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A few words on the history of symmetry reduction

Integrable systems: O. |. Bogoyavlenskii and S. P. Novikov (1976)
approach via conservation laws = a generalization by O. I. Mokhov (1984)

Geometric (cohomological) approach: Symmetry reduction in general
relativity = . M. Anderson and M. E. Fels method (1997)

Group analysis (symmetry methods): <+ [A. Sjdberg approach (2007)
= a generalization by A. H. Bokhari et al (2010)] = a generalization by
S. C. Anco and M. L. Gandarias (2020)
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A few words on the history of symmetry reduction

Integrable systems: O. |. Bogoyavlenskii and S. P. Novikov (1976)
approach via conservation laws = a generalization by O. I. Mokhov (1984)

Geometric (cohomological) approach: Symmetry reduction in general
relativity = . M. Anderson and M. E. Fels method (1997)

Group analysis (symmetry methods): <+ [A. Sjdberg approach (2007)
= a generalization by A. H. Bokhari et al (2010)] = a generalization by
S. C. Anco and M. L. Gandarias (2020)
[S. P. Novikov, S. V. Manakov, L. P. Pitaevskii, V. E. Zakharov, p. 103]:
“ ..as there is no direct relationship between the Poisson bracket
in the functional space u(x) and the Poisson bracket in the finite-

dimensional space (p,q) for an Euler-Lagrange type equation
ol/du=0."

The equation §//du = 0 describes some invariant solutions of the KdV
(here Dy(01/0u) is a symmetry characteristic).
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Invariant reduction mechanism in a nutshell

For a system of PDEs
& F'=0, Du(F)Y=0, ... (1)
and its evolutionary symmetry X = E,|¢
Er = 90, + Dt (¢)0,5, + - = Dul)0 (2)

there is a mechanism of reduction of X-invariant cohomology to the
subsystem describing X-invariant solutions

Ex: Fi=0, ¢ =0, Du(F)Y=0, Du(¢)=0, ... (3)
The mechanism is based on the observation
Xley, =0 = Lxle, =0 (4)
and reduces a “horizontal degree” by one,

Lxw = 90U = 026(19|gx) (5)
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Jets: notation

Let m: E"™™ — M" be a locally trivial smooth vector bundle. Denote by
o x = (x!,...,x") coordinates in U C M (independent variables),
o u=(u',...,u™) coordinates along the fibers (dependent variables).
o u/ adapted coordinates along the fibers of 7., : J*(7) — M over U.

Here a = aqx! + ... apx" = ajx’,

al=a1+ ...+ ap.
Took: J°°(m) — JK(m),
Functions and differential forms on J*°(7):

F(m) = [ e C(H @), N (m) = | i N () ()
k>0

k>0

T JK(m) = M (6)
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Jets: notation

Let m: E"™™ — M" be a locally trivial smooth vector bundle. Denote by
o x = (x!,...,x") coordinates in U C M (independent variables),
o u=(u',...,u™) coordinates along the fibers (dependent variables).

o u/ adapted coordinates along the fibers of 7., : J*(7) — M over U.

Here a = aqx! + ... apx" = ajx’,

al=a1+ ...+ ap.
Took: J°°(m) — JK(m), T JK(m) = M (6)
Functions and differential forms on J*°(7):
F(m) = [ e C(H @), N (m) = | i N () ()
k>0 k>0
The Cartan distribution on J°°(7) is spanned by the total derivatives
DXk:8Xk+U;é+Xkaug, k=1,...,n (8)
Dual description: the ideal of Cartan (contact) forms

CA*(m) C A*(m),  wib;, € CAY(m), 0} =du), —ul .dx* (9)
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Horizontal forms:
Nb(m) = N¥(m) /N (x), dy: Nj(m) = A () (10)
AE() = F(r) - i (NS(M)) 2 &y, dx AL A dod (11)
dn(Ejyj XN A dIR) = dxT A D€y ) X AL A DR (12)
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Horizontal forms:

Nb(m) = N¥(m) /N (x), dn: Ni(m) = NG () (10)
AE() = F(r) - i (NS(M)) 2 &y, dx AL A dod (11)
dn(Ejyj XN A dIR) = dxT A D€y ) X AL A DR (12)

Symmetries of J°°(7) ~ elements of the F(7)-module of characteristics

wm)=JT(m(n))  Hm)2e = E,=Da(¢)d,;  (13)
k>0
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Horizontal forms:
Ni(m) = N(m)/CN (x),  dp: Ni(m) = A () (10)
AE() = F(r) - i (NS(M)) 2 &y, dx AL A dod (11)
dn(Ejyj XN A dIR) = dxT A D€y ) X AL A DR (12)
Symmetries of J°°(7) ~ elements of the F(7)-module of characteristics
wm)=JT(m(n))  Hm)2e = E,=Da(¢)d,;  (13)
k>0

Let ¢ be a locally trivial smooth vector bundle over the same base M,
rank ¢ = rankm = m. Consider the following F(7)-modules

