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Introduction

Motivation
@ Invariance of the Lax representation w.r. to the group of Gauge
transformations
(L), MN] =0 = [L(A), M(N)] =0
@ NLS equation and HF equation
ity + U + 2|u?|u(x,t) =0 (NLS)
s = 2150 (x,1), 5] (HF)

SO(x, 1) = g0 1o3g0(x, 1), (5@ =1

@ Zakharov V. E., Takhtajan L. A., Teor. Mat. Fiz., 38 (1979), 26-35.

jid

@ M. Lakshmanan, Phys. Lett. A 61, 53-54 (1977). il
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Introduction

Generalisations to simple Lie algebras

o g(9 is determined by u(x, t) through

dg® (0) _
= + ¢V (x,t)g"V (x,t) =0,
dO(x,t) = 0 u lim g@(x,t)=1
) _u* 0 ) X—500 ) *

@ Both equations are infinite dimensional completely integrable
Hamiltonian systems.

@ Generalized Zakharov-Shabat system related to arbitrary simple Lie
algebra g (of rank r > 1):

LAY = (1;: +q(x,t) — AJ) P(x,t,A) =0,
where g(x, t),J € g. UNIVERSITY OF LEEDS
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Fixing up the gauge

o Fixing the gauge 1: J € h- constant, regular
L(A) — g "L(N\)go, go(x,\) € & (go and J commute)
= q(x,t) =[J, Q(x,t)], J - regular: g(x,t) € g\b.

QU t) = Y (qal(x, t)Ea + palx, t)E-a)
acAt

E., - root vectors of g, A - positive roots: A = Ay U(—Ay).
H; - Cartan generators, {H;, E1,} - Cartan-Weyl basis for g
— N-wave type equations on g (/ € h):

i[_/, Qt] - i[’? QX] + [[Iv Q]v [J7 Q]] = O’
L(\) and M(X) - Lax pair for N-wave eqn'’s:

M\ = (/jt + 1, Q(x, )] — >\l> Y(x, t,\) = 0. N
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Fixing up the gauge ... (pole gauge)

Lj(x, t,\) = </;i — AS(x, t)) D(x,t,\) =0,

where {(x, t, 1) = g7} (x, t)ib(x, £, A),
S(x,t) = Adg - J = g (x, t)Jg(x, t).
and g(x, t) = ¢(x, t,0)- the Jost sol's at A = 0.

M (x, t,\) = <i d _ Af(S)) D(x,t,\) =0,

dt
where f(S) is a function (in fact, a polynomial) to be determined.
o [L(N), M(N]=0 -
d

Se— —f(S) = 0. N
dx UNIVERSITY OF LEEDS
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Gauge equivalence

e L(\) and Z()\) have equivalent spectral properties and spectral data

@ V.E. Zakharov, A.V. Mikhailov, Commun. Math. Phys. 74, 21— (1980);

[ V.E. Zakharov, A.V. Mikhailov, Sov. Phys. JETP 47, 1017-1027 (1978).
— the classes of NLEE related to L(\) and L(\) are also equivalent.
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Applying the gauge transformation

o f(S) =g Y(x,t)lg(x,t) is uniquely determined by /. Both J and /
belong to the Cartan subalgebra b so they have common set of
eigenspaces.

e g~A, =sl(n)yn=r+1trl=trJ=0
J =diag(J,...,Jn) [ =diag(h,.... 1)

The projectors on the common eigensubspaces of J and [ are given by:

H °> = diag(0,...,0,1,0,...,0).
sk Jk— k

Next we note that

=Y lmi(d). n
2 mn
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Applying the gauge transformation ... (cont'd)

Apply the gauge transformation to /:
F(S) = hmi(S),
k=1

i.e., f(S) is a polynomial of order n — 1. Obviously S is restricted by:

n
[[(S-d)=0, trS*=trJ¥
k=1

fork=2,...,n.
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Applying the gauge transformation: g ~ B, — D,

e g~B,—-D,

r r
J =" JiHe,, 1= lcHe,.
k=1 k=1

The odd powers of H,, also belong to g while the even powers do not.
The projectors f,(J) onto He, then can be written down as:

J -2
fi(J) = Jk H e = He, €.

