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Ãðîêêèíã (îòëîæåííîå îáîáùåíèå â òåîðèè îáó÷åíèÿ)

îáúÿñíÿåòñÿ îðãàíèçîâàííûì (îâðàæíûì) ëàíäøàôòîì.

Ïåðåõîä ê îáîáùåíèþ ïðîèñõîäèò â ñèëó âòîðîãî çàêîíà

òåðìîäèíàìèêè.

Çàäåðæêà ïðè ãðîêêèíãå ñâÿçàíà ñ çàñòðåâàíèåì ñëó÷àéíîãî

áëóæäàíèÿ â îâðàãå.

S. V. Kozyrev, How to explain grokking, arXiv:2412.18624

Ìåòîä õèùíèê�æåðòâà � èñïîëüçîâàíèå ïàðû

âçàèìîäåéñòâóþùèõ àãåíòîâ â îðãàíèçîâàííîì (îâðàæíîì)

ëàíäøàôòå óñêîðÿåò ãðîêêèíã â 100 ðàç

I. A. Lopatin, S. V. Kozyrev, A. N. Pechen, Predator�Prey Model:

Driven Hunt for Accelerated Grokking, arXiv:2509.10562



Îâðàæíûå (îðãàíèçîâàííûå) ëàíäøàôòû è ìåòîä îâðàãîâ

(óñêîðåííûé ãðàäèåíò)

È. Ì. Ãåëüôàíä, Ì. Ë. Öåòëèí, Î íåêîòîðûõ ñïîñîáàõ

óïðàâëåíèÿ ñëîæíûìè ñèñòåìàìè, Óñïåõè ìàòåìàòè÷åñêèõ

íàóê, 17 (1), 3�25 (1962).

Îïòèìèçàöèÿ äëÿ ïåðåïàðàìåòðèçîâàííûõ ñèñòåì �

ìíîãîîáðàçèå ìèíèìóìîâ (�ðåæèì èíòåðïîëÿöèè�)

C. Liu, L. Zhu, and M. Belkin, Loss landscapes and optimization in

over-parameterized non-linear systems and neural networks, Appl.

Comput. Harmon. Anal. 59, 85�116 (2022).

Ãðîêêèíã (îòëîæåííîå îáîáùåíèå)

A. Power, Y. Burda, H. Edwards, I. Babuschkin, V. Misra,

Grokking: Generalization Beyond Over�tting on Small Algorithmic

Datasets, arXiv:2201.02177 (2022)

Ãðîêêèíã áóäåì îáúÿñíÿòü ñëó÷àéíûì áëóæäàíèåì ïî îâðàãàì

ìíîãîîáðàçèÿ íóëåâîãî ðèñêà äëÿ ïåðåïàðàìåòðèçîâàííîé

ñèñòåìû.



Ãðàäèåíòíûé ñïóñê � äèôôåðåíöèàëüíîå óðàâíåíèå

dx

dt
= −∇f (x).

Ðàçíîñòíàÿ ñõåìà äëÿ âåêòîðà x

xk+1 = xk − αk∇f (xk).

Ñòîõàñòè÷åñêèé ãðàäèåíòíûé ñïóñê

Äèíàìèêà Ëàíæåâåíà ñòîõàñòè÷åñêîãî ãðàäèåíòà, SGLD

xk+1 = xk + wk − αk∇f (xk),

wk � íåçàâèñèìûå ãàóññîâñêèå âåêòîðû ñ íóëåâûì ñðåäíèì.

Ñòîõàñòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå (SDE)

dξi (t) =
√
2θdw i (t)− ∂f (ξ(t))

∂x i
dt, (1)

dw i (t) ñòîõàñòè÷åñêèé äèôôåðåíöèàë âèíåðîâñêîãî ïðîöåññà

dw i (t)dw j(t) = δijdt.



Óðàâíåíèå Ôîêêåðà�Ïëàíêà � äèôôóçèÿ â ïîòåíöèàëå

∂u

∂t
= θ∆u +∇u · ∇f + u∆f , (2)

ãäå x ∈ Rd , u = u(x , t) ðàñïðåäåëåíèå, f = f (x) ïîòåíöèàë,
f ∈ C 2(Rd), θ > 0 òåìïåðàòóðà, ýêâèâàëåíòíî

∂u

∂t
= θ div

[
e−βf grad

[
ueβf

]]
.

