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Abstract

The integrability of WZNW model and string model of WZNW model
type with constant SU(2), SO(3), SP(2) and SU(3) torsion is inves-
tigated. The closed boson string model in the background gravity
and antisymmetric B-field is considered as integrable system in terms
of initial chiral currents. The model is considered under assumption
that internal torsion related with metric of Riemann-Cartan space and
external torsion related with antisymmetric B-field are (anti)coincide.
New equation of motion and exact solution this equation was ob-
tained for string model with constant SU(2), SU(3) torsion. New
equations of motion and new Poisson brackets(PB) for infinite di-
mensional hydrodynamic chains was obtained for string model with
constant SU(n), SO(n), SP(n) torsion for n — oo.
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where g,,(¢(x)) = gpa(@(x)), Bap(d(x)) = —Bpo(d(x)) gap = €Pnap
9up(P) = e‘j(¢)eg((b)gw g.p(@)-metric tensor of curve n-dimensional

space, a,b=1,2,...,n. gt’-metric tensor of flat space, tangent space
to curve space, u,v = 1,2,...,n. Both metric have the arbitrary
signature.

gaps- Metric tensor of curve 2-d space.



Equation of motion
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In the terms of repers the connection ¢, (¢) = “[86@ 6;%] is sym-

metric on a, b. The function H,. is total antlsymmetrlc function on
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New variables
Let us introduce new variables to obtain first order equation instead
of second it.

TH(8) = eX(¢)[Pa — Bap(9)9 "]
T ($) = eliop®,

Momentum
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Equations of motion
doJ) — 01§ = C” (qb)Jojl, doJby — 01J) = —H" (qS)JOJl
Here CHYA is the torsion:
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Commutation relations for new variables

{JE(x), J§(y)} = CY" () J3(z)5(z — y) + HE () I (2)d(x — y)
{JE (), Y (y)} = CLY(9) I (@)d(x — y) + gHV 5 0 ~0(z —y)
{J(z), ¥ (y)} =0



Chiral variables
Let us introduce chiral variables

Ut = g" Jo, + JY, V¥ =g"Jo, — Jf

(U"(2), U (1)} = S[GOL+ YU~ + BN (a—y)+5"  5(o—),

(VA(x), VY (y)} = %[(305”—H§‘”>VA—(Oﬁ”—Hﬁ‘”)UA](S(a:—y)—W%é(m—y),

(UM@), V! ()} = SO + YU + (O — HE VoG — ).

Here function H,,\(¢) is additional external torsion.



These PB's form algebra if:
1) Cy" =0, H{" =0
and functions U#(x) are abelian currents;
2) C, HY

are structure constants fﬁf” of Lie algebra, and the functions U#(x)
are chiral currents. Here are two possibilities to simplify this algebra:

a) Hﬁ\w = —C¥,

{UM(2), U ()} = CYU(z — y) + 6 Lo (x — y),

{VI(z), V¥(y)} = C{ (VA = UM)o(z — y) — " 2 6(x — ),
{UK(2), V¥ ()} = C{"VAs(x — y).



b) HY" = C{”,

{UM(z), UY(y)} = C{Y (U = VA)o(x — y) + 8L 5(x — ),
{(VE(z), VV(y)} = CRVA — 6t L 5(a — y),

{UK(z), V¥ (y)} = CKYUAS(z — ).



Integrable string models

To construct integrable dynamical system we must to have hierarchy
of PB's and to find hierarchy of Hamiltonians through bi-Hamiltonity
condition. Another way we must have hierarchy of Hamiltonians and
to find hierarchy of PS brackets. This way is more simple if the
dynamical system have some group structure. In bi-Hamiltonian ap-
proach to integrable string models with constant torsion we consid-
ered the conserved initial chiral currents U#(x) and conserved primitive
invariant currents H,(U(x)), as local fields of the Riemann manifold.
The non-primitive local charges of invariant chiral currents form the
hierarchy of new Hamiltonians.
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The chiral currents U* in first case and V# in second case form Kac-
Moody algebras. Equations of motion in light-cone coordinates
1 o0 o) 0
= _"(t+z2),— =+
2 OxE ot Ox

have following form:
- I _ _ A A
H,, =-C, o_UH* =0, 8+V“ = 20M" " UYV A,

Ho — M — — A A
HY, =C!,, 8, VI =0, o_UH = 20" U" V™,
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The chiral currents U#(x) are generators of translation on the curve
space

e (x) = {¢"(x), " Up(x) } = e (¢) = ().

