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Abstract. The Chernoff approximation method is a powerful and flexible tool of functional
analysis, which allows in many cases to express exp(tL) in terms of variable coefficients of
a linear differential operator L. In this paper, we prove a theorem that allows us to apply
this method to find the resolvent of L. Our theorem states that the Laplace transforms of
Chernoff approximations of a Cy-semigroup converge to the resolvent of the generator of this
semigroup. We demonstrate the proposed method on a second-order differential operator with
variable coefficients. As a consequence, we obtain a new representation of the solution of a
nonhomogeneous linear ordinary differential equation of the second order in terms of functions
that are coefficients of this equation, playing the role of parameters of the problem. For the
Chernoff function, based on the shift operator, we give an estimate for the rate of convergence
of approximations to the solution.
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AnHoTamus. MeTos 9epHOBCKHX ANMPOKCUMAIUN SBJISETCA MOIIHBIM U THOKMM HHCTPY-
MeHTOM (bYHKIIMOHATBHOIO AHAIN3A, MO3BOJAIONIMM BO MHOTHX CJIVYasgX BHIPA3UTh exp(tL)
yepes nepeMeHHble Koy UIUEeHTH JTuHeilHoro auddepeHiuaabaoro oneparopa L. B mannoi
paboTe JO0Ka3LIBAETCS TEOPEMa, IMO3BOJIAINAS TPUMEHITh 3TOT METOJ JJIsi HAXOXKIEHUS pe-
30abBeHTHI onepaTopa L. Hamra Teopema yrBepzKkiaaer, aro npeobpa3oBanus Jlamraca anmpox-
cumanuiit YeproBa Cy-IIOJIYTPYIIIIBL CXOIATC K PE30JIbBEHTE MeHepaTopa 3TOH MOIyrpyIibl. Mbl
JIEMOHCTPUPYEM HpeII0KeHHbIH MeTo Ha Aud depeHnnaIbHOM OllepaTope BTOPOTo MOPLAIKa C
nepeMeHHBIME KO3 dunuentamu. B KauecTBe c1ecTBHAs MBI IOJIyYaeM HOBOE IIPeICTaBJICHHe
pelenust HeQTHOPOIHOI'O JTUHEHHOTO 0OBIKHOBEHHOTO M epeHInaIbHOI0 yPaBHEHUsT BTOPOTO
nopsJ/iKa B TepMUHAX (PYyHKIHiT, ABALIOMUXCA KOIMDPUITHEHTAMI 3TOTO YPABHEHUS, UTI'DAIOTIHX
poJib mapaMeTpoB 3aa4u. g dyaknun YepHoBa Ha OCHOBE OIEPATOpPa CABHUIA MBI A€M OIEH-
Ky CKOPOCTHU CXOJIMMOCTH HpUOJIMKEHUN K PeIIeHuIo.

KarodeBbie coBa: mojyrpylIibl OIEepaTopoB, pe3o/bBeHTa omeparopa, juueitnoe OV ¢
nepeMeHHBIMU KO DUIMeHTaMu, IPeJCTABICHAE PEIIeHNs, YePHOBCKUE AIMIPOKCUMAIIUN

YAK 517.986.7+517.988.8+517.926.4



1 Introduction

The straightforward way to find the resolvent (A — L)™' of the linear operator (L, D(L))
in the Banach space F is to study (for given A € C) if the equation A\f — Lf = ¢ has for
each g € F a unique solution f € D(L). If we know that (L, D(L)) is closed then this is
enough, but if not then we must also check that f depends on g continuously. In case of success
we have f = (M — L)~'g. For example, if F is one of the subsets of space of all functions
f:R—=C,and Lf = af” 4+ bf + cf is a differential operator defined by constant coefficients
a,b,c € C, then this task is not difficult. Indeed A\f — Lf = g is a second order differential
equation \f(x) —af”(z) —bf'(z) — cf(z) = g(z), x € R, with only one variable coefficient ¢,
and there are standard formulas in ODE books to solve this equation using the variation of
parameters method. But if a,b, ¢ are not constants, but functions that depend on x then the
situation becomes much worse because there are no standard formulas for solution of equation
M (@) = a(z) f"(x) = bz) f'(z) — c(x) f(z) = g(x), z € R.

