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Applying Polynomial Computer Algebra to Geometrically Construct Regular Polygons
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A highly critical review of the “classical” history of cyclotomy by Nikolai Vavilov
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Fermat numbers and cyclotomy

N. A Vavilov

Abstract: The talk is devoted to the history of Fermat numbers and their kin, as well as their role in
cyclotomy. Fermat conjecture that Fermat numbers F,, = 22" + 1 are prime, tumed out to be both false
and wrong (actually, Fermat never asserted this as a fact, Mersenne did!) Nevertheless, it is a GREAT
conjecture, which played crucial role in the development of number theory, and algebra at large. Rebuttal of
this conjecture, factorisation of Fy, was the first published paper of Leonhard Euler in number theory.
Similarly, a claim that the regular 17-gon can be constructed by ruler and compass, also intimately related
to Fermat numbers, was the first mathematical paper by Carl Friedrich Gauss, after which he decided to
become a After a brief I outline the history of of Fermat numbers,
including the recent progress due to the advent of distributed computations. The Gauss—Wanzel theorem
asserts that a regular n-gon is constructible by ruler and compass, if and only if 7 is a product of 2™ and
pair-wise distinct Fermat primes. It was an absolute shock for me to discover that the whole story of
cyclotomy according to Klein, presented in all textbooks, is a COMPLETE FAKE, which ignores the
contributions by French, Russian and even Prussian mathematicians. Thus, in *Disquisitiones” Gauss
didn't prove necessity in the above theorem, this was only done by Pierre Wanzel some 40 years later.
Gauss has not given an actual construction of a 17-gon, he computed cos(2m/17). The first such
geometric construction was published by Egor Andreevich von Pauker. Also, he computed cos(2m/257)
some 10 years before Friedrich Richelot and Fischer, Johann Hermes constructed the regular 65537-gon in
Koenigsberg, and not in Linden or Goettingen, and so on. However, Gauss has established the sufficiency
part of the Gauss—Pierpoint theorem, which is seldom mentioned either.
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Computing radical expressions for roots of unity (conclusion)

In [6] a special algorithm to obtain radical expressions
for roots of unity is given. This algorithm is also based on
ideas of GAUSS, and is similar in some aspects to the one we
have described in this paper. The main difference is that it
does not use a chain of factors of p—1 but works in one single
step on p — 1, which allows certain simplifications. Its time
complexity is O(p®) which makes is asymptotically worse
for the class of primes p with the property that the prime
factors of p— 1 can be bound by a function that is sublinear.
We have also implemented this algorithm in MAPLE. We
found that for the examples we could compute it was much
slower than the algorithm of this paper and gave much larger
radical expressions for the roots of unity, even in the cases of
prime numbers p with the property that (p — 1)/2 is prime.

We know of an algorithm developed by B. TRAGER,
which also computes radical expressions for a p-th root of
unity (18]. This algorithm is entirely different from the one
of GAUSS. The major computational task of this algorithm
consists of inverting a matrix of size O(p) over Q(¢y), where
qis a divisor of p—1. Thus if p— 1 is smooth, the asymptotic
complexity of the algorithm presented in this paper is much
better. But in special cases such as the one that (p — 1)/2
is prime the algorithm of TRAGER might be an interesting
alternative.

Several methods treat the more general case of giving
radical expressions for general polynomials with a solvable
GALOIS group—or a cyclic GALOIS group—and leave the
case of roots of unity as a special one.

In [7] a method to solve cyclic equations which is based
on the method of LAGRANGE is described. However, the
described method uses an auxiliary expression which is ob-
tained by applying the full group of permutations Sy to the
set of roots r1,...,7n. Thus this method would give an al-
gorithm with exponential complexity.

LANDAU and MILLER [14) have shown that the general
problem to solve solvable polynomial equations by radicals
can be solved in polynomial time. The general algorithm
described in [14) can be applied to this more specific prob-
lem. However, this algorithm has a time complexity of more
than O(p'?).

