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T he integrability theory for 1 + 1-dimensional
homogeneous systems of hydrodynamic type
of the form

Ugt — Z a’ij(u) Uj. x v = 17 y T,
j=1
where u = (u1,...,un) Was developed by

B. Dubrovin, S. Novikov, S. Tsarev.

In contrast to the homogeneous case, there
IS no satisfactory criteria of integrability for
non-homogeneous hydrodynamic type systems
of the form

n

uir = Y a;;(u)ujx + bi(u). (1)

7=1



T he following example

1 1

Uy = vUug + : vy = uvg + (2)
V—U u —v

found by J. Gibbons and S. Tsarev indicates

the existence of integrable systems (1) hav-

ing properties unusual for 1 4+ 1-dimensional

integrable models.

In particular, system (2) has only a few lo-
cal infinitesimal symmetries and therefore the
symmetry approach to classification of inte-
grable 1 4+ 1-dimensional systems is not ap-
plicable to (2).

It turns out that this system possesses infi-
nite non-commutative hierarchy of nonlocal
symmetries explicitly depending on x and t.



The solving of (2) can be reduced to a con-
struction of a conformal mapping of a slit
domain. The construction is related to the
existence of the following Lax representation

A—U—V
— \\J} :
A—uw)(A—v)
T O—w(a—v)
for (2). Here X is a spectral parameter.

X

Wy

Similar Lax representations were considered
by S. Burtsev, V. Zakharov, and A. Mikhailov.

Possibly the technique developed S.Manakov
and P. Santini for solving of dispersionless
systems can be adopted for systems with such
LLax pairs.



We consider systems (1) having Lax repre-
sentations of the form

W, = f(u, \) Wy, Vi =g(u,\)W¥,. (3)

Note that the compatibility conditions for these
equation equation can be written as

of 0Oy
ot Ox

where [f,g] = f% —g% is the bracket in an
algebra of vector fields.

+ [f,9] =0,

To generalize example (2) we assume that
both functions f and g in (3) have simple
poles at A = wu1,...,un. We do not restrict
ourselves by functions f,g rational in A but
all examples in this talk are rational.



Classification in the case n =2

Proposition 1. The system (1) has the form

ur = a(v)ug + h(u,v), v = alu)ve + h(v,u);
The functions f,g from the Lax representa-
tion are give by

h(\,u) — h(\, v)

He ) =" —atey
_a(v)h(X u) —a(u)h(A,v)
o) =T e

To find h and a one has to solve the following
functional equation:

h(\, v)h(X\,u)y — h(Nu)h(X v)y\ +

h(uw,v)h(X, u)y — h(v,u)h(N,v)y —

h(u,v)a' (uw) — h(v,u)a’ (v) ) o
a(u) — a(v) (h(X\, w)—h(X,v)) = 0.



Let us present several solutions of this func-
tional equation.

Example 1. The functions

_ Sz(u) S3(v) _ Po(u)
h(u,’v) - ) a(u) - ’
Wo(v)(u —v) Wo(u)
where S3, P>b and W5 are arbitrary polynomials
of degree 3, 2 and 2 correspondingly, satisfy

the function equation.

For equation (2) we have S3(u) =1, Wo(u) =
—1, Po(u) = —u. O



Example 2. Let

_ Q(w) Q)P (u)(P(v)?P(u) + (u —v)Q(v))

) R(v)(u—1)

S(u)
a(u) = :

R(u)
where P(u) = piu + po, Q(u) = qru + qo
are arbitrary polynomials and the coefficients
of polynomials S(u) = sou? + sju + sg and
R(u) = rou? 4+ rqiu-+rg satisfy the same linear
equation

2pogoxr2 — (Poq1 + p19o)x1 + 2p1g120 = O.

