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Zero-curvature representations of differential equations

G.M. Kuz'mina. On a possibility to reduce a system of two partial
differential equations of the first order to a single equation of the
second order. // Proc. Moscow State Pedagogical Institute, 1967,
Vol. 271, 67-76 (in Russian)

o 2 . .
Uyy = Uty + U gy + U (dispersionless KP)
Covering
v = (v — u) v, — Uy — V Uy,
Uy = VVz — Uy

2

Excluding u: define w such that w, = v and w, = %v — u, then

Wyy = Wiy + (% w? — wy) Wy (modified dKP)

The central idea: to apply Cartan's structure theory of Lie
pseudo-groups

O.l. Morozov Lie Pseudo-Groups and ZCRs of DEs



Zero-curvature representations of differential equations

@ Trivial bundle
TR xR =R, 7 (28, u) — (z%), i€{l,..,n}
@ The bundle of infinite jets of sections of 7: J*°(7),
coordinates (2, u, i, Uij, ooy g,y ), T = (01,42, ooy i)
@ Total derivatives

0 0
Dk:W‘i’ Z Uk [Di, Dj] =0

o Contact 1-forms
O =dur —urjde?,  d9; = dal Ny,

o Differential equation & F(x%,u,u;) =0

@ Infinitely prolonged differential equation £%° C J*°(m):
Dy, 0Dp,0---0Dy, (F)=0

@ Restricted total derivatives

Dy, = Dylees, [D;, D] =0

RS
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Zero-curvature representations of differential equations

@ Covering over £*°:
TIEX=EX XV E®, V={")]0<k< o0}
@ Extended total derivatives

I . P
Di = -DZ + Z .F)Z‘K(.’E],U[,Up)
K

Ovk’

[Di,Dj] =0 <= (a',us) € €™
@ Extended contact forms (Wahlquist-Estabrook forms)

5’5 = dv® — Pf(mj,ubvp) dz?,
7 = Di(95),

dd5 =0 mod V7,9, d0% #0 mod 9h.
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Zero-curvature representations of differential equations

Example: Liouville's equation
Ugy = €
@ Covering: the fibre coordinate v, extended total derivatives:

Dy=Dy+ (ug+e') &, Dy=Dy—tevv 2

o Backlund transformation:

{vm:um—i—e
_ 1 u—v
Uy = —35¢€

@ Excluding w: Clairin’s equation
Ugy + €Y vy = 0.
@ Wahlquist—Estabrook form:
0= dv — (uy +ev)dz + 3"V dy
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Lie pseudo-groups

A pseudo-group & on a manifold M is a set of local
diffeomorphisms ®: U — ﬂ ®: x — T such that
1) if ® € &, ¥ € &, and their composition ¥ o ¢ is defined, then
Uodc&;
2) ped =0 !co;
3) idM € ®;
4) if ¢: U — U belongs to &, then for any open subset V c U
(13‘\7 € o;
5) &1: Uy — Uy ®5: Us — Uy belong to &, and
@1 |y, = Poluy iy, then @: Uy U Uy — Uy U Uy defined by
®|y, = 1 and P|y, = P2 belongs to &.
A pseudo-group & is called a Lie pseudo-group, if
6) the functions & = ®(x) are local analytic solutions of a system
of PDEs (Lie equations of the pseudo-group &)

T HLD(x
R <a:,<1>(;r), 8(1;; ),..., 0 8;1)1( )> =0
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Lie pseudo-groups

EXAMPLE: Lie groups = finite Lie pseudo-groups

EXAMPLE:  SDiff (R?):
O: (2,y) = (£,4), ®*(d Adj) = dz A dy,

Lie equations: ettt A
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Lie's infinitesimal method

@ Infinitesiam| generators of the Lie pseudo-group &:
T=0(x)=x+ecp(x)+..