Simultaneously, they are generators of group transformations with
structure constant C{” in the tangent space.
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To construct integrable dynamical system we must to have hierarchy
of PB brackets and to find hierarchy of Hamiltonians through bi-
Hamiltonity condition. We have used the hydrodynamic approach
of Dubrovin, Novikov to integrable systems and Dubrovin solutions
of WDVV associativity equation to construct new integrable string
equations of hydrodynamic type on the torsionless Riemann space of
chiral currents .
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Invariant chiral currents

Commutation relations () and equations of motion show that currents
UM form closed algebra. Therefore, we will consider PB of right chiral
currents U# and Hamiltonians constructed only from right currents.

The constant torsion does not contribution to equation of motion,
but it gives possibility to introduce group structure and to introduce
symmetric structure constant.
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Let t, are the generators SU(n), SO(n), SP(n) Lie algebras:

[t,Lbatl/] — QifuuAtA- (2)

There is additional relation for generators Lie algebra in the defin-
ing matrix representation. There is following relation for symmetric
double product generators of SU(n) algebra:

A

Here d,,, is total symmetric structure constant tensor.
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The similar relation for total symmetric triple product of SO(n) and
SP(n) algebras has form:

__ P
Eutvtn) = U to- (4)
Here Vpuv total symmetric structure constant tensor. The invariant

chiral currents can be constructed as product of invariant symmetric
tensors

_ k1 k2 kn—3 —
Upisopin) = U g Ypizhor U1 p1n) Gamz = Opap

for SU(n) group and initial chiral currents U*:
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Any of this currents satisfy to equation of motion 9_C(n)(U(x)) = 0.
The similar construction can be used for SO(n), SP(n) groups. The
invariant chiral currents can be constructed as product of invariant
symmetric constant tensor

— V1 V1V2 | Vop_3M2n—2H2n—1H2n)
/U(,U,]_.../LQn) v('ullu2,u,3v:u4:u5“'v

and initial chiral currents UH#:

y Uppn = Opqpsn-

0277, — ’UM]_.NMQnU'UJl...UMQn, CQ — 5'LL1'LL2U'M1UM2. (6)
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The invariant chiral currents for SU(2), SO(3), SP(2) have form:

Cop = (C2)" (7)

Another family of invariant symmetric currents J,, based on the invari-
ant symmetric chiral currents on simple Lie groups, realized as sym-
metric trace of n product chiral currents U(x) = t, U*, p =1, ..., n?—1:

Jn = SymTr(U...U). (8)

These invariant currents are polynomials of product basic chiral cur-
rents C., k=2,3,...,k.
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4 8
Jo =2C5, J3 =2C3, Jg =2Cs+ —C3, Js =205+ —C>C3,
n n

4 3 3
Jo = 20 + —C3 + —C2C4 + —C3,
n n n

3 3 24
J7 =207 + ~C3Cs + ~CoCs + ~5C5C3,
n n n

4 3 3 24
Jg =2Cg + ~C§ + ~C3Cs + 0206 + 50205+
n n n n

24 16
+=5C5C4 + =5C5.
n n
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The commutation relations for chiral currents have form:

[Cin(2), Cn(y)} = Wmn<y>§ya(y — )~ Wam(@) o-6(z — ).

Hamiltonian function Wy,,(x) for finite dimensional SU(n), SO(n),
SP(n) group has form:

n—1
Wimn(x) = ar.C _ x), ar = mn. 9
mn(T) m_i_n_sz: kCrm4n—2,k(2) kgo k (9)

Here the invariant total symmetric currents C), ., k = 1,2... are new
currents, which are polynomials of product basic invariant currents

Cnlch...Cnn, niq + —I— nn — n.
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They can be obtained during calculation total symmetric invariant
currents J, different replacements double product (2) for SU(n) group
and triple product (3) in the expression for Jy.