@ Therefore

.
| = Z I (J)
k=1

and applying the gauge transformation we get'

f(S) 1(X t /g X, t Zlkfk ﬁ
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General form of the equations

Applying the gauge transformation: Nonlinear constraints

@ Nonlinear constraints on S:
r
soT[(s? =) =0,
k=1

where kg =0if g~ C, or D, and kg = 1, if g = B,. To construct the
others we use the typical representation of g. It this settings we see
that all even powers of H,, have trace equal to 2. Thus:

.
tr (J2) =2 Z Jgk = tr (S)%,
p=1
fork=1,...,r.
@ These are precisely r independent algebraic constraints on S. Solving

for them we conclude that the number of independent coefficients inﬁ
S is equal to the number of roots |A| of g. UNIVERSITY OF LEEDS
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Example: g ~ so(5)

Parametrization for J and g(x)

0 g0 g11 g2 O
po 0 g1 0 g2
gx.t) = pupr 0 q —qu |; J=
piz 0 pr 0 qio
0 p1i2 —p11 P10 O

The corresponding 4-wave system has the form:

oo oo %
coo S o
oo ooo
o o oo
l oo o
&

i(Jl — J2)C]10,t - i(/l - /2)q10,x + 25(711‘781 =0,
il2qo1,: — ihqo1x + k(911912 + q11970) = O,
iJ1q11,t — ihqi1x + £(g12901 — g10901) = O,

i(h+ 2)gize — i(h + k)gi2x — 2kq11901 = 0.

Where | = diag(ll, I27 0, —12, —/1) and R = J1/2 — J2I1-

Georgi Grahovski (Univ. of Leeds) N-wave eqn’s & gauge equivalent

f
UNIVERSITY OF LEEDS

Moscow, 31.10.2012 12 /27



Example: g ~ so(5) ... (cont'd)

The gauge equivalent equations are:

B 12J13 — /1J23
 hb(E - )

hdo — b

Si — 1Sy — £(83), =0 f =
t 1 3( ) 1 J1J2(J%—J22)

- )

f3

where the matrix S(x, t) € so(5) is constrained by:

tr$*=2(5+ %), S =204+1), SE-K)(SF-%5)=0.
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FAS and scattering data for the gauge equivalent systems

Direct scattering problem: Jost solutions and scattering
matrix

@ The direct scattering problem is based on the Jost solutions:

lim 1(x, \)e* =1, lim  ¢(x, \)e?* =1,

X—>00 X——00

and the scattering matrix:

T(N) = (%(x, A) "Ho(x, A).

@ The FAS ¢*(x, \) of L()\) are analytic functions of A for A = 0 and
are related to the Jost solutions by

£, 1) = 006, NSH(A) = w(x N TT()D*().
UNIVERSITY OF LEEI;ﬂTS
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Riemann-Hilbert problem for FAS

@ Gauss decomposition for the scattering matrix:
T(\) =T~ (DTSN
= THND~ (NS~ (V).
@ On the real axis £7(x, \) and €7 (x, \) are related by
§+(X7 )‘) = g_(Xv )‘)GO()‘)v GO()‘) = S_(>‘)S—"_(>‘)a
and the function Gg(\) can be considered as a minimal set of
scattering data in the case of absence of discrete eigenvalues.
@ A.B. Shabat Functional Annal. Appl. 9, 75-78 (1975);

@ A.B. Shabat, Diff. Equations 15, 1824-1834 (1979). ﬁ
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The scattering data

@ Time evolution of the scattering data:

ds:l: dT:I:
. / + — .
Idt Al1,5F]=0 i~

D*()) are time-independent.
e For the gauge equiv. systems:

E5(x,\) = g1 (x, 1) (x, Mg,
where g_ = limy_,_ g(x, t) = 7(0).
£F(x, \) are analytic w. r. to A < the scattering matrix T(0) € .
e Asymptotics of the FAS for x — +o0:

lim £7(x,\) = T(0)ST(\)T(0)

X——00

lim £X(x,\) = e M T=(A)DT(N)T

X—00

Georgi Grahovski (Univ. of Leeds) N-wave eqn’s & gauge equivalent Moscow, 31.10.2012 16 / 27

~\[I, T¥] =0,

jid

OGNIVERSITY OF LEEDS



The scattering data for L

T(\) = T(\)T(0).
Obviously 7(0) = 1land
55N = T(0)S*(V) T(0),
TE(\) = TE(\) DE(\) = DE(\)T(0).
On the real axis £+(x, A) and £~ (x, \) are related by:

5+(X7 /\) = gi(xv )‘) é0(>‘)7

Go(\) =S5~ (VST (N €(x,0) = 1.

again Go(\) can be considered as a minimal set of scattering data. ﬂ
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Dressing factors and 1-soliton solutions

Zakharov-Shabat dressing

@ the main idea: From a FAS g{f))(x, A) of L with potential Sy —
construct a new singular solution g(ji)(x, A) with singularities located
at prescribed positions /\f.

@ Then the new solutions f(ji)(x, A) will correspond to a potential Sy of
[ with two discrete eigenvalues )\li.