@ Infinitesimal defining system (linearized Lie equations):

dp(x) o so(ar)>

=0

<I>E(’5<:>L<x,g0(x), Bl

o Integration
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Cartan's method

PROPOSITION: For a Lie pseudo-group & there exist a manifold
N, a bundle P — M such that for each x € M the fibre of this
bundle over x is a finite - dimensional Lie group H,,

dimH, = const, and a collection of 1-forms

w'e QY(P x N), i€{l,..,dim M +dim N},

such that a local diffeomorphism ® on M, ®: U — U belongs to &
whenever there exists a fibre-preserving diffeomorphism ¥ on
P x N, ¥: W — W, satisfying the following requirements:

@ & is the projection of ¥ w.r.t. P x N — M,
o U (wily) = wilw.

DEFINITION: The forms w® from the proposition are called
Maurer—Cartan forms of the Lie pseudo-group &.
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Cartan's method

Structure equations of a Lie pseudo-group &:
dwi:Afl (U7) e /\wJ—I—BZk(U")wJ/\w ]k_ Bkj,
dU" = C]’?(U") w’

U: M —R,oe{l,..s} s<dimM, — invariants of the
pseudo-group &,

“(UMly) = Ul

o ™ — depend on differentials of coordinates on H,;
@ involutivity conditions are satisfied,
@ compatibility conditions are satisfied.
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Cartan's method

Involutivity conditions:

n—1
r) = dim H, — Z(n — k) o,
k=1

where n = dim M + dim N, r(1) is the dimension of the linear
space of coefficients 2% such that the replacement
T T 4 2 w’ preserves the structure equations;

k—1
or = max rank Ag(uq,...,ux) — > 0y,
ULy U j=1

Ai(uy) = (Aij u{) ,

A _1(U1 U _1)
A = ! o 2,...,n—1}.
Q(ula >uq) < Afyjué ,(]E{ y ey 10 } ;
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Cartan's method

Compatibility conditions:
o d(dw') :O:d(AZ 1 Awl + By wl Aw )

o over-determined system for the coefficients A, ;, B}, CF;

Oé]'

o dr® = W xMAw! + Xg wl AmT 1Y 7P AWl + 285 wI WP
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Cartan's method

THEOREM (Third fundamental Lie's theorem in Cartan’s form): For a
Lie pseudo-group there exists a collection of Maurer—Cartan forms with
involutive and compatible structure equations.

THEOREM (Third inverse fundamental Lie's theorem in Cartan's form):
For a given involutive and compatible system of structure equations there
exists a collection of 1-forms w?, ..., w™ and functions U?Y, ..., U®
satisfying this system. The forms w!, ..., w™ are Maurer—Cartan forms of
a Lie pseudo-group, and the functions U, ..., U* are invariants of this
pseudo-group.

@ Cartan E. Euvres Completes. Paris: Gauthier - Villars, 1953

@ Vasil’eva M.V. Structure of Infinite Lie Groups of Transformations.
Moscow: MSPI, 1972 (in Russian)

@ Stormark O. Lie's Structural Approach to PDE Systems. Cambridge:
CUP, 2000
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Contact transformations

@ Trivial bundle: 7: R® x R — R”, 7: (2%, u) > (%)

o the second order jets: J2(), (2%, u, u;, uij), wij = uj;

@ contact forms : the ideal C =< ¢, 1¥; > generated by the
forms 190 =du — Uj d.l‘j, 191 = dui — Uy da:j.

@ The pseudo-group of contact transformations Cont(J?(7)):
local diffeomorphisms ¥: .J?(7) — J?(7) such that U*C C C.
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Contact transformations

Maurer—Cartan forms of the pseudo-group Cont(J?(r)):
Qg = a (du — u; dz*),

0; = a B (duj — ujp dz*) + g; Oy,

©ij = a Bf Bl (dug — upm dz™) + 545 ©0 + w}; O,
B =bjdal + 'O+ f7 O,

where b}, B;‘C =0}, fE =" sij = i, wfj - wf@
Uklm = Ulkm = Ukml-

Structure equations

dOy = PN Oy + =" A6,

dO; = ) N Oy + ®F A Oy +EF A Oy,

d@ij :‘Pf/\@kj—@8/\@2']'+ng/\@0+T%/\@k+Ek/\@ijk,
2= OYAE — DI AEF+ U0 N O+ NG

RS
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Symmetry pseudo-groups of differential equations