An interesting algorithm—which is based on invariant
theory—to obtain radical expressions for the roots of a solv-
able polynomial is sketched in (16, Section 2.7). However, we
do not know of an implementation of this algorithm nor of a
discussion of its computational complexity. For the general

SWe do not know of an actual implementation of this algorithm
and 50 we could not compars ie actual behavior on small instances
of the “hard cases” such as p =

Andreas Weber

case the algorithm requires the computation of a GRGBNER
basis for a relative orbit variety which suggests that its com-
putational complexity is quite large.
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Table 1: Summary of Computations
The following computations times refer to our MAPLE implementation of the algorithm on a SUN SPARC 10 workstation.

p p—1 comp. size of term size of term
time (tree rep.) (dag rep.)

(in sec.) rational radical rational radical
operations | operations || operations | operations
3 2 <1 3 2 3 2
5 22 1 9 6 8 4
7 2.3 2 86 38 30 6
11 2.5 10 566 189 94 8
13 22.3 5 196 59 47 5
17 24 5 36 19 28 6
19 2-3? 13 767 221 90 5
23 2-11 758 22357 73731 450 6
29 22.7 352 27225 8133 147 7
31| 2-35 206 8634 2753 216 7
37 22 .32 267 2429 691 158 8
41 2.5 418 7316 2349 259 11
43| 2:3.7 1379 144977 43207 410 7
53 2713 9190 352608 101319 679 9
61| 2235 639 28194 8959 318 12
67| 2-3-11 27435 3655262 1204289 872 9
1| 257 2058 441479 131457 684 9
73 2%.3? 506 11996 3401 293 13
79| 2-3-13 27693 1883327 542751 1049 9
89| 2-3-11 38739 347236 1132419 1055 13
97 2%.3 2573 6702 2053 237 19
101 22 . 5% 3700 72796 23271 708 11
109 273 4372 63949 17943 405 11
113 247 16419 656641 195381 904 19
127 | 2327 38256 3070482 913347 868 14
151 | 2-3-5° 24544 400742 127933 920 11
163 23" 33739 357895 100287 805 16
181 | 22325 74043 1109706 352045 1063 17
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Computing radical expressions for roots of unity (29

Andreas Weber 16

We will use assignments to intermediate expressions to print the dag representation of the radical expression for the 29-th
root of unity. The root of the dag will be the last auxiliary variable that is printed, i.e. t82; this format corresponds to
the output of the optimize command of MAPLE [3].

u:\/:;m= g-1/2,08 =122 5= /o +8-0e1, 8= BzZ2totl uo=\/—/s+3§l+3§‘

11 = 1513, 612 = 8¢2,013 = H0 4 H1 + U2 1/,
t14 = nsz, t15 = f,142 t16 = t14t13,t17 = t15t14,t18 = t15¢13,
20 = V—xss:e t10 - 18529411 _ 18529012 . 117701 4 33383 ¢15 + 63224 £16 + 58352 t17 — 26096 118 — 46396 114,
21 = 152,122 = 21 t15, 125 = 202, 126 = £252,

= (48710 _ - - — 183211 _ T - -1 -
120 = 1 1670 t14 + 3186 18 + 6521 t17 — 1454 t16 — 783210 2 1833412 4644 z15) 1261120
30 = 2114,

= (- — 259¢11 _ _ I385 _ - 7 4 -1
134 = ( 259t10 ] 289012 2 982115 + 1628 t16 — 257 t17 + 267218 + nu) 126~ 1,

30 = (lgl — 178t14 4 257418 — 23617 —- 178¢16 + 259 +10 + 25911 4 259012 _ 352u5) 25~ 1e20~
20104+ 2811+ 2412 410/3462 41544 £16+62¢17-25 t18—112¢14
= 28
a7 = (%1 —2t10 — 24— 2812 _ 4015 - 4418 — 4617 — 414~ qna) 2071, ¢50 = 1212, 156 = t50¢15,
22 4 £20%22 ﬂB_tﬂ.Q+ + +.'Aﬂ_l.i+ ,W-w_w_w_ _.2_'4;_’43
w@euL Laneld 1 2343040 .
= 150¢17,186 = 120 118, 167 = t54t15, 168 = cae 416,69 = 143414, L70 = L47 113,

g ey il iRy g 0 20p0ul  duguis - 2upue - ugan - 2ug - 2upus,
wie/ B B B B H s AR R R

Figure 2: Radical expression for {29
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Computing radical expressions for roots of unity  (23)

@ & & mathworld.wolfram.com  Trigonometry...