P(m) = |J (), P(x) = Homg(m(P(r),Aj(r))  (14)
k>0

A section F € P(7) defines the corresponding differential equation

F=0 & Fi(x,ua) =0 (15)
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¢-normal equations: notation and regularity conditions

The infinite prolongation (the set of formal solutions) & C J*°(7)
&: Do(F')=0 la| >0 (16)
is endowed with its Cartan distribution C and CA*(E) C A*(€),
F(&) =F(m)/le, N(&)=N(m)/(lg - N(x)+dlg AN} (x)),  (17)
where lg = {f € F(n): fle =0}.
Let Ir(p) = E,(F). Denote Iz = Ir|c.
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¢-normal equations: notation and regularity conditions

The infinite prolongation (the set of formal solutions) & C J*°(7)
&: Do(F')=0 la| >0 (16)
is endowed with its Cartan distribution C and CA*(E) C A*(€),
F(&) =F(m)/le, N(&)=N(m)/(lg - N(x)+dlg AN} (x)),  (17)
where lg = {f € F(n): fle =0}.
Let Ir(¢) = E,(F). Denote I = If|e.

Regularity (and ¢-normality) conditions

o me(E) = M, where g = Tl

o The differentials dF; are independent for any r € J®(r) s.t. F(r) = 0.
o fle = 0iff f = CJ(F) for some total differential operator 1 = ¥ D,
Hip(€) =0 for i > 0.

@ Aol =0 = A=0 (¢-normality).
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The Vinogradov C-spectral sequence

Vinogradov's C-spectral sequence (Ef*?(€), dP?) originates from

A*(E) D CA®(E) D C2A%(E) D C3A%(&) D ... (18)
Here all dP9: EP9(&) — EPT" 97177 (&) are induced by d,
CPAPTI(E) 1
Eg9(E) = ePIIAPTA(E)’ dg?: EPI(e) — EPTTI(E)  (19)
EP9(E) = kerdP9/im dP9 dP9: EP9(E) — EPTHI(E)  (20)

Using me = Toole: € — M, we identify

EPI(E) ~ CPAP(E) AE(NI(M)),  dy = dxk A L5, (1)
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The Vinogradov C-spectral sequence

Vinogradov's C-spectral sequence (Ef*?(€), dP?) originates from

A*(E) D CA®(E) D C2A%(E) D C3A%(&) D ... (18)
Here all dP9: EP9(&) — EPT" 97177 (&) are induced by d,
CPAPTI(E) 1
EP9(€) = WP“’(S)’ df9: EPI(E) — Eé”q+ (&) (19)
EP9(&) = ker dP9/im dP97 1, dP9. EP9(e) — EPTMI(E)  (20)

Using me = Toole: € — M, we identify
EP9(E) ~ CPAP(E) ATE(AI(M)),  do = dxk A Lo, (21)
Variational k-forms of € are elements of
EF"HE) = kerd" T /im dy "2 (22)

Presymplectic structures of & = di-closed variational 2-forms.
Conservation laws of & = variational 0-forms.
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Symmetries and Hamiltonian operators

An evolutionary symmetry of & C J®(7) is

the restriction X = E,|¢ of an evolutionary vector field E, such that

E,(F)le =0 (23)

If Too,0(€) = JO(7), any symmetry is equivalent to some E, |z (or to ¢|e).
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Symmetries and Hamiltonian operators

An evolutionary symmetry of & C J®(7) is

the restriction X = E,|¢ of an evolutionary vector field E, such that

E,(F)le =0 (23)

If Too,0(€) = JO(7), any symmetry is equivalent to some E, |z (or to ¢|e).

(&) = s(r)/lg - (r),  P(&)=P(m)/lg - P(r) (24)

Let V: ﬁ(&) — (&) be a total differential operator such that

leoV —V*olf =0 (25)

There are an extension V: P(r) — s(7), V = Ve|¢ and an operator
A: P(m) x P(m) — P(7) such that

o Ve~ Vol = A(F,) (26)
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For the operator A from Ir o Ve, — V2o lf = A(F,-), we put

def
Ay() = AGY) (27)
For Ve = V42D, and x € (), we also put E,(Ve) = Ey (Ve ?)D,.

The operator V is a (local) Hamiltonian operator of € if

for any 11,10 € f’(w) the expression

Ev. (1) (Ve)(¥2) = Ev (1) (Ve) (¥1) — Ve(Ay, (¢2)) (28)

vanishes on €.
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For the operator A from Ir o Ve, — V2o lf = A(F,-), we put
def

Ay() = A(LY) (27)
For Ve = V42D, and x € (), we also put E,(Ve) = Ey (Ve ?)D,.

The operator V is a (local) Hamiltonian operator of € if

for any 11,10 € f’(w) the expression

Ev. (1) (Ve)(¥2) = Ev (1) (Ve) (¥1) — Ve(Ay, (¢2)) (28)

vanishes on €.