@ A PDE of the second order: ¢: & — J?(7)

@ Contact symmtries of & — contact transformations that map
€ into itself: Cont(€) C Cont(J%()),

@ Maurer-Cartan forms of the pseudo-group Cont(€) can
be found from the restrictions 6y = 1* O, 0; = * ©,,
0;; = 1* 0,5, & = * =" of Maurer-Cartan forms of the
pseudo-group Cont(J%(7)) on & algorithmically by means

of Cartan’s method of equivalence
@ Details:

s M. Fels, P.J. Olver., Moving coframes I. A practical algorithm.

// Acta Appl. Math., 1998, Vol. 51, pp. 161-213

@ M., Moving coframes and symmetries of differential equations.

// J. Phys. A: Math. Gen., 2002, Vol. 35, pp. 2965 — 2977
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Symmetry pseudo-groups of differential equations

EXAMPLE: Liouville’s equation u,, = e*
Maurer—Cartan forms of the symmetry pseudo-group:

0o = du — uzdr — u,dy,

01 = ¢! (duy — ugedzr — evdy),

Oy = ge " (duy — e"dr — uyydy),

011 = ¢ (duge — ugdug + (UgUae + ¢°r1) dz),

a0 = g% e ¥ (duyy — Uyduy + (Uytty, + e3uq_37“2)dy),

¢ = qdz,

£ =q tetdy,

m=q " (dg—u. &),

ny = dri —3rim 4 q *(uge +u2) (01 +62) + 3¢ ug 011 + 13 €Y,
M3 = dra +3ra (1 +00) + S (uyy +u2) (G2 + V) + 2y +74 €2,
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Symmetry pseudo-groups of differential equations

@ the emphasized Maurer-Cartan forms:
dq e
nlz__urd$a glzqu’ 52:—dy’
q q
o denote g = ¢V, take the linear combination:
~ 1 1
¥ =m —51-1-5{2 :dv—(ux+e”)dm+§e“_”dy

@ This is the Wahlquist—Estabrook form of the
aforementioned covering
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Contact integrable extensions of symmetry pseudo-groups

Bryant R.L., Griffiths P.A. Characteristic Cohomology of
Differential Systems (I1): Conservation Laws for a Class of Parabolic
Equations // Duke Math. J., 78, 531-676 (1995):

n = 2, finite-dimensional coverings
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Contact integrable extensions of symmetry pseudo-groups

Definition 1. Let
dw' = Aflj A w’ —i—B;-kwj AWk, (1)
dU" = Cf w? (2)
be structure equations of a Lie pseudo-group &. lts coefficients are

supposed to be functions of the invariants U7 of &. Consider the
system

dr? = Dgr AT +E1 TT/\TS-FF;Iﬂ 7" AP
+ng7""/\wj+ng7Tﬁ/\wj—|—ngwj/\wk, (3)
dVe = Jsw! + K 79, (4)
with unknown 1-forms 7%, ¢ € {1,...,Q}, n*, p € {1, ..., R}, and

unknown functions V¢, € € {1, ..., S}, Q, R, S € N. The coefficients
of this system are supposed to be functions of U? and V.
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Contact integrable extensions of symmetry pseudo-groups

System (3), (4) is called an integrable extension of system (1), (2),
if equations (1) — (4) are simultaneously compatible and involutive.

Suppose system (3), (4) is an integrable extension of system (1),
(2). Then, in accordance with the third inverse fundamental
theorem of Lie, system (1)—(4) defines a Lie pseudo-group $.

Definition 2. The integrable extension (3), (4) is called trivial , if
there exists a change of variables on the manifold of action of the
pseudo-group §) such that in the new variables equations (3), (4)
do not contain the forms w’, 7”, and the coefficients of (3), (4) do
not depend on UY. Otherwise, the integrable extension is called
non-trivial .