Ðàñïðåäåëåíèå Ãèááñà e−βf , β = 1/θ � ñòàöèîíàðíîå ðåøåíèå.

Ñõîäèìîñòü ê ðàñïðåäåëåíèþ Ãèááñà (òåðìàëèçàöèÿ).

Ñâîáîäíàÿ ýíåðãèÿ ñîñòîÿíèÿ ðàâíà F = E − θS , ãäå E ýíåðãèÿ,

à S ýíòðîïèÿ ñîñòîÿíèÿ, â îáùåì ñëó÷àå (äëÿ îáëàñòè U)

e−βF (U) =

∫
U
e−βE(x)dx .

Âòîðîé çàêîí òåðìîäèíàìèêè � ìèíèìèçàöèÿ ñâîáîäíîé

ýíåðãèè (ïðè ðàâíîé ýíåðãèè, ìàêñèìèçàöèÿ ýíòðîïèè).



Çàäà÷à îáó÷åíèÿ � ìèíèìèçàöèÿ ýìïèðè÷åñêîãî ðèñêà (ñóììû

ïî âûáîðêå {z}) ïî ãèïîòåçå (ïàðàìåòðó) x

f ({z}, x) = 1

L

L∑
l=1

L(zl , x) → min
x

.

Åñëè f ({z}, x) îáîçâàòü ýíåðãèåé, òî ãðàäèåíòíûé ñïóñê åñòü

ìèíèìèçàöèÿ ýíåðãèè, à ñòîõàñòè÷åñêèé ãðàäèåíòíûé ñïóñê

åñòü ìèíèìèçàöèÿ ñâîáîäíîé ýíåðãèè, òî åñòü äëÿ SGLD â

ïðîñòðàíñòâå ãèïîòåç è äèôôóçèè â ïîòåíöèàëå (2)

dξi (t) =
√
2θdw i (t)− ∂f (ξ(t))

∂x i
dt,

∂u

∂t
= θ∆u +∇u · ∇f + u∆f ,

u(x) ñõîäèòñÿ ê ðàñïðåäåëåíèþ Ãèááñà, ñîñðåäîòî÷åííîìó â

ÿìàõ ñ íèçêîé ñâîáîäíîé ýíåðãèåé.

� Îòáîð øèðîêèõ ÿì, òî åñòü óëó÷øåíèå îáîáùåíèÿ ðåøåíèÿ

çàäà÷è îáó÷åíèÿ â ïîäõîäå øèðîêèõ ìèíèìóìîâ.



Grokking (îòëîæåííîå îáîáùåíèå)

Ðèñ.: 1. Ãðîêêèíã: Ïðèìåð îáîáùåíèÿ, âîçíèêàþùåãî ïîñëå
ïåðåîáó÷åíèÿ íà àëãîðèòìè÷åñêîì íàáîðå äàííûõ. Êðàñíûå êðèâûå
ïîêàçûâàþò òî÷íîñòü íà îáó÷àþùåé âûáîðêå, à çåë¼íûå íà
êîíòðîëüíîé âûáîðêå. Òî÷íîñòü íà îáó÷àþùåé âûáîðêå ñòàíîâèòñÿ
áëèçêîé ê èäåàëüíîé ïðè 103 øàãàõ îïòèìèçàöèè (çàïîìèíàíèå), íî
òðåáóåòñÿ 106 øàãîâ, ÷òîáû òî÷íîñòü íà êîíòðîëå äîñòèãëà ýòîãî
óðîâíÿ (îáîáùåíèå).



Ãðîêêèíã îáúÿñíÿåòñÿ îâðàæíûì ëàíäøàôòîì.

Çàïîìèíàíèå âûáîðêè � äîñòèæåíèå îáëàñòè íóëåâîãî ðèñêà

f ({z}, x) = 0 ïóò¼ì ñòîõàñòè÷åñêîãî ãðàäèåíòíîãî ñïóñêà ñ

íåíóëåâûì ãðàäèåíòîì (ñâàëèâàíèå â îâðàã, ñíîñ ∼ t).
Ãðîêêèíã � ñëó÷àéíîå áëóæäàíèå â îáëàñòè íóëåâîãî ðèñêà

f ({z}, x) = 0 (áðîóíîâñêîå äâèæåíèå ∼
√
t).

