scaling and rotation are only 3 different triangles.

2.3. The third construction, but nothing new, is of type II too. Now the
angle to trisect is θ = π = 180◦. Only a square root is necesary to get θ/3 =
60◦, 180◦, 300◦.

Set R1 = 1 and R2 equals one of the negative six real roots rk of the second
construction in 2.2.

Because a negative radius R2 is equivalent to a positive radius and a rotation
by π of the triangle inscribed in this circle: this construction is equivalent to the
previous subsection 2.2 .

3. Constructions of the triskaidecagon

3.1. The first construction, type I. Let ϵk = e2πi/3 k = ((−1 +
√
3 i)/2)k, k =

0, 1, 2 a third root of unity. Define the 3 third roots ζk, k = 0, 1, 2:

ζk = ϵk
3
√

ζ ζ =

√
26 + 5

√
13−

√
26− 5

√
13 i

2
√
13

(3.1)

Determining the third root of ζ is a equivalent to a trisection because |ζ| = 1. The

angle to trisect is θ = − arccos

(√
26+5

√
13

2
√
13

)
≈ −23.0510◦

Take as radii of the 2 grey, concentric circles in figure 1:

R1, R2 =

√√
13 +

√
13±

√
5 +

√
13

2
√
2

R1 R2 = 1 (3.2)

The 3 constructed vertices V0, V1, V2, see 2.3, represent the now quartic residues
PR4 = {1, 3, 9} modulo 13. Using −θ/3 the vertices represent 4PR4 = {4, 10, 12}.
The triangle built by these 3 vertices has 3 different side lengths.
The cyclic permutation C3 : ζk → ζk+1 of order 3, subscripts modulo 3, acts on
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these 3 vertices.

To get the vertices belonging to the 2 remaing multiplicative cosets of quartic
residues 2PR4 = {2, 5, 6} and 8PR4 = {7, 8, 11}, the following 2 radii and angle
to trisect have to be used:

R1, R2 =

√√
13−

√
13±

√
5−

√
13

2
√
2

R1 R2 = 1 θ = − arccos

(√
26− 5

√
13

2
√
13

)
≈ −66.9489◦

(3.3)

3.2. The second construction, Type II . Now the angle to trisect is θ = 0 = 0◦.
Only a square root is necesary to get θ/3 = 0◦, 120◦, 240◦.

Set R1 = 1 and R2 equals one of the 12 real roots rk, k = 0, 1, . . . , 11 of the
palindromic, degree 12 polynomial P = r12+12r11−12r10−274r9−441r8+441r7+
1275r6+441r5−441r4−274r3−12r2+12r+1. Because P is palindromic, with every
root r, the inverse is a root too. The 12 roots can be constructed by trisections ? and
square roots, because with Q = (s6 + 12s5 − 18s4 − 334s3 − 384s2 + 1323s+ 2131)

and s = r + 1/r P = Q(s) r6. The sectic Q factorizes in Q(
√
13) as product of

R = s3 + 3 (2 +
√
13) s2 + 21 (3 + 1

√
13)/2 s + (15 + 107

√
13)/2) and its Q(

√
13)-

conjugate R̄.

rk, rk+3 =
sk ±

√
s2k − 4

2
sk a root of R k = 0, 1, 2

rk+6, rk+9 =
sk ±

√
s2k − 4

2
sk a root of R̄ k = 0, 1, 2

(3.4)

The vertices of the trikaidecagon are also given by 2.3. Hint: a negative R2 in
this geometric construction means: a vector in the parallelogram has to be taken
negative.

In contrary to the previous construction, the triangle built by the 3 constructed
vertices V0, V1, V2 is now s an isosceles triangle with symmetry axis a horizontal
line through 0.
C3 : ζk → ζk+1 acts now on the 12 radii rk and so on the 12 isosceles triangles. Up
to scaling and rotation are only 6 different triangles.

