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Lambek grammars

@ Types: Tp ::= Prop|Tp\Tp|Tp/Tp|Tp e TP.
@ Interpretation:

Type is a set of words.

weA\B o Yue Auw e B;

weB/AsVYue AwueB;

ueA,veB=uvreAeB.

More generally:

for any type C if Yue A,v € Bitholds that uv € Cthen Ae B C C.

@ Example:

John € NP, loves € (NP\S)/NP, Mary e NP =
loves Mary € NP\S = John loves Mary € S.

@ What else?
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Example: relativization

@ Lexicon:
e John e NP, loves € (NP\S)/NP, Mary € NP,
e whom e (NP\NP)/(S/NP).
@ Derivation:
@ VYxe NP loves x € NP\S,
@ Vxe NP Johnloves x € S,
© John loves € S/NP;
@ whom John loves € NP\NP;
@ Mary whom John loves € NP.
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Example: coordination

@ Lexicon:
e John,Jim,Mary € NP, loves, hates € (NP\S)/NP,
e and € (X\X)/X,
e where X = S/NP.
@ Derivation:
@ VYxe NP loves x € NP\S,
@ Vxe NP Johnloves x € S,
© John loves € S/NP;
@ Johnloves € X;
© Vxe NP hates x € NP\S,
@ Vxe NP Jimhates x € S,
@ Jim hates € S/NP;
© Jim hates € X;
© and Jim hates € X\ X;
@ John loves and Jim hates € X;
@ John loves and Jim hates € S/NP;
@ John loves and Jim hates Mary € S;

Sergey Slavnov (HSE University sslavhov@yan Tensor Term Logic for categorial grammars 4/21



Lambek Calculus

@ Sequents:
e Ai,..., A, + B, where A4, ..., Ap, B are types.
@ Meaning: if x; € Aq,...,Xn € Ay then x; ... x, € B.

@ Natural deduction rules (without e):
A+ A(d)

F,A»—Bf M+ B/A AI—A/

E
rre/AY rarg Y )
AT+B ArA TrA\B

( (\E),

I
Fl—A\B\\)’ ATFB

@ Example:
(A\B)/C+ (A\B)/C C+ C{

ArA (A\B)/C,CFA\B .
A,(A\B)/C.C+B (\E)
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Encoding grammars

@ Non-logical axioms:

o Treat each terminal symbol as a type.

e Encode the typing judgement x € A as the sequent x + A.
@ Example:

e Lexicon:

John € NP, loves € (NP\S)/NP, Mary € NP.
o Encodes as

John+ NP, loves + (NP\S)/NP, Mary + NP.
o Derivation:

loves + (NP\S)/NP Mary + NP{ E
John + NP loves Mary + NP\S (/E)
John loves Mary + S

(\E)
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Relativization once more

@ Axioms:
e John+ NP, loves + (NP\S)/NP, Mary+ NP,
e whom + (NP\NP)/(S/NP).

@ Derivation:

° loves + (NP\S)/NP NP + NP{
John + NP loves, NP - NP\S v p
John loves, NP + S \\E),
John loves + S/NP (/m
("]

whom + (NP\NP)/(S/NP) John loves + S/NP
Mary + NP whom John loves + NP\NP
Mary whom John loves - NP

(\E)
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Lambek Calculus Gentzen style

@ Sequent calculus rules:

Ae€Prop, . MN-A @1,A,@2|—B/
A A (Axiom) o6, B W

r,AI-B MN-A @1,8,@2!—C/
I'FB/A(/R)’ ©4,B/A,T,0,+ C (L),

AT+B A ©4,B,0:+C,
FI—A\B(\R)’ ©4,I,A\B,0,+ C (\L),

@1I-A @2!—8 @1,A,B,@2I—C
(eR), (eL)

@1,@2|-AOB @1,AOB,@2|-C
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Lambek Calculus Gentzen style

@ Sequent calculus rules:

Ae€Prop, . MN-A @1,A,@2|—B/
A A (Axiom) o6, B W

r,AI-B MN-A @1,8,@2!—C/
I'FB/A(/R)’ ©4,B/A,T,0,+ C (L),

AT+B A ©4,B,0:+C,
FI—A\B(\R)’ ©4,I,A\B,0,+ C (\L),

@1I-A @2!—8 @1,A,B,@2I—C
(eR), (eL)

@1,@2|-AOB @1,AOB,@2|-C

@ Cut-elimination: the Cut rule is redundant!
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Lambek Calculus Gentzen style

@ Sequent calculus rules:

Ae€Prop, . MN-A @1,A,@2|—B/
A A (Axiom) o6, B W

r,AI-B MN-A @1,8,@2!—C/
I'FB/A(/R)’ ©4,B/A,T,0,+ C (L),

AT+B A ©4,B,0:+C,
FI—A\B(\R)’ ©4,I,A\B,0,+ C (\L),

@1I-A @2!—8 @1,A,B,@2I—C
(eR), (eL)

@1,@2|-AOB @1,AOB,@2|-C
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Lambek Calculus Gentzen style

@ Sequent calculus rules:

AePropA_ MN-A @1,A,@2|—B/C
AT A (Axiom) o6, B Cu)
r,AI-B R MN-A @1’8’@2'_ch
I'FB/A(/ ) ©1,B/A,T,0,+C (/L),
AT+B R NlN-A @1,B,@2I—C{L
FI—A\B(\ ) ©4,[,A\B,0,+ C (\L),
@1I-A @2!—8 @1,A,B,@2I—C
(eR), (eL)
@1,@2|-AOB @1,AOB,@2|-C
@ Example:
A+rA BrB L
CrC A,A\Bl—B(\)
(/L)

A, (A\B)/C.CF B
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Problems with LC

@ Lexicon:
e John € NP, loves € (NP\S)/NP,Mary € NP,
e whom € (NP\NP)/(S/NP),
e madly € (NP\S)\(NP\S).
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Problems with LC

@ Lexicon:
e John € NP, loves € (NP\S)/NP,Mary € NP,
e whom € (NP\NP)/(S/NP),
e madly € (NP\S)\(NP\S).
o Try:
@ ¥x € NP loves x € NP\S,
V¥x € NP loves x madly € NP\S,
¥x € NP John loves x madly € S,
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Problems with LC

@ Lexicon:

e John € NP, loves € (NP\S)/NP,Mary € NP,
e whom € (NP\NP)/(S/NP),
o madly € (NP\S)\(NP\S).

@ ¥x € NP loves x € NP\S,
@ Vx € NP loves x madly € NP\S,
@ V¥x € NP John loves x madly € S,

@ Thatsit...
@ “Mary whom John loves madly” underivable.
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Tensor terms

@ We have: Ind — infinite set of indices, T — terminal alphabeth.

@ Tensor term:

formal product [w; ]I’: [Wr,]j’::,

o where wy,...,wh € T%, i1,j1,...,in, jn € Ind,

it # fi,eneyin # jn

o there is at most one upper and one lower occurrence of any index.

o Multiplication: for t = [us]" - [uc], s = [w]5! - [Vm]g"

ts = [l - [uklivils) - [vimlgy.

@ Relations:
ts = st, [ul[v]y = [uv]j.
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Tensor terms

@ We have: Ind — infinite set of indices, T — terminal alphabeth.
@ Tensor term:
formal product [w1];: - - - [wi]}',
o where wy,...,wh € T%, i1,j1,...,in, jn € Ind,
o i1 ¢j1,...,in #:jn,
o there is at most one upper and one lower occurrence of any index.
iplication: — L Ik o ar @m
@ Multiplication: for t = [u1]j1 [uk]!.k, s = [vilg) - [Vml,"

ts = [l - [uliTals) - [vml]

@ Relations:
ts = st, [ul[v]y = [uv]j.
@ Example:
e t = [John loves]; - [madly]%, s = [Mary]?,
o ts = [John loves][madly};[Mary]; = [John loves]s[Maryl;[madly]y =
= [John loves Mary]“[madly]” [John loves Mary madly].
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Notation and conventions

@ Repeated index in a term is bound. Otherwise it is free.
e FI*(t) — free upperindices of t,
e FI,(t) — free lower indices of t.
e FI(t) free indices of t.
@ Notation:
o if @ € FI*(t), B fresh, then tI/°] = t with g substituted for .
o if @ € FI,(t), B fresh, then tjg;,) = t with B substituted for a.
@ Kronecker deltas:
o &, = [¢]5, where € is the empty word.
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Kronecker deltas

@ Kronecker deltas:
o & = [€]}, where € is the empty word.
@ Gluing:
o &5 - ([uX[VI)) = [uevly = [uvl;.
@ Index renaming:
5 - [wlj = [ewlg = [w]F,

(Wl - 0y = [welj, = [wlj.
For a € FI.(t), 8 fresh 65t = tig/a).
For a € FI*(t),B fresh  &ht = tlA/el,
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Intuitionistic tensor types

@ Literals are assigned integer valencies:
o Atomic Pseudoformulas (At):
° ph 0 " where p is a literal of valency n, or 1’
o Pseudoformulas: Fm ::= At|(Fm & Fm)|(Fm — Fm).
@ Indices in a pseudoformula have upper or lower polarity:

P (pi) = Ui sinde W(B) = s
I(A®B) = I(A)UI(B). L(A®B)=1L(A)UL(B),
(A = B) = I"(B)UL(A), (A — B) = L(B)U I(A).

