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In the talk we present results obtained recently
with V. M. Buchstaber.

Let us consider the general homogeneous quadratic dynamical
system in an n-dimensional space.

We will call it algebraically integrable by given functions
h1, ... h, if the set of roots of the equation

" —m&" o+ (-1)"h, =0

solves the dynamical system.
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Quadratic dynamical systems

In the space C" with coordinates & = (&1,...,&,) "
the general quadratic dynamical system is

(1) = AFE(Dg(), A¥ = AT k=1,...,n. (1)

We can identify the space of such systems
with the $n?(n + 1)-dimensional linear space of tensors

A= (AY: Al = Al
System (1) defines a linear operator

L=L(A): Cl&,...,&)] = Clé, ..., &)

as

0

L= AL&i(D5(0) 5
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Lotka-Volterra type system

& = &k <Z§1—2£k>, k=1,...,n.

I=1
For n = 3 this system was considered by S. Kovalevskaya. She

showed that in this case the system has two independant
quadratic integrals

S aki&, D a=0.
i#j
For n = 4 this system has two independant quadratic integrals

(61 —&3)(&2— &) and (& — &)(&3 — &a).

For n > 4 there are no quadratic integrals.
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Representation of GL(n, C)

The change of variables n = B¢ by a matrix B = (BIJ ) leads to a
representation of GL(n, C) on the space of tensors A = (A}Y):

A’*’»—)Aqup( DB~

Definition (1)

A system (1) is called symmetric if the symmetric group &, lies in
the stabilizer subgroup of (1), that is the system does not change
if Be G,.

Definition

The system (1) is said to be quasi-symmetric with respect to
B € GL(n,C) if this system in the coordinates n = B¢ is
symmetric.
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Symmetric quadratic dynamical systems.
" —me 4 4 (=1)"h, =0.

On the space M" = {£ € C": & # & Vi,j: i # j} there is a free
action of the group &,. The projection on the space of orbits is
a covering induced by the universal algebraic map

S:C"— C": (&1,...,&) = (h(€1,...,60), oy ha(Er, .., 60)).

Here hy is the k-th elementary symmetric function in &1, ..., &,.
Denote by Sym the ring of symmetric polynomials in &1, ..., &,.

Definition (2)
A system (1) is called symmetric if S,L takes Sym into itself.

The definitions 1 and 2 are equivalent.
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Corollary

Each symmetric quadratic dynamical system has the form

fL(t) :a££+B£kai+’72£?+5 Z f,'&j, k=1,...,n.

ik ik i<j,itk. j#k
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Generic symmetric quadratic dynamical systems
For deg & = —4, degt = 4 system (1) is homogeneous.

For a homogeneous multiplicative basis aj, ..., a, in Sym
with deg ay = —4k system (1) implies
a,(t) = Lak(t), k=1,...,n. (2)

Using the grading we obtain

3 (t) = ckaks1(t) + grr1(ar(t), -, a(t)), k=1,....n,

where ¢, = 0 and deg gx+1 = —4(k + 1).

Definition

A symmetric system (1) is generic if cx #0 for k =1,...,n— 1.

Lemma

A system being generic does not depend on the choice of
multiplicative basis.
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Algebraic integrability

For the equation
" — "4 (-1)"h, =0 (3)

let A C C" be the discriminant variety.

Definition

System (1) is algebraically integrable in U C C by a set of
functions (hi(t), ..., ha(t)) if (h1(t),...,hn(t)) & A for any t € U
and the set of roots (£1(t),...,&n(t)) of equation (3) is a solution
of (1) for any t € U.
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Problem of Algebraic integrability

Find an ordinary differential equation of degree n for h and
differential polynomials hy, ..., h, in h such that in the
neighbourhood U C C the set of functions

hi(t) = h(t), ha(t), ..., hn(t) algebraically integrates system (1).

Theorem

For each generic symmetric system (1) with the initial data
&(to) = (&1(to), - - -, &én(to)) € M" there is a solution
to the problem of algebraic integrability in the vicinity of &(tp).
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Consider system (2) with ax = hi being the elementary
symmetric functions.