Let 6%, &/ be Maurer—Cartan forms of the pseudo-group Cont(€)

of symmetries for a PDE € such that 6% are contact forms (their
restrictions on each solution of the equation € are equal to 0), and *
&7 are horizontal forms (¢! A ... A €™ # 0 on each solution).
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Contact integrable extensions of symmetry pseudo-groups

Definition 3. Nontrivial integrable extension of the structure
equations of the pseudo-group Cont(€&)

dw? = TIF Aw” + &7 A QY (5)

is called contact integrable extension when
e 07=0 (mod 6%, w ) for a set of additional forms wg
° Qé # 0 (mod wf);
° coeff|C|ents of Q‘J] and II} depend on the invariants of Cont(€)
and, maybe, on a set of additional functions W7#;
o In the latter case there exist functions P2, Qf, RJ’, S% such
that

P =dWP — PaP 0y — Qfuw? — Rif w! — S & = 0.

The structure equations for the forms (” together with the
structure equations of Cont(€) and equations (5) satisfy the
involutivity conditions.

o
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r-mdKP equation

r" modified dispersionless KP equation (M. Btaszak, 2002):
Uyy = Ugg + (% (k+ 1) u2 + uy) Ugg + K Uy Ugy

Special cases:

o k= 0: mdKP,
G.M. Kuz'mina, 1967; |.M. Krichever, 1988;
B.A. Kupershmidt, 1990.

o k= 1: dBKP,
N. Dasgupta, R. Chowdhury, 1992; K. Takasaki, 1993;
B.G. Konopelchenko, L. Martinez Alonso, 2003.

o k=—1:
M.V. Pavlov, 2003; M. Dunajski, 2004; E.V. Ferapontov, K.R.
Khusnutdinova, 2004; V.Yu. Ovsienko, C. Roger, 2006
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r-mdKP equation

Contact integrable extensions:

k& {-3,—1}:

First type:
dwo = (w1 + 2 (1 +022) + LBV +r*+136+12) (k+ 1)1 ¢
+1((k+ 12U -V?=2(K*+3c+2)V) (k+ 1)) Awo
+ (03 —=V(+1) -2 (k—4) 0+ (k+ 1) 2 VZwi)AE
Fwi A2+ (02— V (k1) "L w)AER.
Second type
dwo = (w1 + 2 (oo +m +(U—-W?+2(W -V)) ") — & 8W —k+12) &)
+ (W2wi + Wy — & (k—4) 0o + 03) A +wi AE%+(W wi+02)AE?,
%(2(Zl—|—1)—/i(W—1)—V)wo—(V—|—(/€—|—1)W)w1+n2—02
FIW (1 —022) + 2 W QW Z1 —U+AV AW (W —k)) '+ Z, €
+& (W (16 Z1+8 W—Tr—4)+16 V) &°.

dw =
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r-mdKP equation

k = —3: additional CIE

dwo = (3 (2o +m) + (AU —V(V+8W —11)) €' +w;
— = AV +16W +5) ¥ Awo+ (03 — Wby + 5V b2 + 2 V2w ) A
+wi AL+ (02 + 2 Vwy ) AE3
AW = (Z+ 3 W +35) wot (W + 5) (@1 —022)+2 ¢
SO WHHHV (W) -5V EZ4T) ¢
i B2V (Z W)~ 16W (AW +3) + T4V +1)) €.
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r-mdKP equation

k = —1: the only CIE of the second type

dwo = (3 (B2 +m1 + (U = W? +2W) ") = 5 (8W = 11) € + w1) Aw

+ (O3 + 200+ Wy + W2wi ) AE +wi AE2 + (B2 + W wi) AED),

AW = 32 Z+W+1) wo—ba— 2 W (Ba4m ) +m2+75 W (16 Z+8 W+3) &3
+ZE+ W2 RZ+1)+W (W?-U))¢'

REMARK: 2 Z + W + 1 = 0 = nonremovable parameter
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o K¢ {—2,—%,—1}:

2 (k+1
vy = (—251_’_3 vx('f ) _ Uy v’;"‘l + (% (H; + 1)“:2(: — uy)) Vg,
vy = (%H vt um) Vg.
@ k=0:J.-H. Chang, M.-H. Tu, 2000;
@ k = 1: B.G. Konopelchenko, L. Martinez Alonso, 2003.
o M.V. Pavlov, 2006

— -1 K
Uyy = Vg — K (Vy Uy + V) Ugy

2
(5 + 1) 020y — v gt + Rt oy, + GEE )y,
o Kk eR:
o= (3 (k+ 1) ul —uy) vg,
Vy = —Ug Vg
Vyy = Vi + (K + 1) vg V72 — 0 v ) Vg — KUy U Uy, b

RS
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r-mdKP equation

0 K= —2
vt:—vgjl—uz— (%ui—i—uy) Uy,
vy = In |vg| — ug vy

'Uyy = Vtg + 2 (ln |'Uz| + Uy) —1 Uzy
—(vivg + In|vg| (In|vg| — QUy-i-l) vg — vy + 1) 0,2 Uge

\S][9V]

Q@ K=—

{ v = — (i u? —i—uy) Uy — Ug v/ |0z | + In|vg],
Uy = —Ug Vg + 21/ |z

Vyy :Utx+%(vy_2|v |1/2) Uzy
+ (v (In |vg| — vt—— )+3vy\vz|1/2 4)v72 Vg
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r-mdKP equation

0 K=—3:
_ 2
v = —u — (ug + uy) vy,
Uy = —VUgly — T

U= (Vy + Vg Utz + 3 (Vy + T) Vgy + T — Vg Vyy Uzt — 0y

=2 (vy +z)? vyt

T

O.l. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-mdKP equation

o k=—1:
Vg = — (uy — AUy — )\2) Vg
Uy = —(Up — A) Vg,

A € R — nonremovable parameter
M. Dunajski, 2004

Uyy = Utz — (V¢ + Avy) vy v + (vy + Avg) vt Uy

o x=—1
{ vp = — (uy — Vg — v?) vy,
Uy = —(Uy — V) Vg,

Uyy = Vig — (Vp + v 0y) vy vgg + (vy +vuy) vt Uy
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r-mdKP equation

&1
S " \ / "
81 -~ 84 %$
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r-mdKP equation

? ?
v v
2 i P S S 2

&1
11 Uy = Uy + (% (k+1)u? —i—uy) Ugy + KUy Ugy
Eat wyy = wip + ((k +1)w w Q—wtwgl)wm—/@wnglwmy,
€3 Uyy = Vip — K (Vy Uy + VL) Uay
2
+((I€+1) xQ—Utv;I—Hiv’;vy—i—(S:i% vg('{ﬂ))vm
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r-mdKP equation

€3:  double-modified dKP equation, M.V. Pavlov, 2006, 2010
ke {—2,-3/2,—1}

_ _ Uy 4 K
Uyy = Utz —HK | — + Uy | Usy
Uy

K
+ KUy Uy +

2 2
U up (k+1)° ,
1) ¥ - = ) 2(k+1)
+ ((Ii +1) 2w ot U Uy

Three contact integrable extensions:

1) 82 — 83

O.l. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-mdKP equation

2)

(k+2)? u
Vv = m 21926'{-'_3—(#;4—2) u_i + ug—i—l v;+2

uy (k+1)(k+2)
+ <u—x + (fi-i- 2) uguy + T%ugﬁ-ﬂ (%

U
+2 +1
Uy = —Uy —|—<—y + ul ) (o
Uy,

Exclude u = the same equation for v.
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r-mdKP equation

3)
K+2
_ ﬂ _ K o u:l?
wy = (uz (k+1)(k+2)uy (uy 2/<;—|—3>> Wy
wy = (ﬁ —(k+ 1)u;+1> Wy
Uy

k& {—2,-3/2,—1,0}:

Exclude u = an equation of the third order for w
k=0=—= &€y = &3

Details: arXiv: 1010.1828

&) 3
e
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r-mdKP equation

k=0:

& E3 €3

O.l. Morozov Lie Pseudo-Groups and ZCRs of DEs



r-mdKP equation

kg {-3,-2-3/2,—1,0}

O - Uy

L
W)

ol

RS
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r-mdKP equation

K= -3

s

|
o

&1 ~— &4

&3
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Recursion operators

@ Recursion operators as integro-differential operators
@ P.J. Olver, 1977

B. Fuchssteiner, 1979

V.E. Zakharov, V.G. Konopelchenko, 1984

A.S. Fokas. P.M. Santini, 1986

¢ © ¢ ¢

@ J.A. Sanders, J.P. Wang, 2001
@ Recursion operators as Backlund autotransformations

o C.J. Papachristou, B.K. Harrison, 1988

e C.J. Papachristou, 1990

o G.A. Guthrie, 1994

o |.S. Krasil’shchik, P.H.M. Kersten, 1994

@ M. Marvan, 1996

e A. Sergyeyev, 2000

@ ...

o C.J. Papachristou, B.K. Harrison, 2010

@ |.S. Krasil’shchik, A.M. Verbovetsky, R. Vitolo, 2011 g,
@ M. Marvan, A. Sergyeyev, 2012 ig
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Recursion operators

EXAMPLE. The universal hierarchy equation:
Uyy = Uy Uty — Ug Uty (1)
@ Pavlov M.V. J. Math. Phys. 44 (2003), 4134-4156

@ Martinez Alonso L., Shabat A.B. Phys. Lett. A 299 (2002),
359-365; Theor. Math. Phys. 140 (2004), 1073-1085

The linearization:
Vyy = Uy Vi + Vy Uty — Ug Viy — Vg Uty - (2)

The tangent covering: the infinite prolongation of system (1), (2)
equipped with the restrictions of the extended total derivatives.
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Recursion operators

@ A section ¢: & — T(€) of the tangent covering is a
symmetry of E.

@ A recursion operator for symmetries of € is a Backlund
autotransformation of T(&)

Details and examples:

@ M. Marvan // Differential Geometry and Applications. Brno:
Masaryk University, 1996, 393—-402

@ |.S. Krasil’shchik, A.M. Verbovetsky, R. Vitolo,
arXiv.org/1110.4560

@ M. Marvan, A. Sergyeyev. Inverse problems, 28 (2012),
025011 (12 pp)

The technique of the contact integrable extensions can be

adapted to the problem of finding recursion operators for .
. RE R

symmetries of PDEs. =
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Recursion operators

Equations
{ Dz(w) = Uy Dt(‘ﬂ) _ut:vgp—i_Dy((p)a
D, (¥) = Uy Di(p) — Uty P-

define a recursion operator ¢) = R(y) for symmetries of the
universal hierarchy equation. The inverse recursion operator
© = R~Y(1) is defined by equations

Dip) = DAEIE
y
(UyUte — Ugtiyy) © + Uy Dy () — uy DyW).
Uy

Details: arXiv.org/1205.5748
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Recurion operators

Contact symmetries of the universal hierarchy equation:
¢10(Ao) = Aour — Ao u,  p11(A1) = Ay, A; = A1),
(pgo(Bo) = BO (% + yB()J u, ©21 (Bl) = Bl uy, B B (a:)
P3 = YUy + u.

b,

AO(Slt_Ut) AOt(Sl—UUt)+ AOttU +11(A2),
—p10(A41) + ¢11(A2),

¢10(A0))
)
) = ¢20(Bo) + ¢11(A2),
)=

(10(
(p11(41)

R(w20(Bo)
(p21(B1)
(

By

1 p11(A2),
p3) =2

1+ uuy,

S1,x = Uy + Uy,
Sly = Utly.

O.l. Morozov Lie Pseudo-Groups and ZCRs of DEs



Recurion operators

S3.t
53,y

(BO Ugy + BO,m uy) Uy_2,

(Bo (Ugtigy — Uyligs) — Bo gtz ty) u;Q
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