3.3. The third construction, but nothing new, is of type II too. Now the
angle to trisect is θ = π = 180◦. Only a square root is necesary to get θ/3 =
60◦, 180◦, 300◦.

Set R1 = 1 and R2 equals one of the negative 12 real roots rk of the second
construction in 3.2.

Because a negative radius R2 is equivalent to a positive radius and a rotation of
the triangle inscribed in this circle: this construction is equivalent to the previous
subsection 3.2 .

4. Open questions

Are the constructions of type I, type II or both also possible for other p-gons
with p a prime of the form 6n + 1? The next primes p to investigate would be
p = 19, 31, . . . .

4 H. RUHLAND

Appendices

Appendix A. S. Adlaj’s geometric construction

Figure 1. A scan of the heptagon construction in [1] with the
denomination of vertices added by the author of this article. The
vertices ϵk, ζk do not have unit distance to 0, instead they should
have been denominated ϵkR1, ζkR2
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A few curiosities concerning the prime 11
�Evariste Galois, 1832: The modular equation of level 11 (among all
modular equations of prime level) possesses the highest depressable (from
12 to 11) degree.

Srinivasa Ramanujan, 1916: The Dirichlet series L(s) = L(s, τ) =
∞∑
n=1

τ(n)

ns
,

where τ(n) is the coe�cient of qn in ∆(q) := q
∏∞

n=1(1− qn)24, possesses
the Euler product L(s) =

∏
p is prime

(1− τ(p) p−s + p11−2s)−1.

Barry Mazur, 1977: 11 groups Z/nZ, for n ranging from 1 to 12 but
excluding 11, are the possible cyclic torsion subgroups of a rational elliptic
curve.

Lisa Piccirillo, 2018: The minimal crossing number for a non-slice yet trivial
Alexander polynomial knot is 11. That knot is the Conway �mutant� of the
Kinoshita�Terasaka knot (which is a slice knot). It is the only such knot
among all knots with no more that 12 crossings.

The 11-gon is the �smallest� polygon for which no neusis nor (single-fold)
origami construction has ever been demonstrated, although the existence
(without its explicit demonstration) has been alleged by �Wikipedia� since
October 3, 2016.
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A hendecagon construction via quintisection

Semjon Adlaj

The construction, as offered, requires angle quintisections. So, assume that we are given
the ten vertices of two regular pentagons. The vertices are the fifth roots of the two (complex)
numbers ζ5+ and ζ5−, where

ζ5± :=
±25
√

5− 89− 5 i
√

410± 178
√

5

44
√

11
, i :=

√
−1.

Note that both numbers ζ5+ and ζ5− lie in the third quadrant, and let ζ+ and ζ− denote

their corresponding fifth roots in the first quadrant. Construct a circle centered at 1/
√

44
with radius 5/

√
11, and place a vertex on it at

√
11/2. Then the real part of the sum ζ− + ζ+

turns out to match the real part of a “next” vertex of a hendecagon thereby inscribed in the
just-constructed circle.

1

ⅈ

ζ- + ζ+

ζ-

ζ+

ζ-
5

ζ+
5

1/
√

44

√
11
2

A 23-gon construction via 5 and 11 angle section

Semjon Adlaj

Let ξ denote a primitive 11th root of unity. Its construction via (no more than) fifth root
extraction was explicitly shown here. Introduce the (complex) numbers η11n := p(ξn), where p(x) :=

4810728−18426793x+12996313x2+15151367x3+4283752x4−4039948x5+290906x6−5853705x7−2099438x8−1781164x9−5332019x10

2311/2
.

The construction of the icositrigon which we propose assumes that we have extracted the five
11th roots η1, η2, η3, η4, η5 which correspond to particular vertices of five (colored in red, orange,
yellow, green and blue) hendecagons, inscribed in a unit circle.