Under the conditions of the theorem ¢, #20, k=1,...,n— 1.
Hence, hj(t) with j = 2,...,n can be expressed as polynomials
in hy(t),..., hj_1(t) and their derivatives from the (j — 1)-th
equation of system (2).

Thus, the equation

a,(t) = gnt1(ar(t), ... an(t))

gives a homogeneous differential equation for hy(t):
A 4 ahh"D 4 wh" =0 (4)

with constant coefficients «, ..., w.
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Therefore, (h1(t), ..., hn(t)) algebraically integrates system (2).
The initial conditions in (4) are as follows:

h1(to) = &1(to) + -+ - + &n(to)

and
K (to) = (L“h1)(10)-
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We have reduced the problem of integrability of a symmetric
quadratic dynamical system to the question of solving an
ordinary differential equation of the form

A ahh™=D 4 R =0 (5)

with constant coefficients «, . .., w.

Problem

Classify the non-linear ordinary differential equations (5)
obtained from generic quadratic dynamical systems.
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Fuchs—Poincaré problem

A point is called a singularity of a function if this function is not
analytic (possibly not defined) in that point.

Definition

A singularity of a function is called a critical singularity if going
around this singularity changes the value of the function.

L. Fuchs remarked that differential equation solutions can have
movable singularities, that is singularities whose location
depends on the initial conditions of the solution.

In 1884 L. Fuchs and H. Poincaré have considered the problem
of integrating differential equations and came to the conclusion
that it is closely connected to the problem of defining new
functions by means of non-linear ordinary differential equations.
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In 1888 S. Kovalevskaya solved the classical precession of a top
under the influence of gravity problem.

S. Kovalevskaya’s approach to the problem is based on finding
solutions with no movable critical singularities.

She proved that there exists only three cases with such
solutions. Two of them are the famous Euler and Lagrange
tops.

In the third case (now named Kovalevskaya top) she found new
solutions and thus was first to discover the advantages of
solving differential equations whose solutions have no movable
critical singularities.
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Painlevé property

The property of a differential equation that its solutions have
no movable critical singularities is well known now as the
Painlevé property.

The general solution of equations with Painlevé property lead
to the single-valued function.

All linear ordinary differential equations have the Painlevé

property, but it turns out that this property is rare for
non-linear differential equations.
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Around 1900, P. Painlevé studied second order explicit
non-linear differential equations

y'=F(t,y,y")

with F being a rational function of y and y’ and a
locally-analytical function of t.

It turned out that among such equations up to certain
transformations only fifty equations have the Painlevé property,
and among them six are not integrable in terms of previously
known functions.

P. Painlevé and B. Gambier have introduced new special
functions, now known as Painlevé transcendents, as the general
solutions to this equations.
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Chazy equations

In 1910 J. Chazy considered the problem of classification of all
third-order differential equations of the form

y" =F(t,y,y',y"),

where F is a polynomial in y, y’, and y” and locally analytic in
t, having the Painlevé property.
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The most known autonomous Chazy equations are

Chazy-3 equation:  y” = 2yy” — 3(y’)?,

4
Chazy-12 equation: y"” = 2yy” — 3(y/)2 T 236 (6)// - y2)2,
where k € N, k > 1, k # 6.

It was recently shown by M. J. Ablowitz, S. Chakravarty,
R. Halburd that this Chazy equations are reductions of the
self-dual Yang-Mills equations with an infinite-dimensional
gauge algebra.

The relation of considered equations to mathematical physics
arises from an observation by M. J. Ablowitz and H. Segur that
reductions of a partial differential equation of the soliton type
give rise to ordinary differential equations that posess the
Painlevé property.
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Two-dimensional systems

The general two-dimensional symmetric quadratic dynamical
system has the form

& = off + Bata + 73, (6)
& =&t + fer&e + okl
It is generic for 5 # o + 7.

