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Fermat's Hypersurfaces

For each d,n > 1 define a Fermat hypersurface:
My ={F]=0}={zl+..+2z, =0} cCP"™ =P,
The complete linear system | Opn+1(d)| gives the Veronese

embedding of degree d (with N = ("+Z+1) — 1 below):

vg i P s IP((HO(P”“, Opna (d)))*) = PN

d dn
(zo: oot Zng1) = Ya.0: ot Yo, @) Yorodoer = 2o ---Zpid's

dy +dy + ...+ c/n+1 =d.
We have
M5 = vg(P"") N Hey,
where Hgr denotes the hyperplane

n+1

HFg:{[Y]EPN ‘ ZYO ,,,,, o,\cl/_/,o ..... 0:0}'

j=0
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First Examples of Varieties M}

We have the 2-parameter family of smooth, irreducible
projective varieties:
My ={zl + ..+ 2%, =0} c P
M =P, n>1
M, is a curve of genus (d — 1)(d —2)/2, d > 1
M5 = SO(n + 2)/(SO(2) x SO(n)), n>1

M3 Z P! x P’

M = Gre(2,4)
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Euler Characteristic of M]

Using the exact sequence for the normal bundle 71 . pn+
0 —_— (.TX — T]Ipn+1 |X e nX‘_>IP>n+1 e 0
and the Euler sequence

_—

0 ——= Ot ——> Qs (1)@ i — 0

(with Ny pr1 = Ox(d)), we have:

Corollary [Dim92, Ch. 5, §3, Exercise 3.7(i)]

For any smooth complex hypersurface X of degree d in P"*',

(1 _ d)n+2 —1

x(X)=n+2+
d
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H*, Hy, and st for Hyperplane Sections

Recall the following classical result:

Lefschetz Hyperplane Theorem [Voi03, Theorem 1.23]

Let X ¢ PN be an n-dimensional complex projective algebraic
variety, let Y be a hyperplane section of X such that U = X\Y
is smooth, and let i : Y < X be the embedding.

Then the induced maps are iso’s for k < n—1 and for k = n—1:

Hi(Y; Z) —2= H(X; Z) —= 0
0 ——= H*(X; Z) —== HX(Y; Z)

7Y, Z) —== m(X, Z) —= 0
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(Co-)Homology of M

Corollary

~o

H (M7 Z) = HY(M5; Z) =

Z, k even, k #+ n, and 0 < k < 2n,
=30, k odd,

Zbd -k =n

(1 —d)™? -1
XMj)—n=2+ d , n even,

b,(d) =

1—(1—d)"*?

n+1—xMj) = p —1, nodd.
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Cohomology Ring of M}

Let i : M) — P! H> (M7, Z) = Zh, where h = i*c;(Opni (1)),
u=[Mjl € H*"(M3,7Z), and Q be the intersection form. Define

H"(M})van = Ker(L : H"(M}, Z) o H™ (M7, Z)) .
For n odd, H""?(M?3) = 0, so H"(M}) = H"(M%),an-

For n even, H"(M?) = Zh"? & H"(M?),an.

(h* U K = hk+e, foreach0< k, 4,k + ¢ < n.
h" = du.
4 hk =0, for each k > n.
hUa=0, for each a € H"(M})yan.
laUB = 0(a,B)u, foreach a, B € H"(Mj)an
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Homotopy Groups of M}

Corollary

Let d > 2, n > 3. The computations of s (M}) for k < n—1 are
as follows:

0, k=1, n>3,
M) =1 Z, k=2, n>3,
0, 3<k<n-—1, n>4.

M} is a curve of genus (d — 1)(d — 2)/2. Also, M} = CP""'. The
cases of the surfaces M3 and the threefolds M: will be
considered soon.
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Consider the surface
Mi={zl +2 + 21 + z =0} C P*.

Its intersection form Q,;z on H?(Mj;Z) is even, unimodular, of
signature —16,

Qwz = 3H & 2(—Ey),
2 1
12 1
12 1
0 1 12 1
H‘(1 0)'E8 121 1
12 1
12
1 2

In particular, dim; Qpp = 3, dim_ Qyz =19, and by(MZ) = 22.
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M3 is a K3 Surface

A K3 surface is a compact complex surface that is simply
connected and has trivial first Chern class (Calabi-Yau surface).