Notice that it means that the double ratio
(pq, z122) equals —1, where p, q, z1, zo are roots
of the polynomials P(u), Q(w) and zou?4ziu+
xg correspondingly. [



Example 3. The functions

_ Q(u) Q) R(u) (R(v) R(u) + k(u — v))

i, v) T()(u — )

S(u)
a(u) = :

T(u)
where @, R, S, T are arbitrary polynomials of
first degree and k is an arbitrary constant,
satisfy the functional equation. U

It is easy to verify that the classes of solutions
described in Examples 1-3 are invariant with
respect to the transformations

kiu + ko kiv + ko
u —> : v —
k3zu + kg k3v + kg
and
x — r1x + rot, t — r3x + rat,

where k; and r; are arbitrary constants.



Theorem 1. Any solution of the functional
equation such that h(u,v) has a simple pole
on the diagonal v = v belongs to one of the
three above classes up to transformations

u— ¢(u), v — o(v).



Examples in the case n =3

In the case N = 3 integrable systems have
the form

ur = a1(v,w)uz + b1(u, v, w),

vt = as(u, w)vg + bo(u, v, w),

wy = a3z(u,v)wy + bz(u, v, w),
where
B(u) — B(v)
A(u) — A(v)’

a1(u,v) = as(u,v) = az(u,v) =

X(v,u) — X(w,u)

) = T~ Aw)
_ X(w,v) = X(u,v)

) = )~ A

ba (0, v, 1) = X(u,w) — X(fu,w).

A(u) — A(v)



T he following group of affine transformations
IS admissible:

A—c1A~+coB +c3, B — c4 A+ c5B + cq,
Let
A
() = RSO
A—u

for some functions R, S.

Example 4.

RZ%, S = 53,
%4

where S3 and W are arbitrary polynomials of

degree 3 and 2. Functions A and B are linear
1

combinations of UW, i=20,1,2 (cf. Ex. 1).



Example 5.

A B
R=1 S=8, A=23% B=22
S4 S4
where Sy, Ag, By are arbitrary polynomials of
fourth degree.

Example 6. The following example has a
more complicated structure:

(v —a)?(z —a)(z —b)R(u, 2)

(u — 2)u

Y

X(u,z) =
where

R(u, z) = (a 4+ b)uz — 2b%°2 — 2abu + b%(a + b),

a and b are arbitrary parameters. The func-

tions A(u) and B(u) are any linear combina-

tions of u, 1, u 1.



The case of arbitrary n

Proposition 3. The homogeneous part of
the system is a diagonal weakly non-linear
semi-Hamiltonian system:

Uit = QiU g, Qja; =0, i1=1,..,n (4)
where
0;a 0;a
8] 1Tk — &L J k .
a; — ak a; — ag

Here 0; = %.
1

For such a system the coefficient a; has the
form (Ferapontov):

det An,i
a; = :
‘ det An—l,i

where

dn—1,1(u1) ... qp—1n(un)



The functions f and g in the Lax pair have
the form

f= det P __det@
~ detA’ I det A
where
P ( hi(A u1) hin (A, un) )
An—l 7
Q= h1(A, u1) hn (A, un)
JANSS '

The non-homogeneous part of the system is
given by

b' _ det Qn,i|)\=ui
‘ detAn_lﬂ; ,




Example 7. The system

Ugt — Z u] ui,m—l— H (ui—uj)_l, 1= 1, ceey T
JF=1 JF=t

has appeared in a paper by Ferapontov and

Fordy, where a different problem was studied.

If n = 2, then this system coincides with the

Gibbons-Tsarev system.

Main construction

Suppose that f = S(\)f1, g = S(A\)gq, where
S(A) is a polynomial with constant coeffi-
cients and with pairwise distinct roots Aq, ..., Ap.
We assume that n <2p—-3 and p <n 4 1.

At first glance this is not true for the Gibbons-
Tsarev system (2). Nevertheless, under the
transformation

cA+d

a common multiplier (cA+d)3 in f and g ap-
pears.



