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The unions of algebraic sets over a field

Suppose Vi(f = 0),Vi(g = 0) are the solution sets of polynomials
fsg € k[x1,29,...,2,]. Then the union Vi (f) U V(g) is also algebraic,
since

Vi(f)UVi(g9) = Vi(fg=0).

One can repeat this trick for any commutative associative ring without
zero-divisors (domains) not merely for a field k.




Equational domain

An algebraic structure of a language £ is an equational domain if any
finite union of algebraic sets is algebraic.

In [DMR4] (E. Daniyarova, A. Myasnikov, V. Remeslennikov “Algebraic
geometry over algebraic structures 1V: Equational domains and
co-domains”) was proved that a group G is an equational domain iff the
set Vg(x = 1)U Vg(y = 1) is algebraic. In other words, there exists a
system of equations S = {w;(z,y) = 1|i € I'} such that

Va(S) =Va(@=1)UVa(y=1).




Different group theories

Let G be a group. One can consider the different group languages
Ly={"1 1}
Lo= {'7_1 ) 1} U {g|g € G};
Ly={,11}u{hlhe H<GY};
As each language determines the set of atomic formulas (equations), a
group G maybe an equational domain in L5 and may not in L;.

Statement[DMRA4]

Any group in the language £, is not an equational domain.



Equational domains in the language Lg

An element 1 # x € G is called a zero-divisor if there exists 1 #y € G
such that [z,y9] =1 for all g € G.

Theorem[DMR4]

A group G is an equational domain in the language L iff it has no

zero-divisors.

In the language L the next groups are equational domains
non-abelian free group (B oTan4me ot cBOGOAHBIX MOHOWMAOB);
simple non-abelian group (e.g. 4,,,n > 5);

Abenesbl rpynnbl He siBasitoTcs obnactamu!



Are there equational domains in semigroups?

For a semigroup S it sufficient to find a system of equations
S(x1,x2,x3,x4) with Vg(S) = V(a1 = 22) U Vg(z3 = 24).

A.A. Klyachko's idea

Suppose S = As. As the group Aj is an equational domain in the
language L, there exists a system S(z1, 22, x3,24) with

Vs(S) = Vs(z1 = 22) U Vg(z3 = x4). However, S may contain the
variables in negative powers. As |A5| = 60, then 2= = 2°°. Thus, one
can replace negative powers in S to the sufficiently large positive ones.
Finally, S becomes the system of the semigroup language

Ls = {}U{s|s € S}. Thus, the semigroup As is an equational domain
in the language Ls.



What did we prove?

Theorem

Any semigroup in the standard semigroup language £y = {-} is not an
equational domain.

This result is a simple fact for groups, however for semigroups its proof is
not trivial.

A ecnu paccmatpusate nonyrpynny S B s3bike Lg = {-} U {s|s € S}
(370 NO3BONSAIET MCMONB30BATL 3NEMEHTBI NOAYrpYNnbl S KaK napameTpsbl
B ypaBHeHusix). Anrebpanyecknx MHOXeCTB Haj s3bIkoM Lg CTaHOBMTCS
Gonblue n (BnosHe BO3MOXHO) MHOXeCTBO Vs (z1 = 2) U Vs(x3 = x4)
MOXET CTaTb anredbpanyecknm.



Cynep-Teopema

Mycts S nonyrpynna, Ho He rpynna. Torga S He MOXeT ObiTb

3KBALMOHANbHON 0b6nacTblo B A3blke Lg.

Ho pna eé pokasatenbcrea oueHb Mano uxgopmauyuu. Mosatomy mel
CKOHLIEHTPUPOBAINCL HA TeX MOMYrpynnax, KOTopble JIErko OTANYUTL OT

rpynn.




IHBepcHble nonyrpynnebi

Monyrpynna HasbiBaeTcst nHBepCHOI, ecau ans noboro s € S

CYLLECTBYET 3JIEMEHT 57! Takoii, uto ss ls =5, sTlss T =571

Teopema
NHBepcHasa nonyrpynna siBASeTcs rpynnoii Torga u ToJbKO Tora, Korga B
Hell CyLeCTBYeT €AUHCTBEHHbIA UAEMMNOTEHT.

Onepauus ~! saBnsietcs anrebpanyeckoii B MHBEPCHOI noyrpynne,
no3ToOMy Mbl Oyaem paccMaTpuBaTb MOJYrPyMnbl B A3bIKE
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CgolicTBa MHBEPCHbIX MOAYTPYMM

Let E be the set of idempotents of an inverse semigroup S. Then

all elements of F commute, i.e. idempotents of an inverse semigroup
form a semilattice;

ss~leE;
foranyec E, s € Sit holds ss™!' € E, ses™! € E;

Let e, f € E be idempotents of an inverse semigroup S. Define a partial
order over E by

e<feef=e




ﬂpe,D,CTa B/I€HNE MHBEPCHbBIX NOAYIrpynn

Let M be a set and T'(M) the set of all partial injections defined on the
set M. For example, if M = {1,2,3} then T'(M) consists of the

mappings:
1 2 3 1 2 3 1 2 3
f1:<1 2 3>7f2:(1 3 2>7f3:(3 2 1)7
1 2 3 1 2 3 1 2 3
f4:(2 1 3>7f5:(3 1 2>7f6:(2 3 1)
fr= G ;) fs = (; ?)  fo = G

3

3

1 3 2 3 2 3
f10=<3 1>,f11=<2 3>af12:<3 9
3

3

f13: <1> af14: <§>7f15: (




Jlerko nokasatb, 4to T(M) — nnueepcHas noayrpynna. Ho BepHa u

Teopema (Barnep-lpecton)

Jtobasi nnsepcHas nonyrpynna Bknageisaercs 8 T'(M) pns HekoTOporo
MHOXecTBa M.