However, if (L, D(L)) holds one additional property, then we can use a non-straightforward
method of finding the resolvent, this method is the main result of the paper. The property is
that (L, D(L)) is the generator of a Cy-semigroup, which informally means that exponent e'r
exists as a linear bounded operator, and depends on t € [0, +00) continuously in some sense. If
(L,D(L)) is a linear bounded operator with D(L) = F then this condition holds automatically,
but if (L, D(L)) is not bounded then there is a beautiful theory around it, see e.g. [1, 2, 3, 4, 5].
In most interesting cases (e.g. if L is a differential operator with variable coefficients) it is
difficult to calculate e'” directly because power series e’ = 3> (tL)"/n! is useless in case of
unbounded operator L. Yet it is possible to find e'X approximately using the Chernoff theorem
6], this theorem will be discussed below. After that, having €' we calculate the resolvent via
well known [3] formula (A\[—L)™' f = [* e *Me'” fdt. The method may look complicated because
of the many steps it has (find Chernoff function for L, find e'* via Chernoff approximations,
find (A — L)~! via e'L), however all these steps are supported by known methods, and so our
proposed method may still be much simpler than considering the equation A\f — Lf = g.

Brief history and overview of the results obtained up to 2017 in constructing Chernoff
approximations of e for several classes of operators L can be found in [7]. Several papers on
the topic showing the diversity of cases studied are [8, 9, 10, 11, 12, 13|, see also [14, 15, 16].
Speed of convergence of Chernoff approximations were studied in [17, 18, 19, 20, 21, 22, 23],
see also references therein. See also paper [24] which numerically investigates the efficiency of
the Monte Carlo method based on the application of the Chernoff theorem, and paper [25] that
mathematically substantiate such an approach to the Chernoff approximations.

Summing up, we can say that the method of Chernoff approximation is an extremely effective
tool for expressing e'” in terms of variable coefficients of operator L. The present paper shows
that this method can be also be used for expressing (A —L)~! in terms of variable coefficients of
operator L, and for finding the solution of the corresponding differential equation \f — Lf = g.
As an example we consider second order linear ODE with variable coefficients.

Limits of multiple integral as multiplicity tends to infinity (such expressions are called
Feynman formulas [8]) are one of the ways (which actually was used originally by Richard
Feynman |26, 27|) to define Feynman path integral |28, 29]. So in theorem 5 a solution of an
ODE is in the first time in history of science represented via Feynman formula, which can also
be interpreted as Feynman integral if one wishes to do. Such theoretical step is novel and may
lead to some unexpected applications in the future.



2 Preliminaries: operator semigroups and their Chernoff
approximations

Let us recall some relevant definitions and facts of Cy-semigroup theory following [3].

Definition 1. Let F be a Banach space over the field R or C. Let Z(F) be the set of all
bounded linear operators in F. Suppose we have a mapping V': [0, +00) — Z(F), i.e. V(¢)
is a bounded linear operator V(t): F — F for each ¢ > 0. The mapping V', or equivalently
the family (V'(¢)):>o0, is called a strongly continuous one-parameter semigroup of linear bounded
operators (or just a Cy-semigroup) iff it satisfies the following three conditions:

1) V(0) is the identity operator I, i.e. V(0)p = ¢ for each ¢ € F;

2) V maps the addition of numbers in [0, +00) into the composition of operators in Z(F),
i.e. for all t > 0 and all s > 0 we have V(¢ +s) = V(t) o V(s), where for each ¢ € F the
notation (Ao B)(¢) = A(B(p)) = ABy is used;

3) V is continuous with respect to the strong operator topology in Z(F), i.e. for all ¢ € F
vector V(t)¢ depends on ¢ continuously, i.e. the function [0,+00) 3 t — V(t)p € F is
continuous.