Lemma 1. Set y; = fi[y=», and v; = g1|rx=),
Then

Op; _ Oy

ot~ Oz

Theorem 2. Let

S(A :
miOvu) = Sy =,

ifi=1,...n, j=1,...,p—4 and

p

ij
L =y 5
dp 4+],z(u) - M (5)

if:=1,..,n, g=1,..,n—p+ 3. Here ¢,
are arbitrary constants such that the matrix
(c; ;) has rank n 4+ 3 — p. Then formulas for
a;, b;, f, g define a system (4) possessing a Lax
representation (3).



Remark. Suppose the functional equation
holds and A has a simple pole on the diagonal.
Then the following so-called Gibbons-Tsarev
type system is compatible:

9;p; = h(pj,pi)O;u, 9;v = a(p;)0;u,

_ h(pi,pj)d’(p) — h(pj,pi)a’ (p;)
a(p;) — a(p;)
Here:*453=1,...,N,; p1,...,pN,u are functions
in rq,....,ry, 0; = % and N is arbitrary. Note
that there exist Gibbons-Tsarev type systems

that have a different structure. [

quaju

Proposition 2. For each Gibbons-Tsarev
type system of this kind the functions A and
a define a non-homogeneous gydrodynamic
type system with n = 2 possessing Lax rep-
resentation.



Proof. Set N = 2 in the GT-system and
consider p1, po as functions of u, v. We get

(pj)u + (pj)valp;) = h(p;, pi),

where ¢+ = 57 = 1,2. It is known that each
Gibbons-Tsarev type system admits so-called
dispersionless Lax operator. It is a function
L(\,rq1,...,ry) defined by the following system

87;L — h()\,pi)L)\az’u, 1= 1, ceey N.

If N = 2 then L as a function of u, v, A
satisfies

Ly = f(p1,p2,\)Ly, Lv=g(p1,p2,\)L).



Consider (141)-dimensional hydrodynamic type
systems

rs = A(r)rg,

where r = (rq1,...,7n)! and A is N x N-matrix.

Suppose A is diagonal:

(ri)e = N(r1, o v V) (1) 2
If this system has symmetries of the same
form

(ri)r = pi(re, ..., rN) (7).
Then

where 0; = %, and
7

87)\]{; . 8 aj>‘k
Ni— A A= A
T he latter relations are called semi-Hamiltonian
conditions.

0;



T here exist evolution integrable 3D-equations.

Example 1. The KP-equation can be written
as

1 1 1
Uy =— —Eumaz+vx, Uy — Ut+§vx:c——uzvmaz—uux-

3

The correspondent dispersionless system (DKP):

Uy — Vg, 'Uy — Ut — UUg.



An N-component hydrodynamic reduction of
DKP is defined by a pair of compatible (1+1)-
dimensional systems

(ri)e = Ai(r1, -, ) (1) 2, (6)
(ri)y = pi(r1, s 'N) (1)
and by functions U(rq,...,7n), V(r1,...,7n) Such
that for any solution of (6) the functions
u=U(ry,....,7n), v =V(rq,...,ry) satisfy

'U/y — Vg, ’Uy — Ut — UUg.
Such solutions (u,v) are called N-phase solu-

tions.

Substituting U and V into the DKP, we get
> (ri)y U =) (r))z 6;V.

It follows from here that
82-V — ,uZaZU
From the second equation we get

,Lbiaiv — )\7;(9@'(] — Ué’iU



and

N = U+ p?.
Now it follows from
Ojhi _  Ojki
Ai = Aj o
that
o,;U .
Ojp; = ——, i#] (7)
1y — H

Compatibility 0;0;u; = 9,;0,u; Of (7) gives rise
to

20,U0;U
(j — pi)?
Remarkably, (8) is compatible!

0;0;U = i (8)

Recall that we have one equation more:

82-V — ,LbzazU (9)



Definition. A compatible system of PDEs of

the form

Oipj = f(pi, Pj U1, -+, un) Ojuq J 7 1
0;0ju1 = h(p;, pj, u1, ..., un) O;u10juq, j 7~ 1,
Oiur = gr(p;, u1, ..., un) Ojuq, k=1,..,n—1,

where 1,7 = 1,2,3 is called n-fields GT-

system. Here p1,po,p3, uq, ..., un are functions
of ri, r2 r3.