@ Example:
o X =Al®@Bf: I"(X) = {i,k}, L(X) = {j, ).
e X = Aj" — B I*(X) = {j.k}, l(X) = {i, ]}.
o X = (Aj" — Bf) - C5: I*(X) = {i, 1, s}, L.(X) = {j, k. 1}.

Sergey Slavnov (HSE University sslavhov@yan Tensor Term Logic for categorial grammars 13/21



Intuitionistic tensor types continued

@ Atomic tensor formula (type):
e atomic pseudoformula with no repeated indices.
@ General tensor formula (type):

e pseudoformula built from atomic formulas that has at most one upper
and one lower polarity occurrence of any index.

@ Repeated index in a formula is bound. Otherwise it is free.
e FI*(A) — free upper polarity indices of A,
e Fl.(A) — free lower polarity indices of A,
e FI(A) = FI'(A) U FI,(A).
@ Examples of formulas:
o X =As® B}, FI'(X) = {a}, FI (X) = {y).
o X =AY —o BY, FI"(X) = B}, Fl.(X) = {y}.
o X =Al - B, FI'(X) = {a}, FL(X) = {B).
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Interpretation of tensor types

@ Tensor type is a set of tensor terms.

o Ift e Athen FI*(t) = FI*(A), FL.(t) = FI.(A).
e If t € A then tle/fl ¢ Al2/A],

@ Ift € Athen ti, 5 € Alasp)-
0tcAoBoVseAtseB.

o

teA,seB=>tse A®B.

More generally:

forany type Cif Vte A,s € Bitholds thatts e Cthen A® B C C.
6g € 15.

More generally: for any type C if 6; € C then 1g cC.
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@ Lexicon: [John]] € np/, [sleeps], € npj — s.
@ Derivation:
o [sleeps], [John]; = [John]][sleeps], = [John sleeps]; € s, .
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@ Lexicon: [John]] € np/, [sleeps], € npj — s.
@ Derivation:
o [sleeps], [John]; = [John]][sleeps], = [John sleeps]; € s, .

® Lexicon2: [John]|, [Mary]; € npj, [loves]; np§ — (npf — 7).
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@ Lexicon: [John]] € np/, [sleeps], € npj — s.
@ Derivation:
o [sleeps], [John]; = [John]][sleeps], = [John sleeps]; € s, .
@ Lexicon2: [John]lf, [Mary]} € np]f, [loves]j’: € np§ — (npf — 7).
@ Derivation2:
o [Mary]j € npj; [loves]j[Mary], = [loves Mary]|, € np — sJ;
o [John]¥ € np¥; [loves Mary]} [John]* = [John loves Mary]¥ € sJ.

Sergey Slavnov (HSE University sslavhov@yan Tensor Term Logic for categorial grammars 16/21



@ Lexicon: [John]] € np/, [sleeps], € npj — s.
@ Derivation:
o [sleeps], [John]; = [John]][sleeps], = [John sleeps]; € s, .
@ Lexicon2: [John]lf, [Mary]} € np]f, [loves]]’: € np§ — (npf — 7).
@ Derivation2:
o [Mary]j € npj; [loves]j[Mary], = [loves Mary]|, € np — sJ;
o [John]¥ € np¥; [loves Mary]} [John]* = [John loves Mary]¥ € sJ.
@ Translating Lambek types:

o Lambek type F + tensor type ||F||§.

e p—literal = ||pllj = py.

o |IA/BIly = IIBIly — lIAII%, 1B\ Ally = [IBIIZ — IIAIIZ,
o [|A e Bllj = IAll; ®IBIly.
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Example with relativization

@ Lexicon:
° [John]]’:, [Mary]]’: e np, [loves]]’: € npj, — (npf — sJ),
o [madly]) € (npf —os;f) —o (np? — s7),
e [whol} € (1}, ® (np), — sZ)) — (np{' — npY).
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Example with relativization

@ Lexicon: '
o [John]}, [Mary]; € npj, [loves]; € npj, — (np} — sj),
o [madly]! € (npf — s) o (np; —o s7),
o [whol} € (1}, ® (np), — sZ)) — (np{' — npY).
@ Derivation: '
Q V[X]’}., € npj', [loves]i[X]}, = [lovesX]} € np} — s;
@ VX, € npj, [madly]) [lovesX]; = [lovesXmadly]} € np? — s;
Q [John]f € npf;
Qo V[X]’y € np’y [lovesXmadly]} [John]? = [John lovesXmadly]Z € S
@ V[X], € np, [John lovesXmadly]{ = ([John loves]? [madlyl; ) [X]} € sf;
Q [Jphn loves]?[madlyl, € np} —o sf; ‘ ‘
@ ) ([John loves][madly];) = [John loves madly] € 1) ® (np}, — s);
@ [who]i[John loves madly]Z = [who John loves madly]} € np;' — npy;