There is a unique diffeomorphism type of K3 surface, although
the moduli space of all complex K3 surfaces has complex
dimension 20 [Sco05].

c =0 1

by = by =1 0 0

by =b3;=0 1 20 1
x =24 0 0
T=-16 1
b,=x—2=22 The Hodge diamond

of any K3 surface
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K3 Surfaces

The real part of a K3 surface. Reproduced from [Dol20]
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Surfaces M?

From the Freedman’s classification of 4-manifolds, we get:

Theorem

If d is odd, the variety M3 is or.-preserving homeomorphic to
— 1
(CP?)*m # (CPZ)#”, m= §(d3 —6d° +11d — 3),
L 2
n= §(d —1)(2d° — 4d + 3).

If d is even, M3 is spin and it is or-preserving homeomorphic to

1(d*> — 4
(K3)#*™"# (CP' x CP"*", m = %

n= 41—8(0/ — 4)(13d* — 44d + 12).
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The Problem of #

056 = (ICP))z
Q5' = (CP'F[CP?))z

From the [Buc70, Theorem 4.11], we obtain:

For each d > 1, we have in Qy:

d(d — 1)
2

M2 = cPp+ 2= Dicpr

We see that [M?]q, — @[Clﬁ]
homomorphism

0s, under the natural

—4 —4
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The Problem of #

So, in Q, we have the identification:

(M3 =
2P
(m — n)[(CPz]—I—d(d 12) CP] , d is odd,
_ _ o D112
m[K3] 4+ n[CP'}? _(d=A)(d=2)(7d 0)CP] , d is even

48

The terms in blue correspond to the "naive" case of complex
structures glued along connected sums: [My # M| = [My] + [M5].

The terms in magenta describe the discrepancy provided by the
complex structure of M3.
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Classification of 6-Manifolds

Let M be a closed oriented simply connected 6-manifold with
H*M, Z) = 0 and Tors H*(M, Z) = 0.

We have the following data:
e a free abelian group H*(M),
@ a symmetric trilinear map p: Sym’(H*(M)) —Z,
p(x,y,z) = (xUyuz[M)]),
e a linear form p: H*(M)——=Z, p(x) = {p1(M) U x,[M]),
where pi(M) is the first Pontryagin class,
e the second Stiefel-Whitney class wy(M) € H*(M, Z [2).
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Classification of 6-Manifolds

Theorem [Wal66, Jup73, Zhu80]

There exists an orientation-preserving diffeomorphism
f: M — M if and only if there is an isomorphism

@ : HA (M, Z) — H*(M', Z)

such that

v (e(x), o(y), 9(2)) = bix,y,2), plekx) = px), @(w) = w.

In the case of quasitoric manifolds, under certain assumptions
on the moment polytopes(see [BEM*17]), f is a diffeomorphism
iff there exists a graded ring isomorphism

Y H (M, Z) — H'(M', Z).
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tlnor—=Hirzebru r m an
The Milhor-Hirzebruch Problem and /\/IC3,

The Milnor—Hirzebruch problem was first posed by Hirzebruch
in his ICM 1958 talk [Hir58]. Its algebraic version can be
formulated as follows:

Which sets of p(n) characteristic numbers
cn A€ P(n)

can be realised as the Chern numbers ¢,(M") of some smooth
irreducible complex algebraic variety M"?

This version of the problem remains largely open, although

some arithmetic restrictions are known from the theorem of
Grothendieck—Riemann—Roch-Hirzebruch.
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ilnor—=Hirzebru I m al
The Milnor—Hirzebruch Problem and /\/IC3,

Theorem [Wal66]

Let M be a closed smooth 1-connected 6-manifold.
Then we can write M as a connected sum (up to
diifeomorphism)

M = My # M,

where H3(M,) is finite and M, is diffeomorphic to a connected
sum of copies of S* x S°.

From this result, we get the orientation preserving
diffeomorphism

M3 ZN3# (S x SP)Ma2,
We have H*(N3) = H*(CP?) additively, p1(N2) = (5 — d?)x?,

p1(CP3) = 4h?, where H*(Ny) = Zx, H*(CP3) = Zh.
So, N3 is CP3-like.
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ilnor—=Hirzebru I m an
The Milhor-Hirzebruch Problem and /\/IC3,

Corollary

For any d > 3 there exists a smooth 6-dimensional homology

projective space N3 (i.e. H*(N3) = H*(CP?) additively) such that

pi(NZ) = (5 — ),

where x is the generator of H*(N3, Z).
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The Milnor-Hirzebruch Problem and M;
The manifold N3 is projective algebraic if and only if d € {1,2}.