Definition. Two GT-systems are called equiv-
alent if they are related by a transformation
of the form

P; — )‘(pi7u17 "'7un)7

up, — pp(ug, ..., un), Ek=1,... n.



Example 2. Let ag,a1,ap> be arbitrary con-
stants. Then the system
_ CLQPJQ- + a1p; + ag
Oip; = Oju1,
Pi — Dj

2aop;p; + a1(p; + p;j) + 2ag

(pi — pj)?
is an one-field GT-system. The original Gibbons-
Tsarev system corresponds to ar, = a1 =
0,ag = 1. By linear transformations the poly-
nomial P(z) = asax?+ajx+ag can be reduced
to one of the following canonical forms: P =
1, P=x, P=2a% or P=2a(z—1). O

8i8ju1 — &iulajul



There is a classification of GT-systems of the
form

Oip; = f(pi,pj)0iu1, 0;0;u1 = h(p;, p;j)Oiu10;uq
The generic GT is given by

F(p;)F(p;)
(p; — pj)Q(p;)
where F""" =0, Q""" = 0.

Oip; = Oju1,



Definition. An additional system

aiuk: — gk(p?n ULy -eey un+m)8iu17 k= n+17 rery n—l—m,

compatible with the GT-system is called an
extension of the GT-system by fields w,, 41, ..., Up 41 -

It turns out that

Oiup+1 = f(Piy Upt1,U1, .., Un) Oju1,
IS an extension for any GT-system. We call
it the regular extension by u,41.

Example 2-1. The generic case of Example
2 corresponds to P = z(x—1). The sequence
of regular extensions by wuo,us3,... IS given by

— 1

Ojup = ua(uz )@'UL
P; — U
—1

diuz = us(ug )37,’&1,

Pb; — U3



Example 3. Let

0(z,7) = Z (_1)oz€2m'(az-|-0‘(0‘2—1)7.)

Y

aEZ
_ QZ(Z,T)
p(Z,T) - 0(277_) .
Then
1
Oapg = Q—M(p(pa —pg) — p(Pa))OaT,

1
8a857 = —Ep/(pa — p5>8047_857_’

where o, = 1,2,3, o # B, is an one-field
GT-system with the field 7. [

Example 4. Let

2 =z(z — 1) (z —u)(z —v)(z —w)

be generic curve of genus 2. Then the for-
mulas



= pj(p; — 1) (pi — w)(pi —v)(pi — w) +y(p:)y(p;)
u(u — 1)(p; —v)(p; — w)(p; — pj)

Y

~u(p +pj) + (u—1)(p7 + p?) N
77 u(u— 1) (p; — p;)2

(p; + pj — 4u)p;p; n
u(u — 1) (p; — p;)?

(2vw — (p; + p;) (v + w) + 2p;p;) y(Pi)y(p;)
u(u — 1) (p; — v)(p; — w)(pj — v)(p; — w)(pP; — pj)?

v -Dmi—w),

R Ty R
_ww-D(pi-u),
T - D)

define a 3-field GT-system. [



GT-families of (14 1)-dimensional systems

Suppose a GT-system is fixed. We should
construct pairs of functions A(p,uq, ..., un) and

w(p,uq, ..., un) satisfying

Oix(p;) Oiu(py)

Example 2-2. Consider n-field regular ex-
tension of GT-system from Example 2-1:

(p: — 1 DD — D — T
Bip: = Pj (pj )aiw7 8w = PiPj — Pi — Py d:wdiw,
J J 2 J
P — Dj (pi — pj)
w;(u; — 1)0;w
8Zuj: ]( J )Z .