A cons. law & € Ef’"_l(c?) = its cosymmetry ¢1|e = ¢, € ker [F =

EV(JI) = Eve(wl)’E (29)
The Poisson bracket of &1, & € Elo’"fl(c‘l) is
(&1 &0v = Leg ;& (30)
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For the operator A from Ir o Ve, — V2o lf = A(F,-), we put
def

Ay() = A(LY) (27)
For Ve = V42D, and x € (), we also put E,(Ve) = Ey (Ve ?)D,.

The operator V is a (local) Hamiltonian operator of € if

for any 11,10 € f’(w) the expression

Ev. (1) (Ve)(¥2) = Ev (1) (Ve) (¥1) — Ve(Ay, (¢2)) (28)

vanishes on €.

A cons. law & € Ef’"_l(c?) = its cosymmetry ¢1|e = ¢, € ker [F =
EV(JI) = EVe(wl)’e (29)
The Poisson bracket of &1, & € Elo’"fl(c‘l) is
(&1 &0v = Leg ;& (30)

Invariant reduction (classes of differential forms, cohomology)?
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The degree-shifted cotangent covering

In geometric terms, the cotangent equation £* is

the Euler-Lagrange equation for

L=(p,F)=piFldx'A...A\dx" (31)

Here p = (p1,...,pm) are coordinates along the fibers of the densitized
dual 7 to the bundle {, 7 =7 ®n,

@ p;, are odd variables of degree 1

@ &* is assumed to be /-normal

&* C J*°(7) is given by the infinite prolongation of the system
E(p) =0, F=o0. (32)
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The degree-shifted cotangent covering

In geometric terms, the cotangent equation £* is

the Euler-Lagrange equation for

L=(p,F)=piFldx'A...A\dx" (31)

Here p = (p1,...,pm) are coordinates along the fibers of the densitized
dual 7 to the bundle {, T =7 &n,

@ p;, are odd variables of degree 1

@ &* is assumed to be /-normal

&* C J*°(7) is given by the infinite prolongation of the system
F(p) =0, F=o. (32)

The algebra A*(€) is a direct summand (of internal degree 0) in A*(E¥).
The cotangent covering is the natural projection

g ¢ (33)

Kostya Druzhkov Invariant reduction for PDEs. |ll: Poisson brackets



Elements of the graded-commutative geometry of J>(7)

The algebra A*(7) is bigraded, with the bigrading assigned as follows:
x'(0,0), uf(0,0), pia(1,0), dx'(0,1), du}(0,1), dpja(1,1) (34)

The second component of the bidegree is the differential form degree.

Signs in algebraic expressions < Inner product of the bigradings

pidd =dwp;,  du' Adpj = —dpj A du, (35)
pidpj = —dp;pi,  dpi A dp; = dp; A dp; (36)
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Elements of the graded-commutative geometry of J>(7)

The algebra A*(7) is bigraded, with the bigrading assigned as follows:
x'(0,0), uf(0,0), pia(1,0), dx'(0,1), du}(0,1), dpja(1,1) (34)

The second component of the bidegree is the differential form degree.

Signs in algebraic expressions < Inner product of the bigradings

pidd =dwp;,  du' Adpj = —dpj A du, (35)
pidpj = —dp;pi,  dpi A dp; = dp; A dp; (36)

PN

For graded derivations X, Y of F(#) and any differential form w € A*(#):

Lxw=d(Xiw)+ Xidw, (37)
Lx(Yaw) =X, Y]aw+ (1)XIy (Lxw) (38)

For X = Xo"ﬁug + Xia0p;,, and w = dul, w® + dpj o w'®, one has
Xaw = XLwd + Xiqw'® (39)
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The main structure on £*: the canonical variational 1-form

The Green formula on J*°(7):

UE(X),¥) — (G IF () = dhwyy  Vx € 3(n), 9 € P(m)  (40)

For x € (), one can consider the evolutionary vector field on J*°(7)

E(x,O) = DOé(Xi)aufI (41)
There exists a Cartan n-form w; € CAL(7) A 2% (A"1(M)) such that

(IF(X), P) — (X, IF(P)) = dn(E(y,..yawr)  Vx € 3(m) (42)

Here w; is linear in p;, and doesn’t involve the forms dp;, — p,-a+xkdxk.
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The main structure on £*: the canonical variational 1-form

The Green formula on J*°(7):

UE(X),¥) — (G IF () = dhwyy  Vx € 3(n), 9 € P(m)  (40)

For x € (), one can consider the evolutionary vector field on J*°(7)
Etv.0) = Da(x)0,i (41)

There exists a Cartan n-form w; € CAL(7) A 2% (A"1(M)) such that

(IF(X), P) — (X, IF(P)) = dn(E(y,..yawr)  Vx € 3(m) (42)

Here w; is linear in p;, and doesn’t involve the forms dp;, — p,-a+xkdxk.