M3 N3 ~ C /33

M3 = N3 = S0(5)/(SO(2) x SO(3)) is an algebraic variety.

There exists an additive isomorphism
H*(N32,Z) £ H*(CP?, Z)

which is not a ring isomorphism for d > 1.
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The Milhor-Hirzebruch Problem and /\/IC3,

Once again, from [Buc70, Theorem 4.11], we obtain:

Let A=[CP'], B=[CP?], and C = [CP?]in Qy°. Then we get

24[M]] = —d (15d(d — 1)’A’ — 20(d — 1)*(d + 1)AB
—6(5 — d’)C) .

For d = 1: [M] = [CP?]
For d = 2: 2]M3] = —5A% + 10AB — 3C.
For d = 5: [M3] = —50(5A° — 8AB + 3().

Recall that Qg = 0.
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Basics of Projective Duality

Consider a projective space P = P(V¢). Hyperplanes in P form
the dual projective space P* = P(V*).

Let X C PP be a closed irreducible algebraic subvariety.

A hyperplane H C P is said to be tangent to X if there exists

a smooth point x € X such that x € H and the tangent space to
H at x contains the tangent space to X at x, i.e. T.X C T H.

Denote by XY C P* the closure of the set of all hyperplanes
tangent to X. The variety XV is called projectively dual to X.
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Basics of Projective Duality

The Coffee Cup Caustic.
Grace Weir, 2005

Reproduced from graceweir.com/page31/page31.html



https://www.graceweir.com/page31/page31.html

Basics of Projective Duality

o Let H= {¢ =0}. Then
x is a singular pointof XN H & d¥|;.x =0 TX C T H.
If X is smooth and does not lie in any hyperplane, then
He X' & dx e X with TX cTH & Hn X is singular.

e For any projective variety X C P we have (X")" = X.

o If ze X and H € XV are smooth points, then
H is tangent to X at z & z C P* is tangent to X" at H.
e If X is irreducible then XV is irreducible.
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Basics of Projective Duality

For any smooth curve X C P? of degree d, according to Pliicker
formulas [GKZ94, Proposition 2.4}, we have deg X" = d(d —1).

Hence, XV cannot be smooth for deg X > 3 because (X")" = X.
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Basics of Projective Duality

Suppose that X is a hypersurface (not a hyperplane) in P(V).
Then XY = {Ax = 0} is a hypersurface in P(V*). We shall call
the X-discriminant the defining polynomial Ax of XV.

Example. For M) = {x? + y? = z?}, we have

(M3)Y = {v* +v* + w? = 0}.

Example [GKZ94]. For the curve M] = {x* + y> = 2’} we have
(M) = {u® +v° + w® — 207V = 2u°w? — 2vPw? = 0}.

The curve (M})¥ is not smooth since M] is smooth and
degM} =3 > 2.
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n-Valued Groups: a Brief History

In 1971, V. M. Buchstaber and S. P. Novikov proposed a

construction motivated by the theory of characteristic classes
[BN71].

This construction describes a multiplication in which the
product of any pair of elements is a multiset of n points [Buc06].

An axiomatic definition of n-valued groups and the first results
of their algebraic theory were obtained in a subsequent series
of works by V. M. Buchstaber.

Currently, the theory of n-valued (formal, finite, discrete,
topological, and algebro-geometric) groups and their
applications in various areas of mathematics and mathematical

physics are being developed by a number of authors.
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n-Valued Monoids

An n-valued monoid is a space X equipped with an operation
x: X x X = Sym"(X)

where Sym"(X) = X*"/S, is the space of unordered n-tuples of
elements of X:

e Associativity. The n’-multisets

[x*w|weyxz|,

Wz |w e x*y]

coincide.
@ Unit. There exists an element e € X such that

exx=xxe=[x,x,...,X|

for every x € X.
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n-Valued Groups

An n-valued group X is an n-valued monoid equipped with an
tnverse map
inv: X —- X

that is, a map such that for every x € X
x*xinv(x) D e, nv(x)xx > e.

The notions of homomorphisms, commutativity, kernels, and
related concepts admit natural generalizations from the context
of T-valued groups to that of n-valued groups.