0 1/
√
92 = −η0/2

√
23
2

η111

η112

η113

η114
η115

η1

η1+η2

η1+η2+η3

η1+η2+η3+η4

η1+η2+η3+η4+η5

Construct a circle centered at 1/
√

92 (which would coincide with −η0/2) with radius 11/
√

23,
and place a vertex on it at

√
23/2. Then the real part of the sum η1+η2+η3+η4+η5 turns out to

match the real part of a “next” vertex of a 23-gon thereby inscribed in the just-constructed circle.
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A 29-gon construction via 3 and 7 angle section

Semjon Adlaj

Let ξ := e2π
√−1/7. The construction of a primitive 7th root of unity via (no more than) cube

root extraction was explicitly shown here. Introduce the four (complex) numbers

η0 :=

√
29− 1

4
, η1

7 := p(ξ), η2
7 := p(ξ2), η4

7 := p(ξ4),

where

p(x) :=
7(18879− 1709

√
29− 6641

√
−7− 2237

√
−203 )

4
x2+

+
7(19981− 6411

√
29− 8845

√
−7 + 439

√
−203 )

4
x− 84071

2
− 8557

√
29− 10962

√
−7+ 4445

√
−203

2
.

The construction of the icosienneagon which we propose assumes that we have extracted the 7th

roots η1, η2 and η4 which correspond to particular vertices of three (colored in red, green and blue)
heptagons.

−η0 7− η0

η4

η1

η2
η2+η1

η4+η2+η1

Construct a circle, centered at −η0, with radius 7, and place a vertex on it at (29 −
√
29)/4.

Then the real part of the sum η1+η2+η4 turns out to match the real part of a “next” vertex of a
29-gon thereby inscribed in the just-constructed circle.

A heiskaitriacontagon construction via trisection and quintisection

Semjon Adlaj

Introduce the (three) complex numbers

η0 :=

3

√
31
(
2 + 3

√
−3

)
+ 3

√
31
(
2− 3

√
−3

)
− 1

6
, η1

5 := p(ξ), η2
5 := p(ξ2),

where

ξ := e
2π
√−1
5 =

√
−2(5 +

√
5)+
√
5−1

4
, p(x) :=

3

√
31
(
2 + 3

√
−3

)
z+(x) +

3

√
31
(
2− 3

√
−3

)
z−(x)− z0(x)

6
,

z0(x) := 280 x4 + 2140x3 − 30x2 − 960x− 1208,

z±(x) := −50x4 − 215x3 − 60x2 + 255x+ 274±
√
−3

(
60x4 − 5x3 + 130x2 − 115x− 44

)
.

The construction of the heiskaitriacontagon which we propose assumes that we have extracted the 5th

roots η1 and η2 which correspond to particular vertices of two (colored in red and blue) pentagons.

−η0 5−η0

η2

η1

η1+η2

Construct a circle, centered at −η0, with radius 5, and place a vertex on it at

5− η0 =
31− 3

√
31
(
2 + 3

√
−3

)
− 3

√
31
(
2− 3

√
−3

)

6
.

Then the real part of the sum η1+η2 turns out to match the real part of a “next” vertex of a 31-gon thereby
inscribed in the just-constructed circle.
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ρ0 = 2

(
cos

(
8π

41

)
+ cos

(
32π

41

)
+ cos

(
36π

41

)
+ cos

(
20π

41

)
+ cos

(
40π

41

))
=
−1 +

√
41−

√
82− 10

√
41

4
,

ρ
5

1
=
−2000 ξ4

5
− 2000 ξ3

5
+ 460 ξ2

5
+ 1895 ξ5 − 1016 +

√
41
(
−120 ξ4

5
− 140 ξ3

5
+ 230 ξ2

5
+ 485 ξ5 − 14

)
4

+

+

√
82− 10

√
41
(
−240 ξ4

5
− 130 ξ3

5
+ 5 ξ2

5
− 45 ξ5 + 1

)
+ 5
√
82 + 10

√
41
(
−64 ξ4

5
− 26 ξ3

5
+ 43 ξ2

5
+ 50 ξ5 + 23

)
4

,

ξ5 := e2π
√
−1/5,

ρ1 = ρ(ξ5),

ρ2 = ρ(ξ2
5

),

ρ3 = ρ(ξ3
5

),

ρ4 = ρ(ξ4
5

),

cos
(
2π
41

)
=
ρ0+ρ1+ρ2+ρ3+ρ4

10
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ρ0 =

3

√
43
(
−4 + 3

√−3
)