The canonical variational 1-form (of internal degree 1)

The restriction wy |¢+ represents the canonical variational 1-form
pE Ell’"_l(E*). The corresponding presymplectic structure is

Q=dipe E>"(EY) (43)
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n

In fact, the form p is produced by the Lagrangian L = p;iFidx! A ... A dx".

as we will see below, the form p is important itself.
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n

In fact, the form p is produced by the Lagrangian L = p;iFidx! A ... A dx".

as we will see below, the form p is important itself.

Let X = E_|¢ be an evolutionary symmetry of €. There exists a total
differential operator ®: P(w) — P(7) such that

IF() = Ep(F) = &(F) (44)
X =¢ + integration by parts in
(Ie(), ) — (¢, IF (P)) = dn(Ey, .yswL) (45)

show that (—¢, ®*(p)) is a characteristic of a conservation law of £* =
the following evolutionary field restricts to a symmetry of £*

E(o-07(p)) = #'0ui — ®(P)iTp; + .. (46)

Denote by X this restriction = the lift of X. The conservation law with the
characteristic (—p, ®*(p)) is X p.
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The conservation law with the characteristic (—p, *(p)) is Xup =
Loyp=0 (47)

In other words,

the canonical variational 1-form p is X-invariant for any X = invariant
reduction of p under X for any X.

One can show that the lift preserves commutators.

Kostya Druzhkov Invariant reduction for PDEs. Ill: Poisson brackets 14 / 32



The conservation law with the characteristic (—p, *(p)) is Xup =
Loyp=0 (47)

In other words,

the canonical variational 1-form p is X-invariant for any X = invariant
reduction of p under X for any X.

One can show that the lift preserves commutators.

Similarly, as the Green formula shows,

for the operator A, from
lFoVe=Violg =A(F,),  B8,()Z A(,p),  (48)

the restriction of the evolutionary vector field with the characteristic

(Ve(p) ~525(0)) (49)

is a degree-1 symmetry of £* (< odd parity of p;j,). We denote it by sy.
S — e —
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The Noether theorem relates sy to the degree-2 conservation law Hy,

1
Hy = —ESV_Ip, syuQ =diHy (50)

= sy depends only on V (not on V,). Moreover, the variational bivector
V + 0o [ determines the same sy (here O: 3¢(€) — (&) and O0* = [O).
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The Noether theorem relates sy to the degree-2 conservation law Hy,

1
Hy = —ESV_Ip, syuQ =diHy (50)

= sy depends only on V (not on V,). Moreover, the variational bivector
V + 0o [ determines the same sy (here O: 3¢(€) — (&) and O0* = [O).

If V is a Hamiltonian operator, then sy is a cohomological vector field, i.e.,
[sv.sv] =0 (51)

Here [sv, sy] = 2sy o sy since sy is odd.

It X = E,

we say that V is X-invariant if

¢ is a symmetry of &,

[sv,X] =0 (52)
This condition implies that sy can be restricted to €3 and is equivalent to

LyHy =0 (53)

v
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Action of variational bivectors in terms of odd symmetries

Let us recall that the system €. is determined by
F(p) =0, F=0, (54)
®*(p) =0, =0 (55)
where X = E_|¢ and E,(F) = ®(F). R
The variational bivector represented by V: P(€) — »(€),
leoV -V ol =0 (56)

maps {cosymmetries of £} = ker [ ~ E"""(€) to {symmetries of £}.
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Action of variational bivectors in terms of odd symmetries

Let us recall that the system €. is determined by
IZ(p) =0, F=0, (54)
®*(p)=0, =0 (55)

where X = E_|¢ and E,(F) = ®(F).
The variational bivector represented by V: P(€) — »(€),

leoV -V ol =0 (56)
maps {cosymmetries of £} = ker [ ~ E"""(€) to {symmetries of £}.

More specifically, one can show that

for v € Ell’"_l(S) C Ell’"_l(S*) and the corresponding symmetry Xy ,),
d1 (SVJ I/) = DCV(Z,)J Q (57)

This can be taken as an equivalent definition of Xy (,) and hence of Xy,
= We don’t need V itself anymore.
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Let us recall the invariant reduction mechanism

Let X be an evolutionary symmetry of & C J®°(7w) = Ex C & is given by

F=0, =0 (58)
¢, while F = 0 determines €.

where X = E,

Suppose w € Ef" (&) represents an X-invariant element of Ef*7(€), where
g > 1. Then for some 9 € EP97(€)

wa = d019 = d019|gx =0 (59)

We denote by R the homomorphism EP9(£)X — EP971 (&), provided
it is well-defined.
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Let us recall the invariant reduction mechanism

Let X be an evolutionary symmetry of & C J®°(7w) = Ex C & is given by
F=0, =0 (58)

where X = E_|¢, while F = 0 determines €.