DTO NO3BOASIET CMOTPETb HA 3MIEMEHTbI MHBEPCHOW noayrpynnsl S Kak Ha
oTODparkeHus:

dom(f) = {p € M|¢ is defined at m}, (1)
im(f) = {p € M|3In € M such that uf = n}. (2)



CeolicTBa 0TODpaXkeH il

if f €T(M) isidempotent (ff = f), then dom(f) = im(f) and
wf = p for any p € dom(f);

for any f € T(M) the map ff~! is idempotent and
dom(ff~1) = dom(f);

for any idempotents e, f € T (M) it holds
dom(ef) = dom(e) N dom(f);

for idempotents e < f we have dom(e) C dom(f).




Y710 y>Ke n3eecTHO

B cratbe B. Rosenblatt “On equations in inverse semigroups’ 6bina
[lOKa3aHa

Teopema

Hag nioboii nusepcroii nonyrpynmnoii S (koTopasi He SIBASIETCS FPYNIoi )
He CyLlecTByeT ypaBHeHus w(xy,xa, T3,24) = w' (21, X2, T3, 2T4) TAKOrO,
uto Vg(w = w') = Vg(z1 = x2) U Vg(x3 = 24).

Ho u3 aToli Teopembl ewwé He cnepyeT OTCYTCTBUE IKBALIMOHANbHbBIX
obnacreii cpeaun unsepcHbix nonyrpynn. Ho u3 metoga nokasarenscrea
MO>XHO M3BJIeYb MOJIE3HbIE NIEN.



Xopoliuune TepMbl
holds:

t(z) is empty;

A term t(x) of a language Ls_;n, is called good, if one of the following
t(x) =2

there exist constants s1, $2,...,8, € S such that either
t(z) = s1x8] “sawsy

. .snms;1




A 33a4eM HY>XHbl XOpOLLVEe TEPMbI

Let E be the set of idempotents of an inverse semigroup S. Then
if e € E then t(e) € E for any good term t(z);
if e, f € E and t(x) is good, then t(ef) = t(e)t(f);
if e < f then for any good term t(z) we have t(e) < t(f).

for every term t(z) of a language Lgs_;n, there exists a good one
t'(z) such that t(e) = t'(e)d for any e € E, where d is a constant;

for every term t(z,y) of a language Ls_;,, there exist good terms
t'(z),r'(y) such that t(e, f) = t'(e)r’(f)d for any e, f € E, where d
is a constant;



OcHoBHOIA pe3ynbTaT

Ecnn S — vHBepchas nonyrpynna, n S He sIBASieTCsi rpynnoii, TO B si3blKe
L5_iny monyrpynna S He MOXET ObITb 3KBALMOHANBHON 006NaCTbIO.




Npoes pokasaTtenbcrsa

Tak kak S He siBASIETCS rPyNMoii, TO B HEl CYLLLECTBYIOT MO KpaiiHei mepe
nBa mgemnoTeHTa e, f. Tak KaKk MHOXECTBO UAEMMNOTEHTOB UHBEPCHOIA
noslyrpynnsl 0bpasyer nosypewérky, TO IMEEM POBHO [Ba CJlyyasi:

e, f HeCpaBHUMbI OTHOCUTENBHO Nopsifka <.

f < e wn Bce ngemMnoTeHTbl AMHERHO YNOPSiAOYEHbI.




PaccmoTpenne nepeoro cny4as

Paccmatpusaem obbepnnenne Vg(z =e) U Vg(x = f). Mpeanonoxum,
4YTO OHO COBMajaeT C peweHnem cucrembl S. Torga goka3bIBaeTCsA, 4TO
TO4YKa T = ef TAKXE NPUHAONEXNT PELLUEHNIO CUCTEMDbI S, 4yTO
NPOTUBOPEYUT MPEANOTOKEHUIO,

HanomHuM, 4To Hag noanonyrpynmnoi ngemMnoTeHTOB NPON3BOJIbHOE
ypaBHeHUe cMcTembl S 3anncbiBaeTcs B BUAE:

t(z)d =t'(x)d,

rae t(x) — xopownii Tepm. [daHo

Tpebyetca gokasaTb
tlef)d =t'(ef)d', nan
t(e)t(f)d =t'(e)t'(f)d".



BTopoii cny4aii

Paccmatpueaem obbeanterne Vg(z = e) U Vg(y = e). Mpeanonoxum,
4TO OHO COBMAAaeT C pelweHnem cuctembl S. Toraa AOKa3bIBAETCS, YTO
TouKa (f, f) Takxke NPUHAANEXNT PELIEHMIO CUCTEMBI S, 4TO
NPOTVBOPEHMNT MPESNOIONKEHNIO.

[ns ypaBHeHus cuctembl S CyLieCTBYIOT XOpOLUME TEPMBbI
t(z),r(y), ' (x),r'(y) n koHcTaHTb d, d’ Takmne, 4TO