= s Wolfram MathWerld iowsssiss o= Q

As already noted, a special type of expansion in terms of radicals with real

arguments can be obtained if # is a power of two times a product of distinct
Fermat primes. For other values of #, the situation becomes more complicated.
It is now no longer possible to express trigonometric functions in a form that
they are expressed as real radicals, but a certain minimal representation still
exists. The simplest nontrivial example is for n = 7. The exact meaning of
"minimal" is rather technical and is related to the Galois subgroups of certain
cyclotomic polynomials (Weber 1996). As it turns out, for n prime, the
expansions are especially interesting and difficult, and higher order Galois
group calculations are both difficult and time-consuming. For example, n = 23
is a very difficult case and takes a long time to calculate. Some larger primes

are easier again but the complexity grows with the size of the prime on average.
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Computing radical expressions for roots of unity

C & mathstackexchange.com abstract alge...
Q Search on Mathematics...

Am I missing something that could help me to solve this second trisection? Thanks.

EDIT:

After some computations, I found this result (checked by WA, though):

2wy _ 2. - . 1 (3K +17k+18) (—5—k+k?)
2cos( ) = (2,1) =2 . 2K+ 7 cos(garccos 2\/@\/’41:9+18k+21) +-—

Where k = (6,2) = 2‘/—9008 ( arccos %

wa)

But, man, now I have no clue how to construct this.

abstract-algebra trigonometry complex-numbers geometric-construction

Share Cite Follow edited May 6, 2

(19)

—

_=, | Log in |

asked May 5, 2020 at 20:20

° Eduardo |
11 A2




UNIFIED CONSTRUCTIONS OF HEPTAGON AND
TRISKAIDECAGON

HELMUT RUHLAND

1. INTRODUCTION

In [2] A. Gleason gave constructions of a heptagon and triskaidecagon using only
square roots and the trisection of angles. Later S. Adlaj [1] presented a very elegant,
construction of the heptagon, that shows the action of a cyclic subgroup of order 3
in the related Galois group on the 3 constructed vertices.

In this article T present 3 new unified constructions of the 2 regular polygons,
unified means here all based on S. Adlaj’s geometric construction.

Tn section 2 T repeat the construction in [1] and show one more for the heptagon.
In section 3 2 constructions for the trikaidecagon are shown.

2. CONSTRUCTIONS OF THE HEPTAGON
2.1. The first construction, type I: S. Adlaj’s from [1]. Let ¢ = ¢2m/3k =
((—14V/34)/2)*, k=0,1,2 a third root of unity. Define the 3 third roots Gy, k =
0,1,2:

G=ail ¢ % 1)

Determining the third root of ¢ is a equivalent to a trisection because [¢| = 1. The
angle to trisect is § = — arctan(3v/3) = — arccos(1/(2v/7)) &~ —79.1066°

Take as radii of the 2 grey, concentric circles in figure 1:

Ri, R,

(7+v21)/18 (2.2)

Form three vertices of the heptagon, the three red,
figure 1 realize the following complex additions:

1, blue parallelograms in

Vo=Rico+ R Vi=R Vo= Ries + RaGe' (23)

The 3 constructed vertices Vy, V1.V, represent the quadratic residues PRy =
{1,2,4} modulo 7. The triangle built by these 3 vertices has 3 different side lengths
on s no symmetry.

The cyclic permutation Cs : ¢ — Crsy of order 3, subscripts modulo 3, acts on
these 3 vertices.

There is no typing error here, in Vo, Vi the ¢ and ¢ subscripts are different.
1

2.2. The second construction, Type IT . Now the angle to trisect is § = 0 = 0°.

Only a square oot is necesary to get 6/3 = 0°,120°, 240°.

Set Ry

1 and Ry equals one of the six real roots 1y, k 5 of the
palindromic, sextic polynomial P = r® 4 6 6 — 29r% — 6r2 — 6r + 1. Because
P is palindromic, with every root 7, the inverse is a root too. The 6 roots can be
constructed by square roots and solving a cubic, because with Q@ = (s*+65%~9s5—41)
and s =r+1/r P =Q(s)r?

st /51
EVIRZT G arootof @  k=0,1,2 (2.4)

Tk This =

Thes tion 2.1:

6 roots can also be exp

ed by the ¢ gotten by the tris

[T = ~
roms= BEVRTL L VTG G k=012 (25)

The vertices of the heptagon are given by 2.3. Hint: a negative Ry in this geo-
metric construction means: a vector in the parallelogram has to be taken negative.