4 3 38
Jo = Tr[t(tt) (tt)t] = 206 + —C3 + —CoCs + —C3,

n n n

12 8 3

Je = Tr[(tt)(tt)(tt)] = 2Ce.1 + 702C4 + pcb

8 8 24

J7 = Tr[t(tt)t(tt)t] = 2C7 + —C3Cs + —20 Cs + —20203, (10)
n n n

4 12 24
J7 = Tr((t) () ()] = 2C7,1 + ~C3C4 +~5CCs + ~5C3C3,
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4
Jg = Tr[t(tt)tt(tt)t] = 2Cg + —Cg -+ §6'305 -+ §CQC6—|—
n n n

16

24 24
+~j§C§C§-+—j§C§CM;+—ngé,
n n n

4 4 24
Jg = Tr[(tt)(tt)t(tt)t] = 2Cg 1 + 503 T U305 + ;Czcgﬂ'

16
n3

12 24
+—C2C6 + —20304 + —C3,
n n

16

4 32 16
Jo = Trlt) (t) (1) ()] = 205+ ~CF + - "CaCs 1+ ~5C3Ca+3C4

12 8 24 24 16
Jg = Trt(tt) (tt) (tt)t] = 208,34‘702616+gc3c5+mcgc4+§c20§+70§a
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This PB can be rewritten as PB of hydrodynamic type
—1 dC _ T
n S m4n—2,k( )5(517

0
- W Crmtn—2k(2)50(z —y),
) x
k=0

The new chiral currents C,, ;. have form:

Co,1 = dyy dy ,dgpd™ " (U)HVP7%,
C771 — dﬁydl)\pdggpdzmdklm(U)“VAPUSOT,
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Cg1 = [d},dy' d[dT ] [dP ) ]d™™P (UB)HAPTeTo

Cg 3 = [d},dy1[dp,d ™ [dP ) )d"™P (UB) pvdpopro.
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Here are only | = n — 1 primitive invariant tensors for SU(n) algebra,
[ = ”T_l for SO(n) algebra and I = 5 for SP(n) algebra. Higher
invariant currents C,, for n > [ + 1 are non-primitive currents and
they are polynomials of primitive currents. The corresponding non-
primitive chiral currents the charges are not Casimir operators. The
expression for these polynomials are obtained from the generating
function

oo )\n

det(1 — At UMY = T — exp (= 3 ).

n=>2
Here are following expression for nonprimitive currents for finite di-
mensional groups:

SU(3)

C3 CoC C3C C3C Cc4

Co=—2,Cs=-22,Co=-223, Cr =223, g = -2
3 3 ) 9 27
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SU(4)

205C3
3 Y

Cs =

Co = £(CF +3C2C0),

Cy = 1(13(205 + Cy),
6

C 03 9C>(Cy
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Corresponding charges are not Casimir operators and there cannot be
Hamiltonians in integrable systems. Here is the 1 primitive invariant
tensor on SU(2), SO(3), SP(2) algebras. The invariant non primitive
tensors for n > 2 are functions of primitive tensor. Let us introduce
the local chiral currents based on the invariant symmetric polynomials
on SU(2),S0O(3),SP(2) Lie group:
Co(U) = 83U U, Oy (U) = (85U°U°)™,

where n =1,2,....

{C2(x), Ca(y) } = 2C2(y)0yd(y — x) — 2C2(x)0z6(x — y).

C>(x) is local field on the Riemann space of chiral currents.
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As Hamiltonians we choose functions

Cit(y)dy. (12)

Hn = 2(n—|— 1) /

The equation of motion for density of first Casimir operator has form:

oC! dC
5t @t 1) = =0 (13)
n
The equation for currents C% is followmg:
oCh dCh
2 4+ (C))"—=2 =0, 7, = (2n + 1)tn.
8 ™n ﬂj

This equation is inviscid Burgers equation.
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We will to find the solution in the form:

CS(mn,z) = exp (a + i(x — T C5(mn, x))).
To obtain solution we rewrite equation of motion in following form:
Y,, = Zn,e4n, where Y,, = irnelatic) 7z — iT,C%. The inverse transfor-
mation Z, = Z,(Y,) define by Lambert function:

1 )
C5 = W (i e® T, (14)
1Tn
Consequently solution for first Casimir operator is:
1 : 1
Co(tn, ) = W (i (2n + 1)tpe®T )]0, 15
2(tn @) =[5 2 s -W (20 4 Dtne 0] (15)

