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The unions of algebraic sets over a �eld

Suppose Vk(f = 0),Vk(g = 0) are the solution sets of polynomials
f, g ∈ k[x1, x2, . . . , xn]. Then the union Vk(f) ∪Vk(g) is also algebraic,
since

Vk(f) ∪Vk(g) = Vk(fg = 0).

One can repeat this trick for any commutative associative ring without
zero-divisors (domains) not merely for a �eld k.



Equational domain

An algebraic structure of a language L is an equational domain if any
�nite union of algebraic sets is algebraic.
In [DMR4] (E. Daniyarova, A. Myasnikov, V. Remeslennikov �Algebraic
geometry over algebraic structures IV: Equational domains and
co-domains�) was proved that a group G is an equational domain i� the
set VG(x = 1) ∪VG(y = 1) is algebraic. In other words, there exists a
system of equations S = {wi(x, y) = 1|i ∈ I} such that
VG(S) = VG(x = 1) ∪VG(y = 1).



Di�erent group theories

Let G be a group. One can consider the di�erent group languages

1 L1 = {·,−1 , 1};
2 LG = {·,−1 , 1} ∪ {g|g ∈ G};
3 LH = {·,−1 , 1} ∪ {h|h ∈ H ≤ G};

As each language determines the set of atomic formulas (equations), a
group G maybe an equational domain in LG and may not in L1.

Statement[DMR4]

Any group in the language L1 is not an equational domain.



Equational domains in the language LG

De�nition

An element 1 6= x ∈ G is called a zero-divisor if there exists 1 6= y ∈ G
such that [x, yg] = 1 for all g ∈ G.

Theorem[DMR4]

A group G is an equational domain in the language LG i� it has no
zero-divisors.

In the language LG the next groups are equational domains

1 non-abelian free group (â îòëè÷èå îò ñâîáîäíûõ ìîíîèäîâ);

2 simple non-abelian group (e.g. An, n ≥ 5);

Àáåëåâû ãðóïïû íå ÿâëÿþòñÿ îáëàñòÿìè!



Are there equational domains in semigroups?

For a semigroup S it su�cient to �nd a system of equations
S(x1, x2, x3, x4) with VS(S) = VS(x1 = x2) ∪VS(x3 = x4).

A.A. Klyachko`s idea

Suppose S = A5. As the group A5 is an equational domain in the
language LG, there exists a system S(x1, x2, x3, x4) with
VS(S) = VS(x1 = x2) ∪VS(x3 = x4). However, S may contain the
variables in negative powers. As |A5| = 60, then x−1 = x59. Thus, one
can replace negative powers in S to the su�ciently large positive ones.
Finally, S becomes the system of the semigroup language
LS = {·} ∪ {s|s ∈ S}. Thus, the semigroup A5 is an equational domain
in the language LS .



What did we prove?

Theorem

Any semigroup in the standard semigroup language L0 = {·} is not an
equational domain.

This result is a simple fact for groups, however for semigroups its proof is
not trivial.
À åñëè ðàññìàòðèâàòü ïîëóãðóïïó S â ÿçûêå LS = {·} ∪ {s|s ∈ S}
(ýòî ïîçâîëÿåò èñïîëüçîâàòü ýëåìåíòû ïîëóãðóïïû S êàê ïàðàìåòðû
â óðàâíåíèÿõ). Àëãåáðàè÷åñêèõ ìíîæåñòâ íàä ÿçûêîì LS ñòàíîâèòñÿ
áîëüøå è (âïîëíå âîçìîæíî) ìíîæåñòâî VS(x1 = x2) ∪ VS(x3 = x4)
ìîæåò ñòàòü àëãåáðàè÷åñêèì.



Ñóïåð-òåîðåìà

Ïóñòü S ïîëóãðóïïà, íî íå ãðóïïà. Òîãäà S íå ìîæåò áûòü
ýêâàöèîíàëüíîé îáëàñòüþ â ÿçûêå LS .

Íî äëÿ å¼ äîêàçàòåëüñòâà î÷åíü ìàëî èíôîðìàöèè. Ïîýòîìó ìû
ñêîíöåíòðèðîâàëèñü íà òåõ ïîëóãðóïïàõ, êîòîðûå ëåãêî îòëè÷èòü îò
ãðóïï.



Èíâåðñíûå ïîëóãðóïïû

Ïîëóãðóïïà íàçûâàåòñÿ èíâåðñíîé, åñëè äëÿ ëþáîãî s ∈ S
ñóùåñòâóåò ýëåìåíò s−1 òàêîé, ÷òî ss−1s = s, s−1ss−1 = s−1.