29/55



Algebraic n-Valued Monoids and Groups

An algebraic n-valued monoid is an algebraic variety X
equipped with an associative n-valued multiplication given by a
rational morphism X x X — Sym"(X) with a neutral element

e € X such that

xxe = exx = [x,x,...,x| foreveryx e X.

An algebraic n-valued group is an algebraic n-valued monoid
on X together with a reqular morphism inv: X — X such that
for any x € X the following two conditions hold:

e € x *inv(x), X * inv(x) = tnv(x) * x.
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Polynomials py(z; x, y)

Introduce the following SLJmmetr'Lc polynomials:

where € =

P1 =

P2
p3 =
Pa
P5

Pe

where Gj'S

pa(z; x, y) |_| Vz+ /X + e Jy),

e?7ld and /= denotes some branch of the root.

= 01,

=0 — 40y,

=0, — 2703,

= 01 2307 00y + 24 — 2 gy03,

= 0'1 —_— 5401 03 - 550203:
= 0% —22-30}0, — 23" 170705 + 2* - 30%0?
—23'34'19010203 26 +33 193

are elementary symmetric polgnomlals inx,y,z
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Groups G4(C)

The polynomial
pa(z: (=1)x, (=1)%y)

defines a commutative algebraic d-valued group G4(C) on C
with multiplication

xxy=[z]|pa(z;x,y) = 0],

neutral element 0 and inverse inv(x) = (—1)9x.
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For any elements ay, ..., a,—1 € k, introduce a 6-circulant matrix:

a OBay Ba, --- Ba,_q

a,.1 dy B

C.U‘CQ(CIO, ey Cln_1) = Up—> Oy ap . 902
9(71
an e ap—2 dp—q do
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Wendt Matrices

Theorem (Buchstaber, Kornev, 2025)

The polynomial p4(z; x, y) defining the d-valued multiplication
is the determinant of a y-circulant d x d matrix:

/ /
Circ, (Wd+(—1)d+1x+y, (j)w ( 7C 1)Wd_1)
I_

d:

where w Z.

These matrices generalize the Wendt matrices (the substitution
x= (=19 y=z=1).
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pd(z; x, y) and Wendt Matrices

w?—x+y 2wy

/322’ 2w w2 —x+y

w3+ x+y 3yw 3yw?
p3 = 3w? w3+ x+y 3yw
3w 3w? w3+ x+y

wt—x+y 4yw 6yw? 4yw?
4w?3 wt—x+y 4yw 6yw?
6w? 4w3 wh—x+y 4yw
4w 6w? 4w?3 wt—x+y

P4 =
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Polynomials py(z; x, y)

Theorem (Buchstaber, Kornev, 2025)

For prime d > 5, the polynomial

pa(z;x,y) — (x + y + 2)°

is divisible by d'xyz.

This result follows from the above observations and from the
following:

Theorem (Wolstenholme, [Wol62])

is divisible by d? for primes d > 5.
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Fermat Curves and G4(C)

Theorem (Buchstaber, Kornev, 2025)

Consider the Fermat curve (d > 2)
My = {x!+y? =z}

Then the dual curve (M})V C (P%)* is given by the equation

pa—1(w?;u?, v9) = 0.
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Algebraic Monoids My(CP")

Theorem (Buchstaber, Kornev, 2025)

The group G4(C) extends (only) to an algebraic d-valued coset
monoid My(CP') on CP' with

x: CP'xCP' — CP"

(x1 : x0) * (Y1 : Yo) = (bg = bg—1 2 -~ 2 by),

where b; = bj(x, y) is the coefficient of Z1 2] in the
homogeneous polynomial

X L
(xotoz0)! pa [ Z: (— 1)“ (=1)¢L
Yo

whenever (x; : xp) and (yr : yo) are not both equal to (1 : 0).
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Algebraic Monoids My(CP")

Here the point oo is absorbing, i.e.
0Ok X = X %00 = [00,00,...,09]

for any x € CP"\{oo}, and the value co * co is undefined.
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Projective Duality is a Shift on My's

For each d > 2 consider a curve

Xa = {pd(z; x, y) = 0}.

Theorem (Buchstaber, Kornev, 2025)

Under projective duality the curve X, (d > 2) goes to

Xy = {(tvw)"" pa(1/w; 1u, 1/v) = 0} C (CP?)".