Q [Maryl? e npt;
@ [who John loves madly]} [Mary]{ = [Mary who John loves madly]}/ €

u
npy.
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Tensor sequents

@ Tensor sequents:

o Expression Ay, ..., Am + B,

e where Ay),..., A, B are tensor types,

o fork #1 F/'(A(k)) N F/'(A(I)) = FI.(A(k)) N FI.(A(I)) = 0.
@ Meaning:

o if ty € Ays -+ -5 lin) € Ay then by ... ) € B.
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Intuitionistic Tensor Term Logic

@ Intuitionistic Tensor Term Logic (ITTL):

AEAthd N-A A,A»—B/C F,A,B,A»—CE
AT AL rars W FRAArcEX
r+A BArC A+B n
I'A—oBAi—C\ =) FrasBR™)
NABrC N A AI—B{R
FA®BI—C\ L) NArA®B"' ®)
FAl—B]eFI(A) F'rAjeFI*(A)
(L15) - —(R17)
M, Ay 1)+ B 1,7+ Al
1’ Ar BjE FI*(A) M1 rAjeFl(A)
(L19) ! (R1.)
r,A[’/J] + B I+ A[,'/j]

@ This is cut-free and decidable.
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Intuitionistic Tensor Term Logic continued

@ Natural deduction-style rules are admissible:

NA+B I'tA A+A —oB
— (1) (
l'N-A—oB I''A+B

—oE)

@ Encoding typing judgements:
e terminal symbols  literals of valency 1;
o terms  sequences of atomic formulas:
o [a]f —aj; g 1];
o [abel; = [al3[blg[c]) - ax.bf. <
° [palf = [PL[bl} = P}, 1;
o [abellpql; = [al3[bl[cl) - a%.b. ¢}, pi. 1

o [abcly[pqlfs) € A - aj, bg,c’;, p;. 1.1+ A
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Relativization once more

Lexicon : Mary] - np/, Johnj+ np/, loves; - np}, — (npX — s%),
madly; - (np} — s§) — (np? — s7),
who, + (1, ® (np, — s£)) — (np{ — np})
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Relativization once more

Lexicon : Mary] - np/, Johnj+ np/, loves; - np}, — (npX — s%),
madly; - (np} — s§) — (np? — s7),
who, + (1, ® (np, — s£)) — (np{ — np})

np), + np), loves; - npj, — (np¥ — s} (= E)
N

npl,, Ioves]’: F npX —o sX madly’ + (npX — s) —o (np? —o s7)

j i y z z
npy, Iovesj, madlyk Fnpf — s;

: (Ex)
i y z z
loves;, npj,, madly, + np? — s}
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Relativization once more

Lexicon : Mary] - np/, Johnj+ np/, loves; - np}, — (npX — s%),
madly; - (np} — s§) — (np? — s7),
who, + (1, ® (np, — s£)) — (np{ — np})

z i j y
John? - np?  loves), npj,, madly; +- np? — s}

(< E)
John?, Ioves np’,madlyk FS7

V4
John?, loves!, madly. np), + 7

—oI)

John?, loves;, madly}, - npj, —o s7
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Relativization once more

Lexicon : Mary] - np/, Johnj+ np/, loves; - np}, — (npX — s%),
madly; - (np} — s§) — (np? — s7),
who, + (1, ® (np, — s£)) — (np{ — np})

1, -1,  John?, loves) madly} r np), — sf (R)
1’ ,John?, Ioves madly’ + 1’ ®(an — 57

y (Ex)
John?, Iovesj,1’ madly’ + 1’ ®(np’ —o sZ) -

z i j
John?, loves/ madly, + 1, @ (np}, —o s7)
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Relativization once more

Lexicon : Mary] - np/, Johnj+ np/, loves; - np}, — (npX — s%),
madly; - (np} — s§) — (np? — s7),
who, + (1, ® (np, — s£)) — (np{ — np})

John7, loves}, madly, + 1} ® (np} — s7)
who! + (1’y ® (npj, — s7)) — (np{ — npy)

who;,Johniz, Ioves]’., madly’k F npy — npy
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Relativization once more

Lexicon : Mary] - np/, Johnj+ np/, loves; - np}, — (npX — s%),
madly; - (np} — s§) — (np? — s7),
who, + (1, ® (np, — s£)) — (np{ — np})

Mary;' + np{’ who}, John?, loves;, madly, + np;' — np}’

. : (< E)
Mary!, who!, John?, loves, madly, + np!
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