Remark 1. The definition of a Cy-group (V(t)):cr is obtained by substituting [0, +00) with R
in the definition above.

Definition 2. Let (V(t));>0 be a Cy-semigroup in Banach space F. Its infinitesimal generator
(or just generator) is defined as the operator L: D(L) — F with the domain

V(t)e —
D(L) = {gp € F : there exists a limit lim M} C F,
t—+0 t

and Vi
Lo = lim M
t—+0
Remark 2. It is known [3] that for each Cy-semigroup (V' (t)):>o in Banach space F, the
set D(L) is a dense linear subspace of F. Moreover, (L, D(L)) is a closed linear operator that
uniquely defines the semigroup (V' (t)):>o. Also for each Cy-semigroup (V' (t));>o in Banach space

there exist constants M > 1 and w € R such that |V (t)|| < Me“* for all ¢ > 0.

Remark 3. Very often the notation V(t) = e'* is used. This is a good notation for several
reasons. First, properties e = I and e+ = etlest are consistent with the case when L
is a number or a matrix. Second, if L is a bounded linear operator then the exponent can be
defined via the standard power series e’ = >>° (¢L)"/n! that converges in the operator norm.
Finally, in general case we have el f = (I +tL)f + o(t) for all f € D(L) which again retains

properties of the exponent in number and matrix case.

Now we are ready to state the Chernoff theorem. From several options (see [3, 5, 6, 29]), we
choose the one given in [5] (in equivalent formulation):

Theorem 1 (P.R. CHERNOFF (1968), cf. |3, 5, 6, 29]|). Suppose that the following three
conditions are met:

1. Cy-semigroup ()¢ with generator (L, D(L)) in Banach space F is given, such that for
some w > 0 the inequality ||e'L|| < e holds for all t > 0.

2. There exists a strongly continuous mapping S: [0, +00) — Z(F) such that S(0) = I and
the inequality ||S(t)|| < e“* holds for all t > 0.
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3. There exists a dense linear subspace D C F such that for all f € D there exists a limit
S'(0)f = limy,o(S(t)f — f)/t. Moreover, S'(0) on D has a closure that coincides with
the generator (L, D(L)).

Then the following statement holds:

(C) for every f € F, as n — oo we have S(t/n)"f — etL f locally uniformly with respect to
t>0, i.e. for each T’ > 0 and each f € F we have

lim sup ||S(t/n)"f —eLf| =o0.

=0 10,7

Above S(t/n)" = S(t/n)o---0S(t/n) is the composition of n copies of linear bounded operator

-~

S(t/n) defined everywhere on F.

Definition 3. Let Cy-semigroup (e'l);>o with generator L in Banach space F be given. The
mapping S: [0,+00) — Z(F) is called a Chernoff function for operator L iff it satisfies the
condition (C) of Chernoff theorem 1. In this case expressions S(t/n)" are called Chernoff
approzimations to the semigroup et’.

There is also a variant of the Chernoff theorem that allows us to prove the existence of the
semigroup.

Theorem 2. (Chernoff-type theorem, corollary 5.3 from theorem 5.2 in [3]) Let F be a Banach
space, and L (F) be the space of all linear bounded operators on F. Suppose there is a function
S:[0,400) = Z(F), meeting the condition S(0) = I, where I is the identity operator. Suppose
there are numbers M > 1 and w € R such that ||S(#)*|| < Mekt for every t > 0 and every
k € N. Suppose the limit lim;_, w =: Ly exists for every p € D C F, where D is a dense
subspace of F. Suppose there is a number \g > w such that (A\oI — L)(D) is a dense subspace
of F.