Pi — Uy
Consider the following overdetermind system
of linear PDEs:



2h s:  Oh oh
=7._|_Sk.

anf?uk ’Lbj — ’U,k (91% uk — Uj (9?1,]'7

j 7k,

52h nt2 S
1 - h
8uj8u] ( T Z Sk) 1) +

U (u‘7

S " —1) Oh
ui(u; — 1) by Uk U Oup.

(éﬁ Sk +_%i+8n+1+3j+8n+2).3h
kg Wi T Uk (0 u; — 1 Ouj
Here 4,5 = 1,...,n, and sq,...,8,40 are arbi-
trary parameters. The solution space for the
system is n 4+ 1-dimensional.



For any solution h define

Sth,p) = > wilu;—1)(p—u1)...t...(p—un) hu;+
1<i<n

1+ > s)@—u1)..(p—un)h.
1<i<n+2

Theorem. Let hy,ho,h3 be linear indepen-
dent solutions. Then the functions

_ 5(h1,p) L= S(ho,p)
S(h3,p)’ S(h3,p)
satisfy (10).

A (11)




Suppose that a GT-system and a solution
A, p of (10) are fixed.

Proposition 1. Consider the vector space V
of functions on p, genrated by 3n functions

{gj(pau]_) R U,n), A(pa U, - un)g](pa Uy -y un))

,u(p,ul,...,un)gj(p,ul,...,un), ) .] — 17”'7“’}'

Here g1 = 1. The corresponding system

n

Z aij(u> ]+ Z bz](u) ]‘I' Z Cz](u)— =0

j=1
consists in n + k equations iff the dimension

of V equals (2n — k). The coefficients of the
system can be found from relations

> (aij(u) A(p, ug, .oy un)+bi(w) p(p, ug, ..., un)+
=1

c;;(u)) gj(p,u1,...,un) =0, (12)
where 1 =1,...,.n 4+ k.



Example 6. Consider the GT-system

dju .
a]pz — / ) ? 7'_& J-
pj — D
20,u0;u
0;0u=—"—J 3.
o (pj — pi)?
o;jv = p;0;u.

The equation (10) has a solution A = p? +

u, 0 =p. Then V is generated by

{p® + u,p> + up,p,p°, 1, p}.

The dimension of V equals 4. Relations (12)

are rquivalent to 8 linear equations.

Matrices A, B, C, consisting from unknown

coefficients of the system are defined up left
and rigth multiplication by two arbitrary ma-
trices. It is easy to verify that any solution is
equivalent to aj1 = 1,a10 = ao1 = ao> = 0,
bi1 = bop = 0,010 = —1,b07 = 1, c11 =
—u,c1p = cp1 = 0,cop = —1. The latter so-

lution vyields the DKP. O



Dispersionless Lax pairs.

If we take

1 1 d
A=>-D?+u, B=-D3+uD+v, D=,

2 T 3 T T dx
then the operator relation
IS equivalent to

1 n 1 1
Uy — ——U (O Vy—UuUt+ — —U —U —UUr.
Y > T x Yy t > xrx 3 rTrxr x
If
2 3

A:%+u, Bz%—l—up—l—v,

then

By — At — {A7 B}
where {f, g} = fpgx — fzgp, iS €quivalent to

Uy — Vg, 'Uy — Ut — UUg.



Two more examples of possible A-operators:

A=log(p—u), A= Ju®>+c1)+co

Notice that the relation By — A; = {A, B}
can be regarded as the compatibility condi-
tion (Py) = (Py)y for

Py = A(Pg, u,v), b = B(Py,u,v).
Thus the system

Uy — Vg, ’Uy — Ut — UUg
possesses the following pseudopotential rep-
resentation

P2 ®3

ch:?x_I_u) CD —_I_ucbx_l-’v



Part 2. Hydrodynamic chains.

