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Introduction

Schrodinger-Feynman Algorithm
Memory requirement

> Tensor Networks (TN’s) are emerging Lol CE 116 1PB 1EB
interdisciplinary field. It provide an elegant and efficient

way to represent and compute properties of complex
quantum systems.
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> By expressing large quantum states as
interconnected networks of smaller tensors, they allow
us to overcome the exponential complexity inherent to
many-body problems.
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Number of cycles, m

> |n quantum physics and quantum optics, tensor
networks serve as a bridge between abstract theory and o
computational practice — enabling simulationsof | tactable S, :
entangled systems, optimization of quantum circuits, and
exploration of novel quantum phases of matter.
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Motivation

> Finding the ground states of many-body quantum
systems are of particular interest but intractable at
scale.

> Simulation of many-body quantum systems requires
enormous computational resources. i 5 ; i

Quantum many-body system

Many-body Hilbert space

r=10 1D Area law states f X X f
MPS rank

Model (Tensor Network )




Introduction to tensor networks

>There are two primary rules of tensor diagrams:
» Tensors are notated by shapes, and tensor indices I, =
are notated by lines.

» Connecting two index lines implies a contraction, or
summation over the connected indices.

> Despite its graphical and intuitive nature, tensor diagram T. =
notation is completely rigorous and well defined.

> |nspired by the Einstein summation convention for
notating tensor contractions.
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Introduction to tensor networks

>There are two primary rules of tensor diagrams:
» Tensors are notated by shapes, and tensor indices

are notated by lines. ;
» Connecting two index lines implies a contraction, or - Z M
. J
J

summation over the connected indices.

> Despite its graphical and intuitive nature, tensor diagram
notation is completely rigorous and well defined. k

> Inspired by the Einstein summation convention for i 9 ZA
notating tensor contractions. @ ik
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Singular value decomposition
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Singular value decomposition (SVD)

M=UYx V*



Schmidt decomposition

> Suppose we are given a bipartite quantum state

Ut € Zp {1 )a) € Xp

[ W)ap = Z Cil Dalidg
ij



Schmidt decomposition

> Suppose we are given a bipartite quantum state

Ut € Zp {1 )a) € Xp

[ W)ap = 2 Cildalids
ij

> Represent state vector as a matrix with each index (dimension)
being a physical dimension of a subsystem.

> Apply singular value decomposition (SVD)

min(N,,Np)
Zcijli>A|j>B: Z Z UiaAaa%ﬁéli)Alj)B:
j ij a=1

min(N,,Np)
= D ddanla)

a=1



Schmidt decomposition

> Suppose we are given a bipartite quantum state
(D) € Zu {14} € Hp > Schmidt decomposition

W) ap = Zczj|i>A|j>B C | I )

> Represent state vector as a matrix with each index (dimension)
being a physical dimension of a subsystem. SVD

> Apply singular value decomposition (SVD)

ij
min(V;.Np) 6—0—&)

Y Cilivalivs= D UiaaaVi |l 7)5 = U A v
ij ij a=1 104 ao aj
min(N,,Np)
— Z ,1a | a) A | a) B von Neumann entropy S = — Z A, log(4,)
a=1 a



MPS construction

> Suppose we are given a multi-qubit quantum state
vector |y) € FO™

|l//> — Z Cji1 in|i19'-'9in>9 lke {091}

.....

> Exponential number of complex amplitudes Cil,“ are

hard to process.

i

> |ets «reshape» it into tensor to separate physical
degrees of freedom.

2 Cil ..... inlil"“’in> =




MPS construction

> Suppose we are given a multi-qubit quantum state
vector |y) € FO™

|l//> = Z (ji1 ,,,,, inlila--'ain>9 lke {091}

> Exponential number of complex amplitudes Cil are

hard to process.

> Lets «reshape» it into tensor to separate physical
degrees of freedom.

> Following the idea of Schmidt decomposition physical
degrees of freedom can be factored using SVD.

.....

SVD

.....



MPS construction

i1, Iy I3 Iy 1 Iy
: | | | | > An iterative process of factorization of physical degrees of
¢ ) freedom using SVD vyields a tensor network.

% Ci... > This tensor network is called Matrix Product State (MPS).
> |n this network we have two types of indices: physical (free)
and internal (bonds).

il i2 i3 i4 ln 1 ln

Ly 2 I3 Iy l,_1 i, MPS
00000000 0Oed  ansiom
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I Ay Tl A, T A5 T A U A, Tl
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MPS canonical forms

MPS > There are three main forms of MPS:

Ly 2 I3 Iy l,_1 i,
M’_&}“d}‘_ | { | (Vidal’s form) . E/Ii;;ed canpni?al (or Vidal’s form)
 Left canonica

rlid Ay il A, Tl AL T A Tli- A, Tl  Right canonical

lw) = ) TUIATRIA LA, TG G, g € {0,1)
{i}

MPS (Left canonical from) MPS (Right canonical from)

[ I I3 Iy I,_1 I, [ #) I3 Iy b1 L,



MPS canonical forms

MPS (Left canonical from) MPS (Right canonical from)

[ I I3 Iy L1 L, b I I3 Iy by _1 Iy

(v ly) (w|y)

PP 4D OB 4D SHDD 0 «
g: [ Left/Right orthogonality :] :g
relations ij -



Time-Evolving Block Decimation (TEBD)

> At its heart, this method relies on a Trotter-Suzuki decomposition and subsequent approximation of the time-

evolution operator.