In the coordinates n = B where B = % < L 1> we obtain

11
n=(a+y+B8m+(a+y=8ms,  1h=(a—y)mmnp.

Therefore, B establishes a one-to-one correspondence between
quasi-symmetric quadratic dynamical systems

ny = ani +bni, nh=cmmn. (7)

for constant a, b, ¢ and symmetric quadratic dynamical systems.
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One can check that the normalizer of dynamical systems of the
form (7) is the diagonal torus in GL(2, C).

The conjugation by the matrix

1/1 1
5=3 (—1 1>
takes this torus to the group of matrices of the form (Z b) .

This group brings the space of two-dimensional symmetric
quadratic dynamical systems into itself.

Elena Yu. Bunkova joint work with V. M. Buchstaber

Introducing a new notion of Algebraical Integrability.



In the generic case system (6) is algebraically integrable by the
set of functions (hi(t), ha(t)) where hy is a solution of equation

B+ Xih'h+ Xoh® =0 (8)

with A1 = (y —3a — ), 22 = (o — y)(a + B+ 7), and

1 b o+

2B—a—7v) "' 2(B-a-—7)

The initial conditions for h; in (8) corresponding to the generic
case are (8 + o+ v)h3(to) # 2h)(to)-

hy = h2.
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Special cases

The general solution to (8) is

A
For Ay =0 : h(t):kzsn<<\/22t+k1> k2,i).

V2k ki
For A, =0: h(t) = L tanh ( L(t+ kg)) .

Vi 2

6(k1t -+ kz)
k1t2 + 2kot + 2)'

For A2 =9\, : h(t) =
or \{ =9\ (t) W

Here ki, ko are constants, sn is the Jacobi sine.
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Three-dimensional systems

The general three-dimensional symmetric quadratic dynamical
system has the form

&1 = af? + BE1(&r + &3) + V(€3 + €2) + 86ats,
b= a3 + BEa(& + &) + (€3 + €3) + 8&sé, 9)
& = a3 + B&G(& + &) + (& + &) + 64

It is generic for 2o — 28+ 4y -6 #0and a — 8 — v+ 6 # 0.
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In the coordinates n = B where

1 1 1
B=|ec & 1|, &=1c+#1,
e e 1
we obtain
= ki + kanana,
o = kanj + kamina, (10)
15 = k3ns + kamus,
where
klzé(a+2ﬁ+2fy+5), k2:%(2a—2ﬁ—|—4'y—5),
k3:%(a—ﬂ—*y+5), k4:%(2a+ﬁ—2fy—5).

Therefore, B establishes a one-to-one correspondence between
systems of the form (9) and (10).
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The maximal subgroup of GL(3,C) that takes the space of
systems of the form (10) into itself is generated by matrices

O oo

0 0 100
b o], B2 =c, |00 1
0 ¢ 010

Therefore, the subgroup of matrices in GL(3,C) obtained from
this subgroup by conjugation by the matrix

1 1 1
e e 1|, £=1, e+#1,
e ¢ 1

brings the space of three-dimensional symmetric quadratic
dynamical systems into itself.
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The Darboux-Halphen system

Let us consider the classical Darboux-Halphen system
§1 =666, & =666 —6E, §=&H 68
It implies the generic homogeneous dynamical system

Wy = —hy,  hh=—6h3,  hy = h3— 4hyhs.

The Darboux-Halphen system is algebraically integrable by
(h1, ha, h3) where —2h; is a solution to the Chazy-3 equation

Y =2yy" =3(y')?

1 1
and h2 = — {I.’ h3 = —ghé = ghi/
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General Darboux-Halphen system

€ = a(&8s — 18 — 6183) + be3,
& = a(&€1 — &6 — &) + bE3,
& = a(&16 — &6 — £&) + bES.