In contrary to the previous construction, the triangle built by the 3 constructed
vertices Vp, Vi, Va is now s an isosceles triangle with symmetry axis a horizontal
line through 0.
Cy ¢ G = Gy acts now on the 6 radii r and so on the 6 isosceles triangles. Up
to scaling and rotation are only 3 different triangles.

2.3. The third construction, but nothing new, is of type II too. Now the
angle to trisect is # = = = 180°. Only a square root is necesary to get /3 =
60°,180°, 300°.

Set Ry = 1 and Ry equals one of the negative six real roots 7y of the second
construction in 2.2.

Because a negative radius Ry is equivalent to a positive radius and a rotation
by 7 of the triangle inscribed in this circle: this construction is equivalent to the
previous subsection 2.2

3. CONSTRUCTIONS OF THE TRISKAIDECAGON

3.1. The first construction, type L. Let e, = e*™/3% = (-1 +v314)/2)*, k=

0.1,2 a third root of unity. Define the 3 third roots G, k =0,1,2:
4 7o V26 + 513 - V26 - 5131

=6 = VROV Z VA T ovIdE

kT 213

Determining the third root of  is a equivalent to a trisection because || = 1. The

is B — — arecos [ VIV & o3 05100

tis 6 = — arccos ( 2T ) ~ ~23.0510

®.1)

angle to b

Take as radii of the 2 grey, concentric circles in figure 1:

+V13

Ri.Ry

Ry Ry

The 3 constructed vertic ce 2.3, ent the now quartic res
PRy = {1,3,9} modulo 13. Using —6/3 the vertices represent 4 PRy = {4,10,12}.
The triangle built by these 3 vertices has 3 different side lengths.

The cyclic permutation C : (¢ — Ceq1 of order 3, subscripts modulo 3, acts on
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4 H. RUHLAND
these 3 vertices.

To get the vertices belonging to the 2 remaing multiplicative cosets of quartic Appendices
residues 2 PRy = {2,5,6} and 8 PRy = {7,811}, the following 2 radii and angle
to trisect have to be used:

1B-VI3£V6-VI3

APPENDIX A. S. ADLAJ'S GEOMETRIC CONSTRUCTION

1.
Ry Ry = 75 RiR=1 0= 7ar(‘cos( NG ) ~ —66.9489°
(3.3)
2. The second construction, Type IT . Now the angle to triscct is § = 0 = 0°.

Only a square oot is necesary to get #/3 = 0°,120

Set Ry = 1 and Ry equals one of the 12 real roots ¢,k = 0,1,....11 of the
palindromic, degree 12 polynomial P = 21271 —127%0 —274r—4412° +-441r7 +
127510 +4417° — 4417 = 27473 —12r2 +12r+ 1. Because P is palindromic, with every
oot 1, the inverse i a root too. The 12 roots can be constructed by triscctions ? and
square roots, because with Q = (s© + 12s° — 1857 — 334s% — 3845% 4 13235 + 2131)
and s = r+1/r P = Q(s)r". The sectic Q factorizes in Q(v/T3) as product of
R= 33 +3(2+VI3)s? + 21 (3+ 1VI3)/2s + (15 + 107VI3)/2) and its Q(vI3)-

conjugate R
st /SE—4

rerea = EEVES g arootof B k=0.12
(3.4)
&/ _
Tisorriso = SEVIETL a0t of R k=0,12

The verti
this geometri
negative.

of the trikaidecagon are also given by 2.3, Hint: a negative Ry in
construction means: a vector in the parallelogram has to be taken

In contrary to the previous construction, the triangle built by the 3 constructed
vertices Vo, V1, Va is now s an isosceles triangle with symmetry axis a horizontal
line through 0.

Cy: G — G acts now on the 12 radii r; and so on the 12 isosceles triangles. Up.
to scaling and rotation are only 6 different triangles.

