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In symplectic space (R2n
x,y, dx ∧ dy) we consider a Birkhoff-integrable

Hamiltonian system — its Hamiltonian H depends only on the actions Ij =
(x2

j + y2j )/2. Introducing complex coordinates vj = xj + iyj we write this
system in the convenient complex form:

∂

∂t
vk(t) = i∇kH(I)vk, k = 1, . . . , n, I = I(v), v(t) ∈ Cn. (1)

Note that Ij = 1
2 |vj |2. Study of small perturbations of this system for large

values of time, either globally in Rn, or locally near an equilibrium, is a
classical problem of dynamical systems starting the end on XVIII century.
There are two main settings:
A) the perturbation is a small smooth vector field,
B) the perturbation is a small Hamiltonian field.
We will consider a third case and examine an ε-small stochastic perturba-

tion of the integrable system (1) for for 0 ≤ t ≤ Tε−1:

∂

∂t
vk(t) = i∇kH(I)vk + εPk(v) +

√
ε

n1
∑

j=1

Bkj(v)β̇
c
j (t),

k = 1, . . . , n, v(0) = v0,

where {βc
k(t), 1 ≤ k ≤ n} are standard independent complex Wiener pro-

cesses. That is, βc
k(t) = β+

k (t)+ iβ−
k (t), and β

±
k (t) are standard independent

real Wiener processes. Passing to the slow time τ = εt and using vector
notation we re-write this system as

v̇(τ) = iε−1diag{∇kH(I)}v + P (v) +B(v)β̇c(τ), v(0) = v0, (2)

where v(τ) ∈ Cn is a complex n × n1 matrix and 0 ≤ τ ≤ T . We impose
some mild regularity assumptions on coefficients of this equation and assume
that the matrix B(v) is non-degenerate: its rank is n for all v (so n1 ≥ n).
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A solution of this equation will be denoted vε(τ). The goal is to study the
behaviour of the vector of actions Iε(τ) = (Iε1 , . . . , I

ε
n)(τ), where I

ε
j (τ) =

I
(

vεj (τ)
)

, when ε → 0, on time-intervals 0 ≤ τ ≤ T . Following the works [1,
2] we will discuss two approaches to do that.
In the first approach we introduce in Cn = {v = (v1, . . . , vn)} the usual

action-angle coordinates (I, ϕ), where I = (I1, . . . , In) ∈ Rn
+ and ϕ =

(ϕ1, . . . , ϕn) ∈ Tn = Rn/(2πZ)n: Ij = 1
2 |vj |2, ϕj = Arg vj , j =

1, . . . , n (so vj =
√

2Ij exp iϕj). Then v-equation (2) may be re-written in
terms of these coordinates. The equations for actions are:

İεk(τ) = �(v̄εk Pk(v
ε)) +

∑

l

|Bkl(v
ε)|2 +

n1
∑

j=1

�
(

v̄εkBkj(v
ε)
)

β̇j(τ), (3)

where k = 1, . . . , n and β1(τ), . . . , βn1(τ) are independent standard real
Wiener processes. The ϕ- equations are:

ϕ̇ε
k(τ) =

= ε−1∇kH(Iε) + term of order one with strong singularity at {Iεk = 0},

1 ≤ k ≤ n. We have got a slow-fast system, where the actions Iεk’s are slow
variables and the angles ϕε

k’s are fast variables. Then, by the usual logic
of averaging in fast-slow systems, we in Eq. (3) write the coefficients of the
equations as functions of actions and and angles, and next average them in
angles (the matrix-function B(I, ϕ) = {Bkl}(I, ϕ) has to be averaged by the
rules of stochastic averaging). This provides us with averaged equations for
actions. For this approach it is shown that the averaged equations for actions
describes the limiting dynamics of actions of solutions vε(τ) as ε → 0, in
sense of distribution, if in (2) P (v) is C2-smooth and B is a constant matrix.
It is very likely that these restrictions are necessary, see [2].
In the second approach we build an effective equation for Eq. (3), follow-

ing the following procedure: in the Eq. (3) we
– dropp its first term,
– suitably average the other two terms with respect to the action of

the torus Tn = {ω} on Cn by means of the rotation-operators Φω =
diag

(

eiω1 , . . . , eiωn
)

(again, the matrix-function B(v) = {Bkl}(v) has to be averaged by the rules
of stochastic averaging). Then, without any restrictions on equation (3),
we prove that as ε → 0 the actions of solutions for the effective equation
approximate those of solutions vε(τ), in sense of distributions.
Moreover, it turns out that if the first few moments of the norms |vε(τ)|

are bounded uniformly in ε > 0 and τ ≥ 0, then this approximation is

65



uniform in time. We provide easy sufficient conditions which imply these
uniform bounds for the moments.
At the end of the talk we will compare these results with what is known

for classical perturbative questions A) and B), given at the beginning of this
note.
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