Suppose w € Ef" (&) represents an X-invariant element of Ef*7(€), where
g > 1. Then for some 9 € EP97(€)

wa = dol? = d019|gx =0 (59)

We denote by R the homomorphism EP9(£)X — EP971 (&), provided
it is well-defined. The graded-commutative case (fixed internal degree):

(E,X) — (E%,X) (60)

Below we apply the reduction to invariant elements of E{"’"_1 of the
{-normal systems € and £* = it is well-defined. In particular, we get

Ry(p) € B2 (€%) (61)
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Reduction of formulas

Theorem 1 (fixed internal degree)

Let € be an infinitely prolonged system of differential equations, and let X
be its evolutionary symmetry. Suppose that the invariant reduction is
well-defined for E/*9(€*)* and E1p+1,q(8*)x_ Then on EP9(€%)Y,

ROV o dy = —dy o REY (62)
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Reduction of formulas

Theorem 1 (fixed internal degree)

Let € be an infinitely prolonged system of differential equations, and let X
be its evolutionary symmetry. Suppose that the invariant reduction is
well-defined for E/*9(€*)* and E1p+1,q(8*)x_ Then on EP9(€%)Y,

ROV o dy = —dy o REY (62)

v

Theorem 2 (fixed internal degree)

Suppose that X and X; are commuting evolutionary symmetries of an
infinitely prolonged system &. If the invariant reduction is well-defined for
EP9(&*)* and Elp_l’q(E*)x, then on EP9(€%)%,

CR{',’C_I"’ oXiu= —x1|g;c_l o ngC’q (63)

v

Now we can reduce the main formula, where v € Ell’"fl((‘l) C Ell’"fl(c?*)
di(svuv) = Xy () Q (64)
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How to interpret the reduced structures?

If all ingredients of dy(sy.v) = Xy (,)2 2 are X-invariant, then

di(svler 1 Rx (V) = =Xy ) les 2+ R (2) (65)

Perhaps one can similarly define the action of the reduction of V on any
e EP"?(Ex) C E{TTA(ER) by

d (Sv|5;c_l ,u) =7, fo(Q) (66)

However, computationally, this formula is not particularly nice and its
properties (existence and uniqueness of ?) are not easy to study.
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How to interpret the reduced structures?

If all ingredients of dy(sy.v) = Xy (,)2 2 are X-invariant, then

di(svler 1 Rx (V) = =Xy ) les 2+ R (2) (65)

Perhaps one can similarly define the action of the reduction of V on any
e EP"?(Ex) C E{TTA(ER) by

d (Sv|5;c_l ,u) =7, fo(Q) (66)

However, computationally, this formula is not particularly nice and its
properties (existence and uniqueness of ?) are not easy to study.

One can potentially overcome these challenges using

a compatibility complex for the linearization of €3 and the k-line theorem.

But when Ex is a finite-dimensional smooth manifold, there is a better way
through the naive notion of its cotangent equation given in terms of the
intrinsic geometry...
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The naive cotangent equation (finite-dimensional case)

Let mg: 8"tV — M" be a surjective submersion + a flat connection C.
Denote by D"(8) the module of 7s-vertical derivations. The decomposition

D(8) = €D(8) & DY(8) (67)

of the module D(8) of derivations on 8§ = CD(8) acts on DY(8) by means
of the vertical components of the corresponding Lie derivatives.

D"(8) & fiberwise linear functions on 75: T8 -8  (68)

Here 7§ oms: T*8 — M is endowed with the corresponding flat connection.
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The naive cotangent equation (finite-dimensional case)

Let mg: 8"tV — M" be a surjective submersion + a flat connection C.
Denote by D"(8) the module of 7s-vertical derivations. The decomposition

D(8) = €D(8) & DY(8) (67)

of the module D(8) of derivations on 8§ = CD(8) acts on DY(8) by means
of the vertical components of the corresponding Lie derivatives.

D"(8) & fiberwise linear functions on 75: T8 -8  (68)

Here 7§ oms: T*8 — M is endowed with the corresponding flat connection.

For x = (x!,...,x") on M and (x, v)

s.t. mg(x, v) = x, denote wj = 9,; = for Cartan forms 7/ = dv/ — [ dx*,

End(D¥(8)) 31 =~ pc=~w; e E (T 1]8) (69)

Kernel distribution of dp. € E12’0(3Z*[1]8) = Cartan distribution of T*[1]8.
Informally, p. = T*[1]8, and [the coefficient of the Cartan form /] < 0,
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We want to take Ex as 8§ and

to identify Ry(p) € E;"">(€%) with the form p. € E[*(T*[1]Ex) =
to identify €5 and T¥[1]Ex =
to recognize p,-a|g§ as me, -vertical derivations on €x.

If X is a single symmetry (not an appropriate algebra), then n = 2.

An isomorphism of bundles £} and T*[1]€x over Ex that relates the forms
Rx(p) € Ell’"_2(83‘c) and p. € Ell’o(‘Z*[l]Sx) is unique (if it exists).
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We want to take Ex as 8§ and

to identify Ry(p) € E;"">(€%) with the form p. € E[*(T*[1]Ex) =
to identify €5 and T¥[1]Ex =
to recognize p,-a|g§ as me, -vertical derivations on €x.