Then the closure L of the operator L is a generator of a strongly continuous semigroup of
operators (e*);>o given by the formula e*p = lim,,_,, S(t/n)"p where the limit exists for every
¢ € F and is uniform with respect to t € [0, T] for every T > 0. Moreover (e");>o satisfies the
estimate ||el|| < Me*t for every t > 0.

Remark 4. There are several theorems that help to find out if some linear operator (or the
closure of it) generates a Cy-semigroup. Most general are Hille-Yosida theorem and Feller-
Miyadera-Phillips theorem. Unfortunately both heavily use properties of the resolvent which is
a kind of circulus vitiosus because we start all this activity to find the resolvent but need its
properties to do it.

However there are several results that only use properties of the operator to prove that it
generates a Cp-semigroup:

e Stone’s generation theorem: if A is a self-adjoint operator in Hilbert space, then A
generates a Cp-semigroup; even more, this is a Cy-group of unitary operators.

e Lumer-Phillips theorem: linear, closed, densely defined in Banach space, dissipative operator
A with a property that A — Aol is surjective for some )y > 0, generates a Cy-semigroup
of contraction operators.

e A. Yu. Neklyudov’s inversion of Chernoff’s theorem [31].



Remark 5. Chernoff’s theorem is a deep result of functional analysis and is designed for dealing
with infinite-dimensional spaces F. However, it can be illustrated in one-dimensional setting in
two ways, which helps to build intuition. First, one-dimensional version of Chernoff’s theorem,
when F = Z(F) = R, says that if s: [0, +o0) = R, [ € Rand s(t) = 1+tl+o(t) as t — 0, then
lim,, oo (s(t/n))" = ”, which is a simple fact of calculus. Second, one can see that Chernoft’s
theorem is an infinite-dimensional analogue of the forward Euler method for solving ordinary
differential equations numerically.

3 Main result

Theorem 3. Let F be real or compler Banach space, and let £ (F) be the set of all linear
bounded operators in F. Suppose that linear operator L: F O D(L) — F generates Co-
semigroup (e')y>o satisfying for some constants M > 1 and w > 0 inequality ||e'"| < Me*t for
all t > 0. Suppose that function S: [0, +00) — L(F) is given and ||S(t)*|| < Me*™* for allt > 0
and all k = 1,2,3,... Let us denote the resolvent of (L, D(L)) by the symbol Ry = (A — L)}
for all A € p(L). Suppose that the number X\ € C is given and Re\ > w. Then \ € p(L) and:

1 1If for all T > 0 we have lim, 0 SUPyejo 7 Heth (S(t/n)) fH =0 for all f € F, then
for all f € F we have
lim HRAf—/ e‘M(S(t/n))”fdtH =0. (1)

0

n—oo

2. If for all T > 0 we have limy, o SUP;e(o 7y HetL — (S(t/n))”H =0, then we have

lim HRA - /OOO e—*t(S(t/n))”dtH = 0. (2)

n—oo

Jlokasameavcmeo. Integrals in (1) and (2) can be understood as improper Riemann integrals
because for each n integrands are continuous functions of t. Moreover |e=*(S(t/n))"|| <
e tReA Nfelt/mwn — Nfetw=Red) with w — Rel < 0, so both integrals converge. Theorem I11.1.10
from [3] says that A € p(L) and Ry f = [~ e Me'l fdt for each f € F with ||R,|| < M/(ReA—w).

Let us prove item 1. Suppose ¢ > 0 and f € F are given. Let us prove that there exists
no € N such that for all n > ng the estimate ||Ryf — [~ e (S(t/n))" fdt|| < € holds.