Ïåðåõîä ê îáîáùåíèþ åñòü ñëó÷àéíîå áëóæäàíèå èç îâðàãà â

îáëàñòü ðàñøèðåíèÿ îâðàãà (äîëèíó) è ïðîèñõîäèò â ñèëó

âòîðîãî çàêîíà òåðìîäèíàìèêè.

Ïðèìå÷àòåëüíî, ÷òî êîëè÷åñòâî øàãîâ ñòîõàñòè÷åñêîãî

ãðàäèåíòà, íåîáõîäèìûõ äëÿ ãðîêêèíãà, ïðîïîðöèîíàëüíî

êâàäðàòó âðåìåíè çàïîìèíàíèÿ (103 è 106). Â ïðîöåññå

çàïîìèíàíèÿ è ãðîêêèíãà â ïðîñòðàíñòâå ãèïîòåç

ïðåîäîëåâàþòñÿ áëèçêèå ðàññòîÿíèÿ, íî â ðàçíûõ ðåæèìàõ

(ñíîñ ∼ t, áðîóíîâñêîå äâèæåíèå ∼
√
t).



Íàáëþäàåìûå ñâîéñòâà ãðîêêèíãà (ïîðîãîâîå ïîâåäåíèå,

ýêñïîíåíöèàëüíàÿ çàâèñèìîñòü âðåìåíè ãðîêêèíãà îò ðàçìåðà

âûáîðêè).

Ìíîãîîáðàçèå íóëåâîãî ðèñêà � îáëàñòü ñ îáîáùåíèåì,

îáëàñòü áåç îáîáùåíèÿ.

Îáëàñòü ñ îáîáùåíèåì íå çàâèñèò îò âûáîðêè, îáëàñòü áåç

îáîáùåíèÿ óìåíüøàåòñÿ ñ ðîñòîì âûáîðêè. Ïðåäïîëîæåíèå �

ëèíåéíîå óìåíüøåíèå ýíòðîïèè ñ ðîñòîì âûáîðêè.

Ãðîêêèíã ñòàíîâèòñÿ âîçìîæåí, êîãäà ñ ðîñòîì âûáîðêè

ýíòðîïèÿ îáëàñòè áåç îáîáùåíèÿ ñòàíîâèòñÿ ìåíüøå ýíòðîïèè

îáëàñòè ñ îáîáùåíèåì.

Ôîðìóëà Ýéðèíãà e−β(F1−F0) ñêîðîñòè ðåàêöèè (ïåðåõîäà

ìåæäó îáëàñòÿìè). F1 − F0 ðàçíîñòü ñâîáîäíûõ ýíåðãèé
îáîáùàþùåé îáëàñòè (äîëèíû) è íà÷àëüíîé îáëàñòè (îâðàã,

íåò îáîáùåíèÿ), F = E − θS . Äà¼ò ýêñïîíåíöèàëüíîå ïàäåíèå
âðåìåíè ãðîêêèíãà ñ ðîñòîì âûáîðêè.



Àëãîðèòì õèùíèê�æåðòâà â òåîðèè îáó÷åíèÿ

I. A. Lopatin, S. V. Kozyrev, A. N. Pechen, Predator�Prey Model:

Driven Hunt for Accelerated Grokking, arXiv:2509.10562

S. V. Kozyrev, I. A. Lopatin, A. N. Pechen, Control of Over�tting

with Physics, Entropy, 26, 1090 (2024). arXiv: 2412.10716

S. V. Kozyrev, I. A. Lopatin, A. N. Pechen, Generalization in

learning: Eyring formula and predator-prey model, Lobachevskii

Journal of Mathematics, 46 (6), 2591�2600 (2025).

Îâðàæíûé ëàíäøàôò: óñêîðåíèå ïðîäâèæåíèÿ âäîëü îâðàãà çà

ñ÷¼ò âçàèìîäåéñòâèÿ ìåæäó äâóìÿ àãåíòàìè.