If X is a single symmetry (not an appropriate algebra), then n = 2.

An isomorphism of bundles £} and T*[1]€x over Ex that relates the forms
Rx(p) € EL"2(E%) and pe € E1°(T*[1]€x) is unique (if it exists).

Since dRx(p) = dpc, such an isomorphism relates the Cartan distributions
of €5 and T*[1]Ex. J

(these distributions have the same rank n = they both can be identified as
the kernel distributions of the respective forms).
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Reduction of technical formulas (if Rx(p) = pc)

First of all, for v € Ell’"fl(c‘l) C Ell’"fl(él*) we have the two equivalent
di(syov) = DCV(V)JQ & Ssyav = —xv(l,)J,O (70)
If everything is X- (X-) invariant, and V is Hamiltonian, then:
® [sv|ex,sv|es] =0 and hence sy|ex identifies with a (vertical) Poisson

bivector b on the system & .
o For the Poisson bivector b and 3 € CA}(Ex) C CAL(T*[1]€x),

svlez 48~ —b(B,") (71)

4
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Reduction of technical formulas (if Rx(p) = pc)

First of all, for v € Ell’"fl(c‘l) C Ell’"fl(él*) we have the two equivalent
di(syov) = DCV(V)J Q & syav= —I)CV(V)J p (70)
If everything is X- (X-) invariant, and V is Hamiltonian, then:

° [svlggc,sﬂg*x] = 0 and hence sv|g;c identifies with a (vertical) Poisson
bivector b on the system & .
o For the Poisson bivector b and 3 € CA}(Ex) C CAL(T*[1]€x),

svlez 48~ —b(B,") (71)
@ From sy dpf = —xv(dlg) ap and fo(p) ~Te End(D"(é’X)),

svley 0 dRx(8) = Xy (ae)ler 1 Ralp) = Xv(aeylex  (72)

i.e., the relation between conservation laws and symmetries of & given
by V is inherited by the reduction, up to sign = the Poisson bracket is.

v
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Comments on Ry (Hy) (provided Ry(p) = pc)

The reduced bivector maps constants of X-invariant motion Ef’o(Ex) to
symmetries of Ex since

Ry (Hy) € EP(T[1)€x) (73)

= Poisson bracket on E%(Ex).

Since we have to compute Ry(p) at first, direct computation of Ry(Hy) is
unnecessary due to

1 1
Hy = —ESV—IP =  Ry(Hy) = ESV"%CJ‘{RX(/)) (74)

The RHS and the identification Rx(p) ~ I lead to an explicit formula.
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Comments on Ry (Hy) (provided Ry(p) = pc)

The reduced bivector maps constants of X-invariant motion Ef’o(Ex) to
symmetries of Ex since

Ry (Hy) € EP(T[1)€x) (73)

= Poisson bracket on E%(Ex).

Since we have to compute Ry(p) at first, direct computation of Ry(Hy) is
unnecessary due to

1 1
Hy = —ESV—IP =  Ry(Hy) = ESV"%CJ‘{RX(/)) (74)

The RHS and the identification Rx(p) ~ I lead to an explicit formula.

As the variational Schouten bracket [sy, -] shows,

sy is X-invariant, e.g., if X is a Hamiltonian symmetry of & (w.r.t. V).
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Theorem. Let X = E,|¢ be a symmetry of a (1 4 1)-evolution system
F=0, Fl=ul —f (75)

with m dependent variables u!, ..., u™ s.t., for some ky, ..., km > —1,

det ( 6<p’ ) #0 on {¢ =0} (no prolongation) (76)

du; Uki+1

and none of <p/ depend on u,’;, uL,+2, or their total derivatives. If

v(&)l = VUkEkx(QZJ) y Ex - DX‘E ) 1; = w‘& (77)

is an X-invariant Hamiltonian operator of &, then on the algebra Elo’O(EX),
there exists a Poisson bracket inherited from {-,-}v. In coordinates of the
form t, x, ug, ..., uj, on Ex, the bivector defining this bracket is given by

1 /e & i i
—§<kaij/\au(i)+LE)X(VJkM/jk)/\aui+...+Lg(V'lk K)AD, )(78)

where Vik = Vik|e | Dy, = Dyle,. Wik = Lgx(vvjo), and wjg are defined
by the relations a“f(. = —Wwjo 84,0’/8uk’_+1‘gx.
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Example (the KdV)

Let us consider

_3 J—
up — (buuy + txx) =0, V=D, +4uDy+2uy,, Dy=Dxle (79)

We take t, x, u, uy, Uxx, ... as coordinates on &. The conservation law
corresponding to v with the component uy, + 3u? gives rise to X = Esle,

© = usx + 10uuxex + 20uxtnx + 3002 uy (80)
X is Hamiltonian = V is X-invariant. The system Ex:
Uy = Ul + Uxxx 5 Usy 4+ 10Uty + 20Uty + 30020y = 0 (81)