Integral in (1) and fo ~Metl fdt both converge hence the integral on the right hand side
of the equality

Raf = [ S gt = [ e~ (Sl i
0 0
converges. Moreover, it convergences uniformly in n € N due to the estimate
e e~ (S(/m)M) < e RN (S /) ) < e RA Mt Melmm) < gpfeteTeN

with w — ReX < 0.
Let us use the so-called &/2-method to prove that fooo < €, using representation fooo =

fOT—i-f;O. First, using ¢, we find such 7" > 0 that fTOO < ¢/2 for all n, and then for this T" we
find such ng that for all n > ng we have fOT < /2. This will give us [} < e. Indeed, we have

1

T(w—ReM) < 2
Re)\ — we <ef

/OO e Mt f —(S(t/n))"f )dtH /TOO oMt eN gy — o0

T

for all n € N and all T satisfying inequality 7" > max (0, Rei_w In i Re‘f\Mw ) Suppose that such

number 7T is selected.



Next, thanks to the conditions of the theorem we have limy, ;oo SUP;¢(o 77 Heth (S(t/n)) fH =
0, so there exists ng such that for all n > ny, we have

/(f (S(t/n)" >de /OTe‘tRe*Heth—<S<t/n>>"f||dts

< T max e "™ sup || f — (S(t/n)"f|| < /2.
t€[0,7] te[0,T]

So we proved that for arbitrary € > 0 there exists ng such that for all n > ny we have

Item 1 is proved. Proof of item 2 is obtained by deleting f from the proof of item 1. m

Rof — /OOO e‘“(S(t/n))"fdtH <e

4 Corollary: Feynman formula for the resolvent

Assumption 1. Consider functions a,b,c: R — R on R. Assume that a(z) > 0 for all z € R.
Assume that there exists such € (0, 1] that function ¢ is bounded and Hélder continuous with
Holder exponent 3, and functions a, = — 1/a(x), b are bounded and Hoélder continuous with
Holder exponent [ with derivatives of order one and two.

Consider Banach space Cy(R, R) of all continuous functions f: R — R vanishing at infinity
(i-e. imy 00 f(z) = 0), with the uniform norm || f|| = sup,cg | f(2)]. Consider space CZ(R, R)
of all compactly-supported functions that are continuous with derivatives of order one and two;
note that this space is a dense linear subspace in Cy(R, R).

For all f € C?(R,R) define linear operator H via the formula

(Hf)(x) = a(x)f"(z) + b(x) f'(x) + b(z) f (z). (3)

Assume that the closure (H, D(H)) of operator H: D(H) = C*(R,R) — Cy(R,R) exists
and generates a Co-semigroup (e'?);>0 in Co(R, R); this assumption is fulfilled, e.g. if a(z) > ay
for some constant ay > 0, and b, c only satisfy already mentioned conditions. Now operator
(H, D(H)) is well defined.

Remark 6. Following [30], let us consider operator-valued functions Si,Ss,Ss,S that are
defined on [0, 00) and take values in .Z(Cy(R,R)). For all z,y € R,t > 0 define

—(z —y)’

ﬁ/ (i)

/ ( (r—y)* bla)(z—y)
Varta(z 4ta(x) 2a(x)

= ex c(x) — bz) T

($u(010)w) = ex (1 (elo) = 25 ) ) Fla), - S(0) = Su(05(0) ()
It is proved in [30] that for all f € C*(R,R) and ¢t — 0 we have

(S1()f)(x) = f(z) + ta(z) f"(x) + o(t),

(S(O)f)(x) = f(z) + tla(z) f"(x) + b(x) f'(z) + c(x) f(2)] + o(t),

(S1(0)f) () = ) F()dy,

(S2(t)f) () =




and inequality ||S()|] < e“?! holds for all t+ > 0 with w = max(0,sup,g C(x)). Operator H
generates a Cp-semigroup, so all conditions of the Chernoff theorem are fulfilled. Hence

(T f)(2) = ( Tim S(t/n)" f> (z), forall t>0,z€R,feCoRR)

locally uniformly in ¢, i.e. for all 7' > 0 we have lim, , Sup;epo 1 Hetﬁf — (S(t/n)"f ) =0.

The expression for S(¢/n)"f can be rewritten as follows:

J=1

e ~1/2 n—1 _z)?
y < %) (1_10a<x]->> exp (‘@Z%> Flon)ds i

Now we can apply theorem 3 and obtain a formula for the resolvent of H.