3.3. The third construction, but nothing new, is of type II too. Now the FIGURE 1. A scan of the heptagon construction in [1] with the
z_“‘};;lel;j’a ',::;;’f“ is § = 7 = 180°. Only a square root is necesary to get 6/3 = denomination of vertices added by the author of this article. The

Set Ry = 1 and Ry equals one of the negative 12 real roots ri of the second vertices €, ¢, do not have unit distance to 0, instead they should
construction in 3.2. have been denominated € Ry, (i R2

Because a negative radius Ry is equivalent to a positive radius and a rotation of
the triangle inscribed in this circle: this construction is equivalent to the previous
subsection 3.2 .
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A few curiosities concerning the prime 11

= Evariste Galois, 1832: The modular equation of level 11 (among all
modular equations of prime level) possesses the highest depressable (from
12 to 11) degree.

m Srinivasa Ramanujan, 1916: The Dirichlet series L(s) = L(s,7) = Z T(n),
n=1
where 7(n) is the coefficient of " in A(q) := q[[2°,(1 — q")**, possesses
the Euler product L(s) =[], prime(1 —7(P) P+ p B

= Barry Mazur, 1977: groups Z/nZ, for n ranging from 1 to 12 but
excluding 11, are the possible cyclic torsion subgroups of a rational elliptic
curve.

m Lisa Piccirillo, 2018: The minimal crossing number for a non-slice yet trivial
Alexander polynomial knot is 11. That knot is the Conway “mutant” of the
Kinoshita—Terasaka knot (which is a slice knot). It is the only such knot
among all knots with no more that 12 crossings.

m The 11-gon is the “smallest” polygon for which no neusis nor (single-fold)
origami construction has ever been demonstrated, although the existence
(without its explicit demonstration) has been alleged by “Wikipedia” since
October 3, 2016.
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A hendecagon construction via quintisection A 23-gon construction via 5 and 11 angle section
Semjon Adlaj Semjon Adlaj
he construction, as offered, requires angle quintisections. So, assume that we are given Let € denote a primitive 11" root of unity. Its construction via (no more than) fifth root
i

) (€"), where p(x) :=

the ten vertices of two regular pentagons. The vertices are the fifth roots of the two (complex

plicitly shown here. Introduce the (compl
2501 161

1842670 5412006313 574 15151367 . 420000620

numbers ¢} and ¢7, where

The construction of the icositrigon which we propose assumes that we have extracted the five
v L=V 11 roots 7 s which correspond to particular vertices of five (colored in red
v and blue) hendecagons, inseribed in a unit circle

89 - 5i4/410

Note that both numbers ¢ and ¢ lie in the third quadrant, and let ¢, and (- denote
their corresponding fifth roots in the first quadrant. Construct a circle centered at 1/v/A1
with radius 5/v/11, and place a vertex on it at v/IT/2. Then the real part of the sum ¢ +¢
turns out to match the real part of a “next” vertex of a hendecagon thereby inscribed in the

just-constructed circle.

Construct a circle centered at 1/v/02 (which would coincide with —1/2) with radius 11/v/23,
and place a vertex on it at v23/2. Then the real part of the sum g+, 4+ turns ont to
match the real part of a “next” vertex of a 23-gon thereby inscribed in the just-constructed circle.
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A 29-gon construction via 3 and 7 angle section A heiskaitriacontagon construction via trisection and quintisection

Semjon Adlaj Semjon Adlaj

Introduce the (three) complex

Let €

« ‘The construction of a primitive 7 oot of unity via (no more than) cube (243
root extraction was explicitly shown here. Introduce the four (complex) mumbers P = p(e). = p(E).
vB-1 . _— where
mi= PO, 1= p(E), = pl€") !
where ) V-1 ” {312 +3V3) 24le) + 31(2 z)
D) . TUSSTO — 170929 - 6641y/=7 — 2 N ? G

7)== 2802°

e 1402% — 3027 — 960 — 1208,

— ., 4445/=203

7019981 — 6411v/39 - 8845
1

24(x) == —502° — 2152° — 602

+274 4 V=3 (602" — 5% +1304*

1152 - 44),
The construction of the icosienneagon which we propose assumes that we have extracted the 7 The construction of the heiskaitriacontagon which we propose as
roots 1, 7, and 1, which correspond to particular vertices of three (colored in red.

that we have extracted the 5
and bluc) roots 12 which correspond to particular vertices of two (colored

heptagons.

n red and blue) pentagons.