Òåîðåìà

Èíâåðñíàÿ ïîëóãðóïïà ÿâëÿåòñÿ ãðóïïîé òîãäà è òîëüêî òîãà, êîãäà â
íåé ñóùåñòâóåò åäèíñòâåííûé èäåìïîòåíò.

Îïåðàöèÿ −1 ÿâëÿåòñÿ àëãåáðàè÷åñêîé â èíâåðñíîé ïîëóãðóïïå,
ïîýòîìó ìû áóäåì ðàññìàòðèâàòü ïîëóãðóïïû â ÿçûêå
LS−inv = LS ∪ {−1}



Ñâîéñòâà èíâåðñíûõ ïîëóãðóïï

Let E be the set of idempotents of an inverse semigroup S. Then

1 all elements of E commute, i.e. idempotents of an inverse semigroup
form a semilattice;

2 ss−1 ∈ E;
3 for any e ∈ E, s ∈ S it holds ss−1 ∈ E, ses−1 ∈ E;

Let e, f ∈ E be idempotents of an inverse semigroup S. De�ne a partial
order over E by

e ≤ f ⇔ ef = e.



Ïðåäñòàâëåíèå èíâåðñíûõ ïîëóãðóïï
LetM be a set and T (M) the set of all partial injections de�ned on the
setM. For example, ifM = {1, 2, 3} then T (M) consists of the
mappings:

f1 =

(
1 2 3
1 2 3

)
, f2 =

(
1 2 3
1 3 2

)
, f3 =

(
1 2 3
3 2 1

)
,

f4 =

(
1 2 3
2 1 3

)
, f5 =

(
1 2 3
3 1 2

)
, f6 =

(
1 2 3
2 3 1

)
,

f7 =

(
1 2
1 2

)
, f8 =

(
1 2
2 1

)
, f9 =

(
1 3
1 3

)
,

f10 =

(
1 3
3 1

)
, f11 =

(
2 3
2 3

)
, f12 =

(
2 3
3 2

)
,

f13 =

(
1
1

)
, f14 =

(
2
2

)
, f15 =

(
3
3

)
,

f16 = ∅.



Ëåãêî ïîêàçàòü, ÷òî T (M) � èíâåðñíàÿ ïîëóãðóïïà. Íî âåðíà è

Òåîðåìà (Âàãíåð-Ïðåñòîí)

Ëþáàÿ èíâåðñíàÿ ïîëóãðóïïà âêëàäûâàåòñÿ â T (M) äëÿ íåêîòîðîãî
ìíîæåñòâàM.

Ýòî ïîçâîëÿåò ñìîòðåòü íà ýëåìåíòû èíâåðñíîé ïîëóãðóïïû S êàê íà
îòîáðàæåíèÿ:

dom(f) = {µ ∈M|φ is de�ned at m}, (1)

im(f) = {µ ∈M|∃η ∈M such that µf = η}. (2)



Ñâîéñòâà îòîáðàæåíèé

1 if f ∈ T (M) is idempotent (ff = f), then dom(f) = im(f) and
µf = µ for any µ ∈ dom(f);

2 for any f ∈ T (M) the map ff−1 is idempotent and
dom(ff−1) = dom(f);

3 for any idempotents e, f ∈ T (M) it holds
dom(ef) = dom(e) ∩ dom(f);

4 for idempotents e ≤ f we have dom(e) ⊆ dom(f).



×òî óæå èçâåñòíî

Â ñòàòüå B. Rosenblatt �On equations in inverse semigroups� áûëà
äîêàçàíà

Òåîðåìà

Íàä ëþáîé èíâåðñíîé ïîëóãðóïïîé S (êîòîðàÿ íå ÿâëÿåòñÿ ãðóïïîé)
íå ñóùåñòâóåò óðàâíåíèÿ w(x1, x2, x3, x4) = w′(x1, x2, x3, x4) òàêîãî,
÷òî VS(w = w′) = VS(x1 = x2) ∪VS(x3 = x4).

Íî èç ýòîé òåîðåìû åù¼ íå ñëåäóåò îòñóòñòâèå ýêâàöèîíàëüíûõ
îáëàñòåé ñðåäè èíâåðñíûõ ïîëóãðóïï. Íî èç ìåòîäà äîêàçàòåëüñòâà
ìîæíî èçâëå÷ü ïîëåçíûå èäåè.