Theorem 4. Under notation and assumptions from assumption 1 and remark 6, the resolvent
Ry = (M — H)™ is given for all A € C satisfying Re\ > w, all g € Co(R,R), all zy € R by the
following formula:

(Rxg)(wo) = lim OOO e [uexp (%; <c(xj_1) _ %)) exp (i b(%;é((z:)%ﬂ) y

j=1

el -1/2 n—1 »—x~+12
() (M) o (5 S 2 st

where the limit lim exists uniformly in xo € R.
n—oo

Zokasameavemeo. Let us check conditions of theorem 3. Set F = Cy(R,R) with the uniform

norm || f|| = sup,cg. Consider L = H defined via (3), D(L) = D(H), w = w, M = 1. Consider
S(t) defined in (4). We already have [|S(¢)|| < e, which implies ||S(#)*]] < e***. Condition

limy, 00 SUP;e(o 7 ‘etﬁf —(S(t/n)"f ‘ =0 for all f € F and all "> 0 is true thanks to [30],
where the Chernoff theorem is used. The proof is finished due to item 1 of theorem 3. O

Remark 7. Note that for an arbitrary linear operator (L, D(L)) the resolvent (A — L)~! and
the semigroup e', if they exist, are defined by (L, D(L)) uniquely. Meanwhile, there are many
Chernoff functions for the same operator (L, D(L)), so there are many Chernoff approximations
for (\[ — L)™! and e'*. This gives us some freedom in constructing such approximations. The
representation for the resolvent proposed in theorem 4 is only one of the representations that
can be obtained via the Chernoff theorem.

5 Corollary: representing solution of ODEs via Feynman
formula

There is no standard well known method of expressing the solution of ODE —a(x)f"(z) —
b(x)f'(x)—c(z)f(x)+Af(x) = g(z),z € Rin terms of variable coefficients a, b, ¢, g and constant
A. Meanwhile, our method gives a formula for the solution, because f = (A — L)™'g for L given
by (Lf)(z) = a(z)f"(x)+b(x) f'(x) + c(x) f(z). We will rewrite A\f — Lf =gas Lf —A\f = —g
because it is easier to follow the idea. Please allow us to make the statement of the theorem a
bit wordy to keep it self-contained.



Theorem 5. Consider second order ordinary differential equation for function f: R - R

a(z) f"(x) + b(x) f'(z) + (c(z) = M) f () = —g(x) for all x € R, (5)

where functions a,b,c,g: R — R are known parameters and number X € C is also a known
parameter. Assume that there exists constant ag > 0 such that a(x) > ag for all x € R. Assume
that there exists 5 € (0, 1] such that function c is bounded and Hélder continuous with Hélder
exponent 3, and functions a, x — 1/a(z), b are bounded and Hélder continuous with Holder
exponent B with derivatives of order one and two. Assume that function g is continuous and
vanishes at infinity. Assume that R 3 A > max(0, sup,cg c()).

Then for (5) there exists a unique continuous and vanishing at infinity solution f given for
all xg € R by the formula

Jj=1

I —1/2 n—1 i)’
() (o) o (55 e e

where the limit lim exists uniformly in o € R.
n—oo

oxaszameavcmeo. In theorem 4 set f = Ryg. O]

Remark 8. This reasoning also works in the multi-dimensional situation for z € R?, where we
have an elliptic PDE instead of ODE.

6 Corollary: translation-based formula as a method of solving
ODEs

Another Chernoff approximations for the same semigroup are known, these approximations do
not involve multiple integrals but use multiple shifts instead [12]. For these approximations
error bounds are known. Rate of convergence of Chernoff approximations is given in [19]
for the general case of arbitary semigroup, and also in this particular case of translation-
based approximations [18] for the semigroup that is discussed in the next theorem. The word
"translation” is used because for a(z) = ag = const operator f — [z — f(z + 2 /a(x)t)] is
indeed a translation (shift) of f by the value 2y/agt.