Consider integrable infinite quasi-linear chains
of the form

Uat = Pa,1U1 2T T Paat+1Uat+1,0 @=1,2,..,
where ¢, o411 7 0, daj = ¢a,j(U1, s Uqt1)-

Example. The Benney chain

ULt = UD gy UDE = UIU] g T U3 g5 - - -

ugy = (k= Dug_1u1 p + U410 -

IS integrable. The hydrodynamic reductions
were investigated by Gibbons and Tsarev [

Two chains are called equaivalent, if they are
related by a transformation of the form

oAV
8“@

Integrability means the existence of hydrody-
namic reductions.

Uy — WQ(U]_, ceey ’U,a),

= 0, a=1,2,..



Definition. A semi-Hamiltonian (1+41) -
dimensional system

(ri)t = Xi(r1, .. rN) (7))
and functions u;(rl,...,r), j = 1,2,... de-
fine an N-component reduction of the chain
ifu; =u;(rl, .., rlV), i = 1, ... satisfy the chain
for any solution of the system.

Example. The reductions of the Benney
chains are given by the infinite triangular GT-
system

Ojuq 2 0;u1 Ojuq
Oipj = D; Z_p.’ 0i0ju1 = (p%_p‘.y)Q ’
) 7 ? J
Ot = (—(m — 2 e DuApM T2
Um — (m YUy —2 u2p;

wp! 3 4+ p" ) Giuy.
The semi-Hamiltonian system is defined by
Ai = Dp;.



Definition. A Gibbons-Tsarev family asso-
ciated with the Gibbons-Tsarev system is a
(1+1)-dimensional hydrodynamic type system
of the form

ri = F(pi,u1, ..., un)rh, i=1,...,N, (13)

semi-Hamiltonian by virtue of the GT-system.
Note that the corresponding functional equa-
tion for F' does not depend on N.

Using the equivalence transformation, we can
set

F(p7ul7 7un) — D.

A calcualation similar to already done for DKP-
equation leads to an infinite triangular GT-
system related to any integrable chain.



Definition. Compatible system of the form

oip; = f(pi,pj,u1, ..., un) O;uq , 1 F g
0;0;u1 = h(p;, pj, u1, ..., un) Oju10;u1, i £ J,
aiuk: — gk(piaula ,’U,k.) a’iula k= 1727 ceey

where 1,7 = 1,2,3, is called triangular GT-

system. Here p1,p>,p3, ui,uo, ... are functions
of r1, 72,73 and 9; = % ]

Substituting u; = w;(r1,....,r), i = 1,... into
the chain, we get

9i(p) = Vio+ Yi1p+ o + i i 10",
where 1); ; are functions of wuq,...,u;. In par-
ticular,

P P11
®12 @12

g2 —



Proposition. The non-triangular part of the
GT-system has the form

t J
0;0ju1 = (0 _Zp?)Q Oju10juy, i7Fj, (15)
t J

where P, () - are quadratic polynomial in each
of variables p; and p;. U

Rewrite (14) as

R )
Oipj = ;) + (24p% + 25p; + 26)Di+
Di — Dy J

24p3 + 23p7 + 27pj + 28) Qju1,

where R(z) = zq2* + 2323 + 2022 + 212 + 2p.



Under a transformation
ap; + b

P; — — ) Z:17273 (16)
p; — Y
the polynomial R is changed as:
ap; + b
R(p;) — (p; — ) *R(———).
pi — Y

Suppose that the roots of R are distinct. It
IS posiible to verify that three of four roots
can be sent to 0, 1 and oco. By ui; — q(uy)
we lead to A = u1.

So in the generic case we have

R=z(x—1)(x —uy).



and finally we obtain
5 — pj(p; — 1)(p; — u1)
i =

u1(u1 — 1)(p; — pj)

Q
uy(u1 — 1)(p; — p;)?

Ojuq,

8z-8ju1 — aiul@jul,

where

Q = pip; (pi-l-pj)—pz-z—pf-—l-(p7;2+p§—4p¢pj+pi+pj)m

In the case of multiple roots the polynomial
R(x) can be reduced to one of the canonical
fooms : R=0, R=1, R= gz, R = z2, or
R=x(x—1).