Àãåíò Çàÿö è àãåíò Âîëê, ïîìåùàþòñÿ â îâðàã,

Âîëê ãîíèò Çàéöà ïî îâðàãó.

Ìîäåëü çàãîííîé îõîòû.



Ìîäåëü õèùíèê�æåðòâà

Êîîðäèíàòû xk , x
′
k â Rd æåðòâû; yk , y

′
k õèùíèêà;

f ïîòåíöèàë, ∇f åñòü ãðàäèåíò ïîòåíöèàëà.

Øàãè âíèç ïî ïîòåíöèàëó äëÿ æåðòâû è õèùíèêà

x ′k = xk − α∇f (xk);

y ′k = yk − α∇f (yk);

îâðàæíûå øàãè, α > 0 ðåãóëèðóåò äëèíû øàãîâ

xk+1 = x ′k + αU(|x ′k − y ′k |)
x ′k − y ′k
|x ′k − y ′k |

;

yk+1 = y ′k + αV (|x ′k − y ′k |)
x ′k − y ′k
|x ′k − y ′k |

.

Âçàèìîäåéñòâèå õèùíèê�æåðòâà

U(r) = U0e
−r/σ, V (r) = V0 = const, U0 > V0 > 0, σ > 0.



Ñèñòåìà óðàâíåíèé ìîäåëè õèùíèê�æåðòâà,

æåðòâà âåêòîð x è õèùíèê âåêòîð y .

dx

dt
= −∇f (x) +

x − y

|x − y |
U(|x − y |), (3)

dy

dt
= −∇f (y) +

x − y

|x − y |
V (|x − y |). (4)

Ôóíêöèþ V (r) = V0 âûáèðàþò ðàâíîé êîíñòàíòå, ôóíêöèþ

U(r) äëÿ æåðòâû ìîæíî âûáðàòü ýêñïîíåíöèàëüíî óáûâàþùåé

U(r) = U0e
−r/σ, ñ êîíñòàíòàìè U0 > V0 > 0, σ > 0.



Åñëè èç ïåðâîãî óðàâíåíèÿ âû÷åñòü âòîðîå, òî

d(x − y)

dt
= − (∇f (x)−∇f (y)) +

x − y

|x − y |

(
U0e

−|x−y |/σ − V0

)
.

×ëåí ñ ãðàäèåíòàìè äëÿ áëèçêèõ x , y â îâðàãå ìîæíî

ðàññìàòðèâàòü êàê øóì, âòîðîé ÷ëåí áóäåò îïèñûâàòü âûõîä

ïàðû õèùíèê�æåðòâà íà ïîñòîÿííîå îâðàæíîå ðàññòîÿíèå

(ñêîáêà îáðàùàåòñÿ â íóëü).

Ïàðà àãåíòîâ íà ïîñòîÿííîì ðàññòîÿíèè σ ln U0
V0

äðóã îò äðóãà

áåãóò ñ ïîñòîÿííîé ñêîðîñòüþ V0 âäîëü îâðàãà.



0 2000 4000
Epoch

0.0

0.2

0.4

0.6

0.8

1.0
Accuracy

Train
Test

0 2000 4000
Epoch

117.5

120.0

122.5

125.0

127.5
Weight Norm

0 20000 40000
Steps

10
0

10
1

10
2

Optim Step Norm

0 20000 40000
Steps

0

25

50

75

Distance to Init Model
Baseline ModuloOperation

Ãðîêêèíã äëÿ ìîäóëÿðíîé àðèôìåòèêè, àëãîðèòì AdamW.

Ãðîêêèíã (ïåðåõîä ê îáîáùåíèþ) òðåáóåò 4000 ýïîõ.

Õèùíèê�æåðòâà, ãðîêêèíã çàíèìàåò îêîëî 40 ýïîõ.
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Óñêîðåíèå â 100 ðàç!
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Ìîæíî ïðåäïîëîæèòü, ÷òî ìåòîä ïîçâîëÿåò äîñòè÷ü ãðîêêèíãà

çà êîðîòêîå âðåìÿ äëÿ âñåõ ìîäåëåé, ãäå ãðîêêèíã â ïðèíöèïå

åñòü (òî åñòü ëàíäøàôò îðãàíèçîâàí êàê îâðàæíûé).