The variables t, x, u, Uy, Uxx, Uxex, Usx = U are coordinates on € x.
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Example (the KdV)

Let us consider

_3 J—
up — (buuy + txx) =0, V=D, +4uDy+2uy,, Dy=Dxle (79)

We take t, x, u, uy, Uxx, ... as coordinates on &. The conservation law
corresponding to v with the component uy, + 3u? gives rise to X = Esle,

© = usx + 10uuxex + 20uxtnx + 3002 uy (80)
X is Hamiltonian = V is X-invariant. The system Ex:
Uy = Ul + Uxxx 5 Usy 4+ 10Uty + 20Uty + 30020y = 0 (81)

The variables t, x, u, Uy, Uxx, Uxex, Usx = U are coordinates on € x.
Let us apply the theorem. Here ¢! = ¢, ki = 4, 8901/6%1( =1
1+

5X = Ox + uxOy+ ... + UaxOy, . — (10uUx+ 20Uy tiyx + 3002 Uy )Ou,, (82)
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The corresponding vector field wy ¢ from 0, = —wjo 8gof'/8u;'(i+1‘gx and

wil = [5)(, wy 0], Wi = [EX, W11], ... have the form
wig = —8u4x, wil = auxxx , Wi = —&,XX =+ 10U8u4x, 33
wi3 = Oy, — 1000, — 10uy0 84

wig = —0y + 100y, + (10 — 70u?)d,, .,
wis = —10u0,, + 100y, — (10ux — 706°)0

(no additional evaluation of vertical components is required).

(
b (
(
(

Uxx Uxxx )
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The corresponding vector field wy ¢ from 0, = —wjo 8gof'/8u;'(i+1‘gx and

Wi = [5)(’ wio], wip = [EX, wi1], ... have the form
wio = —Ou,, Wi1 =04, , Wi2=—0y, +10ud,,, (83)
wi3 = Oy, — 1008y, — 10uyd,,,, (84)
wia = —0y + 1000y, + (10t — 706°)Dy,, (85)
wis = —10u0y, + 10ux0y,, — (10uxx — 700°)Dy,,, (86)

(no additional evaluation of vertical components is required).
The bivector from the theorem reads

1
_ 5((W13—i- duwy 1+ 2uxewy 0)/\au—|—. . .—i—Lg (W13—|— duwy 1+ 2uewy 0)/\8u4x)

It defines the Poisson bracket inherited from {-,-}v.
The KdV admits the Hamiltonian operator D,

¢, which is also X-invariant.

The operators Dy|e and V form a Poisson pencil = their reductions form a
Poisson pencil. The invariant reduction of Dy|¢ results in the bivector

1
§(W11 ANOy+wia A0y, +wis A0y, +wWia A0y, + W15/\(9,_,4X) (87)
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One can take
wL:pG/\dx+(6up9+p9xx—px9x+pxX9)/\dt, (88)

where 0 = du — uydx — up dt, 0 = duy, — U dx — updt, ...
The lift of X to the cotangent equation is the following degree-0 symmetry

X=9dy—1,(pP)0p+ ..., (89)
15(P) = —psx — 10UPso — 10yxpyx — 10uxepx — 30u®py  (90)

The system E3 is the infinite prolongation of
Ur = 6Uly + U, Usx 4+ 100tsey + 20Uy tise + 3002y = 0, (91)
Pt = 6UPx + Procxs Pox+ 10UPox + 10Uy prx+ 101 px+ 30u%py = 0 (92)
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One can take
wL:pG/\dx+(6up9+p9xx—px9x+pxX9)/\dt, (88)

where 0 = du — uydx — up dt, 0 = duy, — U dx — updt, ...
The lift of X to the cotangent equation is the following degree-0 symmetry

X=9dy—1,(pP)0p+ ..., (89)
15(P) = —psx — 10UPso — 10yxpyx — 10uxepx — 30u®py  (90)
The system E3 is the infinite prolongation of
Ur = 6Uly + U, Usx 4+ 100tsey + 20Uy tise + 3002y = 0, (91)
Pt = 6UPx + Procxs Pox+ 10UPox + 10Uy prx+ 101 px+ 30u%py = 0 (92)
The reduction of the canonical variational 1-form p is given by 19|53C, where
ex) = dov (93)
From the dx-component of this equation, one unambiguously finds
0 = — pOax + Pl — (10up + Proc) O + (—10uxp + 10upx + Procx) Ox
— (10upxx + (10t + 30u?)p + pax)0

Lo (wr
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Final comments

| would like to gratefully acknowledge Alexander Verbovetsky for suggesting

the idea of reducing Poisson brackets by interpreting them as conservation
laws of the cotangent equations.
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Final comments

| would like to gratefully acknowledge Alexander Verbovetsky for suggesting
the idea of reducing Poisson brackets by interpreting them as conservation
laws of the cotangent equations.