The equation of motion for initial chiral current U#* defined by PB
(?7?7) and Hamiltonian (12):
oUH
Otn,

— 9, [UMU)", u=1,2,3. (16)
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It is possible to rewrite this equation as linear nonhomogeneous equa-
tion using solution (15), which diagonalize the equation (16):

OzH
n

Equation of motion for SU(3) group

The invariant chiral currents C>(U), C3(U) form closed system. The
nonprimitive currents have the form:

Cop =C3, Copt1 = 0727’_103 :

The algebra of corresponding charges is not abelian, but charges
Co, form invariant subalgebra. The currents Co and (3 are local
coordinates on the Riemann space and invariant currents (5, are
densities of Hamiltonians.
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Equation of motion for C3 is following:

n

In terms of variables g = InC3, f = C% it is linear equation

9
= 4 28,9 + 60.f = O.
On

Infinite dimensional hydrodynamic chains
In the case, if dimension of matrix representation n is not ended,

the all of chiral currents are primitive currents. This easy to see from
expression for new chiral currents C,, . .
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For example:

2 2 4 4
Ce1 = Ce+ —C3% — =CrCy, C71=C7+ —C3C4——CaCs,
n n n n

2 2 2 2
Cg1=0Cg+ —C305 ——CrCg, Cg3=Cg+ 0% — ZCsC6,
n n mn mn

4 4 4 4
Cgp = Cg+ —C3C5 — —C2C6 — —C2C3 + —C5C4,.
n n n n
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The algebra of PB for chiral currents has form:
0 0
{Cm(a?)a Cn(y)} — Wmn(y)8—y5(y —T) — an(a?)%(s(fﬁ —y). (17)

Zn_l(_nn 1) m—l—n 2(55) (18)

This PB satisfies to skew-symmetric condition

{Cm(2),Cn(y)} = —{Cn(y), Cm(x)}

Jacobi identity impose conditions on the Hamiltonian function

Wmn(x) =

8W OWpn AW, OW, AWy, OW,
= (Whn + Wing) Cpn y kp P Tnm _ Ekm TV np,
k XL 8Ck dx 8Ck

(19)
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The Jacobi identity satisfies for metric tensor Wy (U) (19) for m = p
from compatibility condition Kroneckers 6,,4,_2 and 0,4, _o . This
PB can be rewritten as PB of hydrodynamic type and describe the
hydrodynamic chain (see paper Pavlov and references therein):

_ mn(n—1)dC,,4p,_o(x)
{Cm(x),Cn(y)} = T Fn_2 A

0
5(:13—y)—mnC’m_Fn_Q(x)%Mx—y).
(20)
27
The algebra of charges [ Cp(x)dx is abelian algebra. Let us choose
0

as Hamiltonians the operators Casimir Cj:

21
1
H, = — / Cn(x)dx, n=2,3.... (21)
n
0
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The equations of motion for densities of Casimir operators are fol-
lowing:

a%”;ix) / (Winn(y)0yd(y — ) — Wam(2)026(z — y)ldy = (22)
m(n — 1
T m E|— n — )28$Cm+n_2.

We can construct equations of motion for initial chiral currents U#
using flat PB () and Hamiltonians H, (21), where C,(x) defined by
(4) for SU(oc0) group:

8U“(:1:)

ot /dy{U“(a?) Cn(y) }o

36



o = O pody?, i UM (@) Ui (). (23)
As example we consider n = 3:
ouy

_ A o
8153 _8x(d,uu>\UVU )7 u=1,2,...00
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By similar manner we can obtain equation of motion for chiral currents
of SO(n), SP(n):

oUy(x) k ko
T O (Vpitpopz - Vpzn—2pzn-1pUMt - UH2=1). (24)
n
As example we consider n = 4:
8UM — VTTATTP —
8—1';4 — 837(UMV>\pU UMU ), M = 1,2, ...OQ0.
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Conclusion
We used non-zero constant torsion in space of string coordinates.

However, torsion does not appear in answers because we used total
symmetrical invariant currents. Torsion help me to use total symmet-

ric structure constant to construct Hamiltonians.
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