Construct a circle, centered at —, with radius 5, and place a vertex on it at

3V=3)
Construct a circle, centered at —rp, with radius 7.

5—
Then the r

vertex on it at (29 — v29)/4.
al part of a “next” vertex of a

I part of the sum 7,47+, turns out to match the t
20-gon thereby inscribed in the just-constructed circle.

Then the real part of the sum

-+ turns out to match the real part of a “next” vertex of a 31-gon thercby
inscribed in the jus

constructed circle.
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87 32w 36 207 40T —1+ v41 — /82 — 10V41
p0:2cos H + cos T + cos| —— | + cos| —— + cos T = N

41 41 4

—2000 €3 — 2000 £2 + 460 €2 + 1895 £5 — 1016 + /41 (7120 €2 —140¢2 +230¢2 + 48565 — 14)
P1 = +
4

82 — 1041 (—240 6% — 13062 + 562 — 455 +1) +51/82 + 10v/41 (—64 £2 — 2662 + 4362 + 50 &5 + 23)

+

’

p1 = p(€s),
p2 = p(€2),
p3 = p(&3),
pa = p(€3), | \‘

cos(zl) - W
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- %/43(—4+3\/—*3)+ \3/43(—4—3¢T3) _1

po 3 )
7 —116963 £5 + 39557 £3 + 7952 £ — 44422 £3 + 147014 €3 + 90727 £7 — 159748
P = 3 +
343 (—4 +3v/=3) z(€7) + 43 (-4 —3V/=3) z_(&7)
+ ,
6
74 (x) := —21320x% — 2149 x® 4 2801 x* + 13328 x> + 23114 X + 11641 x — 16192+

+v-3 (4431 X8 + 27307 x® — 5845 x* — 26138 x> + 1092 x2 + 11193 x — 10254) .

&7 = ezﬂ‘/j”,
p1 = p(&7).
p2 = p(€3). p3 = p(£3),

pa = p(£3). ps = p(£3). pe = p(£39),

43

cos(zw) _ potpitpatp3tpratrstere
= 14
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Chronologically ordered dates corresponding to prime
numbers of sides of explicitly constructed regular polygons

(570-495 BC)
(287-212 BC)
1796
1822
1894
1988
2024 11
2025 , 23,29, 31, 37, 41, 43

The colors signify the maximum number of equal parts into which an
angle must be divided for a corresponding construction: {2,7,5,7,11}.
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38 2 3
% (7485 o+ 762/Z + 1479+/5 + 3072¢/T0 — /5 (178 + 22212 + 3148,/5 + 1289m)) )
3
(1;1‘/2 (7485+ 762v/2 + 1479y/5 + 3072/10 + /5 (178 + 22211/2 + 31485 + 1289f}) )
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From a letter by a well-informed friend

Hi! Semjon,
Only today did I have time to read your "DellaDumbAugh.pdf" article. Apologies.

1 think I understand why you spell "dumbaugh" with capital D and capital A. Indeed, she is dumb not to purchase your article when
you are clearly ahead in this field...

There are lots of things I don’t understand about the problem, let alone the solution that you give and which contrasts with misguided
statements by her and some of her colleagues...

However, let me give this element of thought:

Creating a solution is more useful than stating that a solution exists.

In my current field of Engineering, this is recognized by the Patents system, where discovering is rewarded by a Patent, so that others
cannot "claim" your invention.

I don’t know if this is practical, but I would recommend that you "file" a patent application about your method, with just the purpose
of establishing your priority on the discovery.

Now, Science is not Engineering. The ideal case in Science is that you should be paid by academic institutions to make discoveries,
that are then shared free-of-charge.

However, this model of "purely humanistic science" is quickly falling apart. I think a case can and should be made to DumbAugh that
your contribution to a successful publication (which do generate revenue, it seems) should be rewarding to you.

Let me emphasize that I am really impressed with your article, and the construction of even a 31-gon — but that does not mean that I
understand it. To me, it is mysterious that you are able to reduce a N-gon’s coordinates calculation into the calculation of smaller

roots, for (it would seem) any N value...

Anmities,
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