Õîðîøèå òåðìû

A term t(x) of a language LS−inv is called good, if one of the following
holds:

1 t(x) is empty;

2 t(x) = x;

3 there exist constants s1, s2, . . . , sn ∈ S such that either

t(x) = s1xs
−1
1 s2xs

−1
2 . . . snxs

−1
n



À çà÷åì íóæíû õîðîøèå òåðìû

Let E be the set of idempotents of an inverse semigroup S. Then

1 if e ∈ E then t(e) ∈ E for any good term t(x);

2 if e, f ∈ E and t(x) is good, then t(ef) = t(e)t(f);

3 if e ≤ f then for any good term t(x) we have t(e) ≤ t(f).
4 for every term t(x) of a language LS−inv there exists a good one
t′(x) such that t(e) = t′(e)d for any e ∈ E, where d is a constant;

5 for every term t(x, y) of a language LS−inv there exist good terms
t′(x), r′(y) such that t(e, f) = t′(e)r′(f)d for any e, f ∈ E, where d
is a constant;



Îñíîâíîé ðåçóëüòàò

Òåîðåìà

Åñëè S � èíâåðñíàÿ ïîëóãðóïïà, è S íå ÿâëÿåòñÿ ãðóïïîé, òî â ÿçûêå
LS−inv ïîëóãðóïïà S íå ìîæåò áûòü ýêâàöèîíàëüíîé îáëàñòüþ.



Èäåÿ äîêàçàòåëüñòâà

Òàê êàê S íå ÿâëÿåòñÿ ãðóïïîé, òî â íåé ñóùåñòâóþò ïî êðàéíåé ìåðå
äâà èäåìïîòåíòà e, f . Òàê êàê ìíîæåñòâî èäåìïîòåíòîâ èíâåðñíîé
ïîëóãðóïïû îáðàçóåò ïîëóðåø¼òêó, òî èìååì ðîâíî äâà ñëó÷àÿ:

1 e, f íåñðàâíèìû îòíîñèòåëüíî ïîðÿäêà ≤.
2 f < e è âñå èäåìïîòåíòû ëèíåéíî óïîðÿäî÷åíû.



Ðàññìîòðåíèå ïåðâîãî ñëó÷àÿ
Ðàññìàòðèâàåì îáúåäèíåíèå VS(x = e) ∪VS(x = f). Ïðåäïîëîæèì,
÷òî îíî ñîâïàäàåò ñ ðåøåíèåì ñèñòåìû S. Òîãäà äîêàçûâàåòñÿ, ÷òî
òî÷êà x = ef òàêæå ïðèíàäëåæèò ðåøåíèþ ñèñòåìû S, ÷òî
ïðîòèâîðå÷èò ïðåäïîëîæåíèþ.
Íàïîìíèì, ÷òî íàä ïîäïîëóãðóïïîé èäåìïîòåíòîâ ïðîèçâîëüíîå
óðàâíåíèå ñèñòåìû S çàïèñûâàåòñÿ â âèäå:

t(x)d = t′(x)d′,

ãäå t(x) � õîðîøèé òåðì. Äàíî

t(e)d = t′(e)d′,

t(f)d = t′(f)d′.

Òðåáóåòñÿ äîêàçàòü

t(ef)d = t′(ef)d′, èëè

t(e)t(f)d = t′(e)t′(f)d′.



Âòîðîé ñëó÷àé

Ðàññìàòðèâàåì îáúåäèíåíèå VS(x = e) ∪VS(y = e). Ïðåäïîëîæèì,
÷òî îíî ñîâïàäàåò ñ ðåøåíèåì ñèñòåìû S. Òîãäà äîêàçûâàåòñÿ, ÷òî
òî÷êà (f, f) òàêæå ïðèíàäëåæèò ðåøåíèþ ñèñòåìû S, ÷òî
ïðîòèâîðå÷èò ïðåäïîëîæåíèþ.
Äëÿ óðàâíåíèÿ ñèñòåìû S ñóùåñòâóþò õîðîøèå òåðìû
t(x), r(y), t′(x), r′(y) è êîíñòàíòû d, d′ òàêèå, ÷òî

t(e)r(e)d = t′(e)r′(e)d′,

t(e)r(f)d = t′(e)r′(f)d′,

t(f)r(e)d = t′(f)r′(e)d′.

È ìû äîêàçûâàåì, ÷òî

t(f)r(f)d = t′(f)r′(f)d′.