Let us use symbol UC,(R) to denote Banach space of all bounded and uniformly continuous
functions f: R — R with the uniform norm || f|| = sup,cg |f(2)|- Let us use symbol C;°(R) for
the subspace of UC,(R) consisting of all infinitely differentible functions that are bounded and
have bounded derivatives of all orders.

Theorem 6. Suppose that functions a,b,c € UC,(R) are bounded with their derivatives up to
order 3, and there erists such a constant ag > 0 that estimate inf,cg a(z) > ag > 0 is satisfied
for all x € R. For each function ¢ € C°(R) = D(A) define Ap = a¢” + b’ + c¢. For each
t >0, each x € R and each f € UC,(R) define

(S(t)f)(z) = % f(x + 2\/a(x)t) + % f(x - 2\/a(x)t) + % f(z+2b(2)t) + te(x) f(z).  (6)

Assume also that R 3 X\ > sup g |c(z)| = ||c||. Then:



1. Closure A of operator A generates a Cy-semigroup in UCy(R).
2. For each g € UC,(R) the solution f: R — R of the equation

a(z) f"(x) +b(x) f'(x) + (c(x) — A) f(2) = —g(x) for all x € R, (7)
exists, is unique in UC,(R) and is given for all x € R by the formula

o0

fa)= [ (M) (e = tim [ e (St/m)"9) @) (8
0 = Jo
where S(t/n) is obtained by substitution of t with t/n in (6), and (S(t/n))" is the composition
of n copies of linear bounded operator S(t/n).

Suppose additionally that function g is bounded with derivatives up to order 5. Then:

3. There ezist nonnegative constants Cy, Cy, ..., Cy such that for allt > 0 and alln € N the
following inequality holds:

2 llele

I1S(t/n)"g — gl < (Collgll + Cullg'll + Cellg"|l + Csllg™ | + Cullg " 1l). (9)

4. Error bound in (8) for all n € N is given by inequality
sup f(a) — [ e (S(/m)"g) ()i
S 0

where €, = Collgll + Cillg/ll + Callg”l| + Csllg”]l + Call g™
5. Integral in item 2 can be calculated over [0,T] instead of [0,00) with controlled level of

20,

< —r’
(A= le)?

error. This means that for each € > 0 there exists T = max (O, A—chH In (/\_ﬁc”)a) such that for

all n € N we have

(@) —/O e ((S(t/n))"g) ($>dt’ - n(+@!\|c\|)3 e

sup
zeR

Aoxasamenvcmeo. Ttem 1 follows from theorem 4.2 in [18]. Item 2 is a particular case of the
main result of the paper, theorem 3. Item 3 follows is example 4.2 in [18]. Ttem 4 follows from
items 2 and 3 with simple estimate

[T (o) e [T sty @ <
20,

< [ e e
/0 e (A= lel])?

Item 5 (by repeating the reasoning in the first part of the proof of theorem 3) folows from item
4 and the well known fact that the semigroup (e');>o is a quasi-contraction, i.e. in estimate
for norm ||| < Me“t it is possible to set M =1, w = ||c||. O

_ o0 t2
eg — (S(t/n))"g ’ dt < / ellel=Mt_coat =
0 n

Remark 9. Independently of Chernoff function used (is it based on integral operators as in
theorem 5 or on translation operators as in theorem 6), Chernoff approximations are allowing
to calculate value of the solution in only one point of the domain of solution (in one point = € R
in our examples). Meanwhile methods based on a computational grid calculate values of the
solution in all points of the computational grid. Moreover, values of Chernoff approximations
at different points of the domain can be calculated in parallel, using multi-core processors and
GPU which is an advantage of this approach.
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for comments on the manuscript. The work (except theorem 5) was supported by the Russian
Science Foundation (project 23-71-30008). Theorem 5 was obtained in IITP (Dobrushin’s Math.
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