Since we used the fractional linear transfor-
mation to reduce R to the canonical form,
the functions F' and g»> now have the follow-
ing structure:

kip; + ko _ hpi+ f2

) F(pz) - y
k3p; + kg k3p; + ka
where the coefficients are functions of wuq, us.
So we should described first all fractional lin-
ear functions g».

go(p;) =



In the generic case up to uy = o(uy1,us) they

are .

1:

go(p) =

go(p) =

g2(p) =

go(p) =

ug(up — 1)(p — uy).

ui(uy — 1)(p —up)’
1

p—)\ul \
_ 1 -1
Uq (uq ) | A=1,0:
p— A
Ul — U u>» — 1
1 2 p—|— 2

ui(ug — 1) up — 1



The Benney chain belongs to thecase R =1,
g> = p. Any GT-family has the form F =

fi(ug,u2)p + fo(ui,uz). If f1 =1 then F =
p+kouo+kqiui. The Benney case corresponds

to k1 = ko = 0. For arbitrary k; we get
the Kupershmidt chain. In the case f; =
A(uy), A’ % 0 we obtain:

f1 = koexp(Auq) + k1,

fo = kokzexp(Auy) + Ak (k3ug — up).
In the generic case

F = exp(Aup)(S1(u1)p + Sa(uy)),

where the functions §; can be expressed in
terms the Airy functions.



Consider the generic case. The next step
IS a description of fractional linear functions
F with coefficients being functions of w1, u»s.
The result is the following.

Let h1(uq1),ho(uq) - be linearly independent
solutions of the standard hypergeometric equa-
tion

u(u—1) h(u)"+[s1+s3—(s3+s4+251) u] h(u)' +
s1(s1+s3+s2a+1)h(u) =0

and

Uu
ha(ug,uz) = [ (= up) 12(t — 1),



Then
fi(uy,u2) p — fo(ug,up)

F(pa uq, u2) — )
p—us
where
i = us(up — 1)h1h3z 4, +ui(uy — 1)(h1hzy, — h3h?)
u1(uy — 1)(h1h% — hohl) ’
£y = ujup(up — 1)h1h3 4, + upui(ug — 1)(h1hzy, — b3/

u1(uy — 1)(hih5 — hohl)



For special values of s; the hypergeometric
equation can be solved explicitly. If sy = —2—
S1 — 83, then

(up — U1)81+1U§3+1(UQ — 1)~ 1=s17s3

F = ,
P — u2

for s, = 0 we get

C(p— D) (up —up) BT (uy — 1)1
P — uo '

F




Next, we should find the functions g3, g4, ... in
the triangular GT-system. In particular, one

can choose
(up —u2)(uo — 1)p
ui(up — 1)(p — up)?’

93(p) = —
(¢t —3)(u1 —up)(upg — 1)pu;
uy(uy — 1)(p — up)?

(ug — )" 3(up — 1)?p(p —ur)(p — 1)~ 4
ui(up — 1) 2(p —up)t—1

g:(p) =

7534 (i —s—2)(ug —un)(us — 1)2p(p — ug)(p — 1)5 1,
up(uy — )5+ (p — up)*+2

s=1

The coefficients qﬁi,j of the corresponding chain
are given by

F(p) = ¢1.1 + ¢1.292,

F(p)go = ¢2.1 + ¢$2.292 + ¢2 393,



F(p)gs = ¢3.1 + ¢3.292 + $3 393 + ¢$3 494, ...,

where F' si given by (?7). These relations are
equivalent to an infinite triangular system of

linear triangular algebraic equations. Solving
it, we get

_ fiur — fo
uy —uo

®1.1

)

1o = ~ui(ur —1)(fruz — f2)
12 =

up(up — 1) (ug — up)

(up — 1)(fruo — f2) by — fouy — f1u3
(ur —1)(uy —up) ’ up(ug — up)’
and so on. [

P21 =




Consider now the most degenerate case R(x) =
O. It is easy to verify that the triangular GT-
system in this case is equivalent to

aipj — O, 8z-8ju1 — O, az'uk — pf_lul, k= 2, 3,

Automorphisms of the GT-system
Pj — Pj, jg=1,...,N, u; — vu; + i,
pj — Clpj _I_ b7

w; — a4+ (G — 1)a" " %bu; o+ ...+ b lug,
where 37 = 1,..., N, 1 = 1,2,... The corre-
sponding GT-family is of the form

F(p) = A(u1,u2)p + B(uy, u2).