+ 3

√
43
(
−4− 3

√−3
)
− 1

3
,

ρ
7

1
=
−116963 ξ6

7
+ 39557 ξ5

7
+ 7952 ξ4

7
− 44422 ξ3

7
+ 147014 ξ2

7
+ 90727 ξ7 − 159748

3
+

+

3

√
43
(
−4 + 3

√−3
)
z+(ξ7) + 3

√
43
(
−4− 3

√−3
)
z−(ξ7)

6
,

z±(x) := −21329 x6 − 2149 x5 + 2891 x4 + 13328 x3 + 23114 x2 + 11641 x − 16192+

±
√
−3
(
4431 x6 + 27307 x5 − 5845 x4 − 26138 x3 + 1092 x2 + 11193 x − 10254

)
.

ξ7 := e2π
√
−1/7,

ρ1 = ρ(ξ7),

ρ2 = ρ(ξ2
7

), ρ3 = ρ(ξ3
7

),

ρ4 = ρ(ξ4
7

), ρ5 = ρ(ξ5
7

), ρ6 = ρ(ξ6
7

),

cos
(
2π
43

)
=
ρ0+ρ1+ρ2+ρ3+ρ4+ρ5+ρ6

14
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Chronologically ordered dates corresponding to prime
numbers of sides of explicitly constructed regular polygons

Pythagoras of Samos (570�495 BC) 5

Archimedes of Syracuse (287�212 BC) 7

1796 Carl Friedrich Gauss 17

1822 Magnus Georg Paucker 257

1894 Johann Gustav Hermes 65537

1988 Andrew Mattei Gleason 13

2024 11

2025 19, 23, 29, 31, 37, 41, 43

The colors signify the maximum number of equal parts into which an
angle must be divided for a corresponding construction: {2,3,5,7,11}.
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A few special values of the modular invariant
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From a letter by a well-informed friend

Hi! Semjon,

Only today did I have time to read your "DellaDumbAugh.pdf" article. Apologies.

I think I understand why you spell "dumbaugh" with capital D and capital A. Indeed, she is dumb not to purchase your article when 
you are clearly ahead in this field...

There are lots of things I don’t understand about the problem, let alone the solution that you give and which contrasts with misguided 
statements by her and some of her colleagues...

However, let me give this element of thought:

Creating a solution is more useful than stating that a solution exists.
In my current field of Engineering, this is recognized by the Patents system, where discovering is rewarded by a Patent, so that others 
cannot "claim" your invention.
I don’t know if this is practical, but I would recommend that you "file" a patent application about your method, with just the purpose 
of establishing your priority on the discovery.

Now, Science is not Engineering. The ideal case in Science is that you should be paid by academic institutions to make discoveries, 
that are then shared free-of-charge.

However, this model of "purely humanistic science" is quickly falling apart. I think a case can and should be made to DumbAugh that 
your contribution to a successful publication (which do generate revenue, it seems) should be rewarding to you.

Let me emphasize that I am really impressed with your article, and the construction of even a 31-gon – but that does not mean that I 
understand it. To me, it is mysterious that you are able to reduce a N-gon’s coordinates calculation into the calculation of smaller 
roots, for (it would seem) any N value...

Amities,

{6.21852,0. -2.38362 I,6.21852 -2.38362 I}

hj1I‐EnOc‐7DoO‐CFjs

1
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