If Ex is of infinite type, an interpretation of a reduced Hamiltonian operator
via of the geometry of Ex requires either a compatibility complex for the
linearization of €%, or an intrinsic definition of a cotangent equation, or . ..
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Final comments

| would like to gratefully acknowledge Alexander Verbovetsky for suggesting
the idea of reducing Poisson brackets by interpreting them as conservation
laws of the cotangent equations.

If Ex is of infinite type, an interpretation of a reduced Hamiltonian operator
via of the geometry of Ex requires either a compatibility complex for the
linearization of €%, or an intrinsic definition of a cotangent equation, or . ..

(?) The reduction of p is related to the reduced variational principle.
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Final comments

| would like to gratefully acknowledge Alexander Verbovetsky for suggesting
the idea of reducing Poisson brackets by interpreting them as conservation
laws of the cotangent equations.

If Ex is of infinite type, an interpretation of a reduced Hamiltonian operator
via of the geometry of Ex requires either a compatibility complex for the
linearization of €%, or an intrinsic definition of a cotangent equation, or . ..

(?) The reduction of p is related to the reduced variational principle.

(?) The cotangent equation to Ex x, is not 8;6,961 if [X1,X]=cX, c#0.
Apparently, it is given by EBKC,xrcXp' where X, corresponds to p: X,.Q =p
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Final comments

| would like to gratefully acknowledge Alexander Verbovetsky for suggesting
the idea of reducing Poisson brackets by interpreting them as conservation
laws of the cotangent equations.

If Ex is of infinite type, an interpretation of a reduced Hamiltonian operator
via of the geometry of Ex requires either a compatibility complex for the
linearization of €%, or an intrinsic definition of a cotangent equation, or . ..

(?) The reduction of p is related to the reduced variational principle.

(?) The cotangent equation to Ex x, is not 8;6,961 if [X1,X]=cX, c#0.
Apparently, it is given by EBkC,xrcXp' where X, corresponds to p: X,.Q =p

Reduction under multi-dimensional algebras of point (contact) symmetries
<« the method by I. M. Anderson and M. E. Fels (perhaps slightly modified
to the reduction of Eg(&), Eg(E*), as everything happens on € and &*).

Kostya Druzhkov Invariant reduction for PDEs. Ill: Poisson brackets 28 / 32



B
[
B

Literature on General Theory

K. Druzhkov, Invariant reduction for partial differential equations. IlI:
Poisson brackets, arXiv:2507.08213 (2025).

J. Krasil'shchik, A. Verbovetsky, Geometry of jet spaces and integrable
systems, J. Geom. Phys. 61 (2011) 1633-1674.

A. M. Vinogradov, I. S. Krasil'schik (eds.), Symmetries and
Conservation Laws for Differential Equations of Mathematical Physics,
Vol. 182, American Mathematical Society, 1999.

A. M. Verbovetsky, Notes on the horizontal cohomology, Contemp.
Math., Vol. 219 (1998) 211-231.

Kostya Druzhkov Invariant reduction for PDEs. |ll: Poisson brackets



Literature on Reduction Methods

[@ O. I. Bogoyavlenskii, S. P. Novikov, The relationship between
Hamiltonian formalisms of stationary and nonstationary problems.
Funct. Anal. Appl. 10 (1976) 8-11.

ﬁ S. P. Novikov, S. V. Manakov, L. P. Pitaevskii, V. E. Zakharov, Theory
of Solitons: The Inverse Scattering Method. Springer-Verlag, 1984.

@ O. I. Mokhov, The Hamiltonian property of an evolutionary flow on the
set of stationary points of its integral, Russ. Math. Surv., Vol. 39. No.
4 (1984) 133-134.

ﬁ I. M. Anderson, M. E. Fels, Symmetry reduction of variational
bicomplexes and the principle of symmetric criticality, Am. J. Math.,
vol. 119, no. 3 (1997) 609-670.

Kostya Druzhkov Invariant reduction for PDEs. Ill: Poisson brackets 30 / 32



Literature on Reduction Methods

[@ A. Sjoberg, Double reduction of PDEs from the association of
symmetries with conservation laws with applications, Appl. Math.
Comput., vol. 184, no. 2 (2007) 608-616.

ﬁ A. H. Bokhari, A. Y. Al-Dweik, F. Zaman, A. Kara, and F. Mahomed,
Generalization of the double reduction theory, Nonlinear Anal.: Real
World Appl., vol. 11, no. 5 (2020) 3763-37609.

ﬁ S. C. Anco, M. L. Gandarias, Symmetry multi-reduction method for
partial differential equations with conservation laws, CNSNS, vol. 91
(2020) 105349.

[3 K. Druzhkov, A. Cheviakov, Invariant reduction for partial differential
equations. |I: The general mechanism, arXiv:2501.09313 (2025).

Kostya Druzhkov Invariant reduction for PDEs. Ill: Poisson brackets 31 /32



Thank you!
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