The coefficients A(x,vy), B(x,y) should be found
from the semi-Hamiltonian condition. This
condition is equivalent to:



This system can be solved in the elementary
functions.

It follows from (77) that there exist two cases:

1 F(p,ui,up) = exp(Aup)(aluy)p + b(uy)),
2.  F(p,ui,up) = a(ug)p + Auo + b(uy).

Subcases in the first case: b #0 v = 0. The
first subcase leads to

a=o0, b=ko o(xz) = c1exp (u1x)+coexp (uox,

The second yields

b= ci, a(x) = coexp (ux)+cs, ca(c1A—c3p) =
The same subcases of the case 2 lead to

a=o0, b=kio o(x) = c1tcox+tczexp (pux), w

b=cq, a(x) = coexp (ux)+c3, where cx(A—c3y



In the generic case F' is equvalent to

F(p) = e"2T1(p — 1) + e“2 41 (p + 1).
The corresponding chain is given by
upy = ("2 T2 M)y 4y (2T 2T )y

The chain possesses an infinite hierachy of
commuting flows. The next one has the form

upr = (e¥2U1 4 U271y 4 5
(uz —up) (2Tl 4 27 %)y 4 g

+ (241 (ug —uz—1)+e“2 7" (ug—u1 —1))up, 4,

k= 1,2,3,... In the case 2 with c3 = A =
0,k1 = 1 we get the chain

u’k,t — uk—|—1,:13 _I_ ,u’luk,:m k= 17 27 37

This chain is a generation of

Ut = Uk41,z T UDUE 1 k=1,2,3,..



Some of families of functions F' are linerly de-
pends on two essential parameters. Denote
them ~1,v>. The corresponding integrable chain

ug = Y1(Pp1u1,z + -+ Op k+1Uk+1 2)F

Yo (Vg 1u1 z + -+ + Yk k- 1Uk+1,2)

is also linearly depends in ~v1,v>. We call that
(241)-dimensional chain

upt = (Pr1u12 + -+ Pk k+1Uk41.2)T

(Y 1uly + -+ Yk ket 1Uk41.4)

IS integrable. In each case the reductions can
be easily found. For instance, in the generic
case

F(p) = y1e"2T% (p — 1) + vpe®2 %1 (p + 1).

The chain (?7) has the form

wpy = €2 (up g g p—up ) e 27 (up g1y tug,),

Y



The reductions are defined by

ri = ("2 (p;—1)+€"2 " q;(pi+1))rk, rl = girl,

where
&L-uk — pi-{_lul, k = 1, 2, vony Ozajul — O, az'pj

(i —q;)((p; + 1)(p; — 1)e"t +q;(p; — 1)(pj + 1)

0iq; =
” (p; — pj)(e¥l 4+ ge¥1)

Conjecture. Any integrable (2+1) -dimensional
chain is generated by two-dimensional family
of solutions of (?7?) by the construction de-
scribed above.
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T he general solution is given by

w;(r) = x4+ \;(r)t, 1 =1,..., V.



Express uq from this formula and substitute

it to the GT-system. We get the following
new one-field GT-system

Oip; = pj(p; —1)(p; — u1)
T ug(ur — 1) (p — pj)

Ojuq,

@
0;0;u1 = Oju10;u1,
o up(uy — ) (p; —pj)2 " 7

where

Q = pip;(pi+p;)—p? —p§+(pg -|-p]2'—4pz'pj-|—pi+pj)ul