@ It is related to the regular one by the dressing factors &i(x, A):

églj:_)(xv )‘) = E(Xv )\)EEE)(X, )‘)a:l()‘)v
i_(\) = xl@oo i(x, A),
and the dressing factors for the gauge equivalent equations &I(x, \) are
related to u(x, A) by
E(Xv )‘) = g(_o)l(xv t)u_l(X7 A= O)U(X7 )‘)g(O)

lim o(x, \) = 1. n
A—0 ( ’ ) UNIVERSITY OF LEEDS
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Dressing for g ~ A,

[n(x)) = & (ADlno), — (m(x)| = (moléy (A7),
where |ng) and (mg| are constant vectors and these dressing factors
satisfy the equation:
di . N
Ia = AS(1)i + AiS(g) = 0.

f
UNIVERSITY OF LEEDS

Georgi Grahovski (Univ. of Leeds) N-wave eqn’s & gauge equivalent Moscow, 31.10.2012 19 / 27



Dressing for g ~ B,, B,

e g~B, D,

u(x,\) = L+ (aa(\) — 1)Py + (71 (N) — 1)P_y
~ . Cl()\) B ~ Cl(O) B -
s =1+ (G 1) P (G ) P

where P_1(x) = SP{ (x)S™*, Py(x) is the rank 1 projector,
Py = g(f))l P11g(0)(x, t).

o The projectors Py satisfy the equations:

dP . -

Iix1 + )\1 P18(0) — )\1 S(l)Pl = 0,
-er—l +F + D . _ @
! A P_lg(o) M S(I)P_l a 07UNIVERSITYOF LEEanS
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Dressing for g ~ B,, B, ... (cont'd)

@ The "dressed"potential can be obtained by:

AN d . .
S(l) = 5(0) + IT)\;:[&(P]_(X) — P_l(X)).

The dressing factors can be written in the form:

i(x, \) = exp [m (Z%) ﬁ(x)] :

where p(x) = P; — P_; € g and consequently @i(x, \) belongs to the
corresponding orthogonal group.
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Dressing in the typical B,

o Explicit formulas for the typical representation of B,:

Bx) = —— 5" h(x)He,
(min) 2=

2 S (Pal)Ea + P_a(X)E ).

acA

(mln)
where we assumed S(g) = J, gy = 1. Thus

T 2v —2v
hi(x, t) = ng xmg ek — Mo kMo k€ Wk
r

(mln) =" (o kmo x€®* + ng zmg ze>""%) + ng r41mo,r-41,

k=1
,E’ks, for a = e, — e
P, = { Pys, for v =ex + es A
:E’k,r+1, for a = e UNIVERSITY OF LEEDﬂS
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Dressing in the typical B, ... (cont'd)

@ Here 1 < k;s<r, 11 :Re)\f, 1 :Im/\ir and

Prs = €105 (ng mg g1 050 (— 1)K+ g ey e 05k,
Ye=Jkx+ht,  yg=-yk, Y1 =0

@ The corresponding result for the D, series is obtained formally if in the
above expressmns with ng 41 = mg 41 =0. Thus
Pk7,+1 = P,+1 x = 0 and the last term in the right hand side of (m|n)
is missing.
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Hamiltonian structures for NW-eqn's and their gauge equiv.

Hamiltonian structures

Both classes of NLEE possess hierarchies of Hamiltonian structures.

@ The phase space My_y, of the N-wave equations is the linear space
of off-diagonal matrices g(x, t); the hierarchy of symplectic structures
is given by:

oo
ol =i / dxtr (5q AN<[J, 8q(x, t)]) .
— 0o
@ The phase space Mg of their gauge equivalent equations is the
nonlinear manifold of all S(x, t) satisfying equations of the nonlinear
constraints. The family of compatible 2-forms is:

Gl — ,-/ dxtr (58A7\k[8,65(xa t)])‘

—0o0

Here A and A are the recursion operator of the N-wave type equatiovﬁ
and its gauge equivalent: A = g~ Ag(x, t). UNIVERSITY OF LEEDS
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@ One can reformulate all fundamental properties of the NLEE (like
generating(recursion) operator, Hamiltonian formulation, etc.) from
one gauge to another.

e If g ~ so(5) — the corresp. gauge equivallent system describes
isoparametric hypersurfaces
@ Ferapontov E.V., Diff. Geom. Appl., 5 (1995), 335-3609.

@ The "canonical"4-wave system finds applications in nonlinear optics.

Q Zakharov V.E., Manakov S.V., Novikov S.P. and Pitaevskii L.l., Theory of solitons.
The inverse scattering method, New York, Plenum, 1984.

@ Open problems:
— to study the internal structure of the soliton solutions and soliton
interactions (for both types of systems);
— to study reductions of the gauge equiv. systems.
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Conclusions

Good health and best of luck in the
next v/ 50! years, Maksl
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Thank youl

G.Grahovski@leeds.ac.uk grah@inrne.bas.bg
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