The composition of the duality X, — X with the subsequent
Mobius transformation (u, v, w) — (1/u, 1/v, 1/w) defines a shift

operation
M,(CP") — My_;(CP"

in the family of algebraic d-valued monoids.
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Projective Duality is a Shift on My's

Example. For XJ we have the parametrization

1 1 1 1

V)= |- - -+ —=-1
(u,v) ( T t) ol u+v

Taking the projective closure (homogenization), we find that X}
is given by the zero locus of the polynomial

Py =uwpi(w i u v = (U4 v)w + uv.
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Projective Duality is a Shift on My's

Example. For X7:
ey 2 Va W
The curve Xj' is given by the polynomial

Py = (uvw)? po(w ™50 v = (uv — w(u + v))2 — 4uvw?,

2 2

P, = (uv)2 + (vw)” + (uW)2 —2u°vw = 2uviw — 2uvw?.
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Projective Duality is a Shift on My's

For any smooth curve X C P? of degree d, according to Pliicker
formulas [GKZ94, Proposition 2.4}, we have deg XV = d(d —1).

Since deg XY = (d — 1)? for d > 3, the curve Xy cannot be
smooth.

The curve X5 is smooth.
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Discriminants and X,'s

Theorem (Gaiur, Rubtsov, van Straten, 2024)

The discriminant A¢(P) of the polynomial
P(t) = (2t "+ y)(1 + )77 + (=) "Xt

with respect to the variable t, which is a polynomial of degree
4d — 6, is related to py(z; x, y) by

(=1)(d = 1)**"*(xy2) "~ pa(zi x, y) = A(P)

for each d > 2.

This result has a nice explanation from the point of view of
projective duality.
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POV: Projective Duality

Consider the curve XJ. Its parametrization in the chart {w = 1}:
(u,v) = ((—=1=0"1, t'79).

By the definition of the X-discriminant, the curve
XYV = {pa(z; x,y) = 0} is an irreducible component of the
discriminant of the polynomial of t obtained by restricting the
line

ux+wvy+1=0

onto X, i.e. the curve X}V is the discriminant in t of P(t),
where P(t) is a polynomial obtained from the equation

1
(=1 — 1)d-1

1
-x+td_1 y+1=0

after homogenization.
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POV: Projective Duality

If xyz =0, then for d > 2 the polynomial P(t) has a (d — 1)-fold
root t* € {0, —1,00}. Thus, A¢(P) is divisible by a certain power
of the monomial xyz.

By [GRS24, Theorem 2.2], A¢(P) has no other singular
components. The required statement now follows by comparing
degrees.
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Polynomials pg

In connection with Bessel kernels for solutions of Picard—Fuchs
differential equations for the kernel

_ j+k\“xIyk
Ka = Z ( k ) Zjt+k’
J.k

the iterated analogue of the polynomials p,(z; x, y) was
considered in [GRS24]:

d

pd,n(Z;X): |_| (\‘VE+gk1\fyZ+...+6kn\(yX_n)‘
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Operations Oy ,(CP")

The polynomial pg ,(z; x) defines an n-ary d"'-valued algebraic
operation

[_I(X1, ...,Xn) = [Z | pd,n(Z; X) = 0]

Denote by Oy ,(CP') the variety CP' with the operation p.

Let
XC’;_1 = {pd,n = 0}

be the hypersurface in CP". For integers d > 2 and n > 2
define

D . d—1 -1, ,,—1 —1
Pan= (- u,wW)"" paa(w 5 uy,...,u, )
the polynomial of degree d".
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Operations Oy ,(CP")

Theorem (Buchstaber, Korney, 2025)

The composition of the duality (d > 2, n > 2)

Xg~' = (Xg7")" = {Pagn =0} C (CP")
with the subsequent Mobius transformation
(ug, ..., up, W)= (Muq, ..., M u,, 1/w)
defines a shift operation
Oy .n(CP') = Oy_1.,(CP")

in the family of n-ary d"~'-valued algebraic structures
O4,,(CP").
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Fermat Hypersurfaces and pg,'s

Theorem (Buchstaber, Korney, 2025)

Let M7~ be a Fermat hypersurface
—1 /
MOV = 4+ X8+ xd = 2}

in CP" with coordinates xq, ..., X,, z. The dual hypersurface is
defined by the equation

(M3 = {pa—1.n(w? uf, ..., uj) = 0}

in (CP™* with the dual coordinates uy, ..., u,, w.
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Thank you for attention!
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Happy birthday, Andrey!