> Consider the nearest—neighbor Heisenberg chain. Its Hamiltonian is given by

_ VoY
Z i ]]+1 sjsj+1+ss +S]S]+1

> Split the summands

Heven = Z hj,j+1 Hodd = Z hj,j+1 H Heven + Hodd >
j even j odd
> We can use the Baker-Campbell-Hausdorff formula to approximate

Uexact(é) — e—iél:l — e_iél:levene 15H0dd6_15 [Heven Hodd] ~ e— even@

il Ayl A, Tl A5 T A A, i

16H eyenp—16Ho0q = (A]TEBDI( 5) .
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Autoregressive sampling from MPS

> Bitstring probability

. . 2 2
Pl i) =1C gl 216, 1P =1
ifyee,
> Chain-rule for probabilities (Byes rule):

pQy, ..., i) = ppPp(y [ip...pG, | i, .o h, )
_)C,b , S1
X Random uniform
= C:) =pl) ;e [0,1] = s, { {
...»Q p(0)+p(1)=1 cee = cee
> Sample from probability
a —" + , distribution defined by MPS:

S5 85 «es S,



Tensor network architectures

Projected Entangled Pair States (PEPS)
Matrix Product State (MPS)

O-0-0-0-0-0

Multiscale Entanglement Renormalization Ansatze (MERA)

w Tree Tensor Network (TTN)



Overview (TTN simulation of guantum computation)

TTN-Tree Tensor Network

— TIN ~= MPS == Statevector
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Figure 13: Wall-clock time of applying gates and re-
orthonormalization, comparing a MPS with a TTN repre-
sentation of the quantum state for the tree-like circuit.

[Simulating quantum circuits using tree tensor networks, Quantum 7, 964 (2023).]
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Figure 14: Accumulated wall-clock time of applying gates
and re-orthonormalization, on the lattice circuit (for 25
qubits). For gate 57 the MPS fails to normalize.



Overview (Tensor Networks in Stabilizer basis)

a)

Qubits

—— Average
= Maximum F
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[Stabilizer Tensor Networks: Universal Quantum Simulator on a Basis of Stabilizer
States. Phys. Rev. Lett., 133(23), 230601]



Overview (Quantum State Preparation using MPS)

(a) |()> pgﬁijcifl\ Prepare small MPS _ Linear depth

4{@_ _ 4_[(:]]_ e . [Encoding of matrix product states into

guantum circuits of one- and two-qubit gates.

bond qudit
(b) i Phys. Rev. A, 101(3), 032310]
0) [0) [0) |0) [0) |O) .
l * * Measure bond qudits - Log depth
Prep. |I) . . .
I " ... [Preparation of matrix product states with
U \_ fusion t ) log-depth quantum circuits Phys. Rev.
- 3 Lett. 132, 040404 (2024)]
1 Correct defects with feedforward operations - Constant depth
: R T [,
t [Preparing matrix product states via fusion:
f Ahd ,am dm A4 constraints and extensions arXiv:2404.16360]
i v i l A4 [Constant-depth preparation of matrix product

Defect-free target MPS states with adaptive quantum circuits

(_EIQ_LZ?_J_% arXiv:2404.16083]

Output state




Overview (Block Encodings using MPQO)

Block Encoding (BE) Up = (i‘ :)

Matrix Product Operator (MPO)

0 —— ) (0
|C) =27z Ul [y
B A
10) U L2 :_“/‘:{
L A o
10) Nz Uy [z A (R

[Block encoding of matrix product operators Phys. Rev. A

110, 042427 (2024)]



Overview (Compressing Multivariate Functions)
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Conclusion

> Tensor Networks, especially MPS, provide compact and scalable
representations of quantum many-body states, efficiently capturing
entanglement structure.

>(Canonical forms and TEBD enable stable time evolution and analysis
of complex quantum dynamics.

> Autoregressive sampling and function representation extend tensor
networks beyond simulation — linking quantum physics with machine
learning and data modeling.

> Applications in quantum state preparation and quantum optics
demonstrate their growing experimental relevance.

> Ongoing research targets higher-dimensional networks, hybrid
classical-quantum schemes, and noise-resilient methods for near-term
quantum devices.

> Qverall, tensor networks bridge theory, computation, and experiment
— forming a versatile framework for advancing quantum technologies.
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