This system is symmetric and generic for a # —2b, 2a # b.
For a # b the function

y=-=2(a—b)(&1 +& +&3)

is a solution of the equation

—b?
4(a+2b)(a—b)

y" =2yy" =3(y')* + c(6y’ —y?)* with c=

For ¢ = 0 this is the Chazy-3 equation.
For ¢ = —ﬁ this is the Chazy-12 equation.
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The wide-known in math-physical literature generalization of
the Darboux-Halphen system

M= 123 — e — s + 77,

Th = N3 — M2 — M1z + T

s = TR — N3 — M + T,

where

72 = o?(m—n2)(ms—m)+B>(n2—n3)(m —m2) +7*(m3—m) (n2—n3)

is symmetric if and only if o® = 52 = 42 and in this case generic
for a2 # % and %.

It is the case b = a — 1 of the general Darboux-Halphen system
in coordinates

m=ati— pla- )G +E), i#iFk
with a? = (a — 1)2/(3a — 1)2.

Elena Yu. Bunkova joint work with V. M. Buchstaber

Introducing a new notion of Algebraical Integrability.



Four-dimensional systems

The general four-dimensional symmetric quadratic dynamical
system has the form

€1 = ol + Bér(a + &3 + &a) + V(&5 + & + &) + 6(62bs + 28 + £38a),
& = ol + Béa(E + & + &) + (€8 + & + &) + 8(&36a + &361 + &),
£ = a3 + BE(Ea+ &1 + &) + (& + & + 6) + (&b + &aba + 162),
€y = ol + Béalb1 + & + &) + (& + & + ) + 6(&1&a + 163 + L283).
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In the case of four-dimensional Lotka-Volterra type system
4
s’kzgk(Zf/—z&), k=1,...,4,
I=1
we obtain the equation
K" _ K" R + 5H'H — 4h//h2 _ 8(h/)2h + 4h/h3 =0
and differential polynomials

1

hy = —(h’+h2)
h h' +2hh
3 = 24( + 2h'h),
" /! / /1.2
hy = 192(h + h'h+2(K)? — 2K h?).
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The system
& = a(&k + &1 + Ex&r) — 23&i(& + &k + &) + bE7 (11)

where the indices (i, , k, /) run over the four cyclic permutations
of (1,2,3,4) is symmetric and generic for 3a # b, a # —b.
The function
3a—b
4
is a solution of the equation

h =

(G+&L+8&+4)

K" 4+ 20hh" — 24K h' + 96h>h" — 144h(H' )+
+ (K + h?)(h" +6hH 4 4h%) =0 (12)

: —64b?

For ¢ = 64 this equation possesses the Painlevé property. This
corresponds to the cases a =0 or 3a+ 2b = 0.
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In the case a =0 and b =1 system (11) becomes the system

é.;((t):éia k=1,...,n.

Therefore the general solution of (12) in this case has the form

1 1 1 1 1
h(t) == + + + :
4 \t—a t— a t — as t—ay

Elena Yu. Bunkova joint work with V. M. Buchstaber

Introducing a new notion of Algebraical Integrability.



In the case a =2, b = —3 system (11) becomes

€ = 2(E¢x + 1 + 6u&1) — 46:(G + G+ &) — 362

The linear change n; = —3(& + &k + &), i # j # k # | brings
this system to the system

nf((t):nﬁ, k=1,...,n,

of the previous case.
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Connection to heat equation solutions

Among the following conditions each two imply the third one:
1) The function

Y(z, 1) = e OV(z;x(1))

where
5 Z2k+6
\U(Z,X) =74 + Z\Uk(x)m,
k>1
degz =2, x = (X1, X2, ... Xnt1), deg xg = —4q,

and V(x) are homogeneous polynomials of degree —4k,
solves the heat equation

9 162
aw(z, t) = E@'Iﬁ(z, t)
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2) The coefficients of W(z; x) are defined by the recursion

n+1
Visi(z) =2 Z pi+1() 5 Vi(z) + Vi(z)Vi(z)

and the condition |

(1) = 5 ¥a(a(1).

3) The functions xx(t) satisfy the homogeneous polynomial
dynamical system

d

= k=12 ... 1.
%= Pr+1(), 02,0+
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