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e M= (M,g=(, -)) be a pseudo-Riemannian manifold
e V its Levi-Civita connection,

e R(X,Y)=[Vx, Vy] — V|x,v; its Riemannian curvature operator, which
satisfy the standard symmetries,

R(X,Y)+ R(Y,X) =0,
R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0,
R(X,Y,Z, W) = (R(X,Y)Z, W) = (R(Z, W)X, Y).

e The Jacobi operator, Rx : Y — R(Y, X)X, is a self-adjoint (symmetric)
endomorphism of the tangent bundle TM.

e In Riemannian case, if M is flat or a rank one symmetric space, then local
isometries of M act transitively on the unit sphere bundle, and thus the
eigenvalues of Jacobi operator are constant on SM.
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e Osserman conjecture. Osserman wondered if the converse is also true:
are globally (i.e. the eigenvalues do not depend on the point p) Osserman
manifolds necessarily flat or locally isometric to a rank one symmetric
spaces.

e Osserman conjecture have been starting point for investigations of
manifolds based on properties of the spectra of natural operators defined by
the Riemannian curvature tensor.

¢ A Riemannian manifold (M, g) is pointwise Osserman if the eigenvalues
of the Jacobi operator Rx(-) = R(-, X)X do not depend on the unit vector
X € TpM, for every point p € M (the eigenvalues may vary from point to
point).

e The natural approach to the Osserman conjecture:

1. using the pointwise Osserman condition find the algebraic curvature
tensor at a point p € M and so possible existence of an additional
algebraic structure (Clifford structure, in Riemannian case)

2. find only those algebraic curvature tensors which may be realised as
curvature tensors of a Riemannian manifold.
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orbifolds (local, non-zero scalar curvature), hyperKaehler examples.

e Let STM and S~ M be the unit pseudo-sphere bundles of spacelike and
timelike vectors, SM =STMuU S~ M.

e M is (globally) spacelike, timelike or null Osserman if the characteristic
polynomial of Ry is constant for X € STM, X € S~ M, or X € N'M,
respectively.

e M is spacelike, timelike, or null Jordan-Osserman if the Jordan normal form
of Ry is constant when X belongs to S™M, S~ M, or N'M respectively.

e The notions of globally spacelike Osserman or globally timelike Osserman
are the same, but

e The notions of globally spacelike Jordan-Osserman and globally timelike
Jordan-Osserman are inequivalent.
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e Let V be a finite dimensional real vector space which is equipped with a
non-degenerate symmetric bilinear form (-, -) of signature (p,q), p+ g = n. If
atensor R € (V*)®* satisfies well-known symmetries

R(X,Y) +R(Y,X) =0,
R(X,Y)Z +R(Y,Z)X +R(Z,X)Y =0, (1)
(R(X, Y)Z, W) = (R(Z, W)X, Y).

then we say that it is an algebraic curvature tensor on V.
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1.2 Algebraic curvature tensors

e Let V be a finite dimensional real vector space which is equipped with a
non-degenerate symmetric bilinear form (-, -) of signature (p,q), p+ g = n. If
atensor R € (V*)®* satisfies well-known symmetries

R(X,Y)+R(Y,X)=0,
R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0, (1)
(R(X,Y)Z, W) = (R(Z, W)X, Y).

then we say that it is an algebraic curvature tensor on V.

e One says R is an Osserman (Jordan-Osserman) algebraic curvature tensor

if the associated Jacobi operator has characteristic polynomial (Jordan-form)
constant on the unit pseudospheres S~ (V) and S*(V)
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o A pseudo-Riemannian manifold M is said to be a geometric realization of R
at a point P € M if there exists an isometry W : TeM — V such that for all
tangent vectors X, Y, Z, and W in TpM, hold:

(WX, vY) = (X, Y),
R(VX, WY WZ WW) =Rp(X,Y,Z,W),

where R p is the curvature tensor of M restricted to P € M.
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o A pseudo-Riemannian manifold M is said to be a geometric realization of R
at a point P € M if there exists an isometry W : TeM — V such that for all
tangent vectors X, Y, Z, and W in TpM, hold:

(WX, vY) = (X, Y),
R(VX, WY WZ WW) =Rp(X,Y,Z,W),

where R p is the curvature tensor of M restricted to P € M.

Theorem 1 (Gilkey)

Every algebraic curvature tensor on a vector space V of signature (p, q) is
geometrically realizable.

e This P. Gilkey’s result enable us to work in algebraic settings, i.e., define a
model 9 = (V, (-,-), R) and work in this model, and later pass to the
geometrical context.
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Theorem 2 (Fiedler and Gilkey)

The spanning sets of C(V) are sets S(V) = {R? : ¢ = ¢*} and
A(V) = {R? : 6 = —6*}, where
RY(X,Y)Z = (6Y,2)$X — (¢X,Z)0Y

RYU(X, Y)Z = (0Y, Z)0X — (0X,2)0Z — 2(6X, Y)0Z

for ¢ and 6 are a symmetric and a skew-symmetric endomorphism of V,
respectively.
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Theorem 2 (Fiedler and Gilkey)

The spanning sets of C(V) are sets S(V) = {R? : ¢ = ¢*} and
A(V) = {R? : 6 = —6*}, where
RU(X,Y)Z = (oY, Z)X — (X, Z)$Y

RYU(X, Y)Z = (0Y, Z)0X — (0X,2)0Z — 2(6X, Y)0Z

for ¢ and 6 are a symmetric and a skew-symmetric endomorphism of V,
respectively.

e More precisely, for an arbitrary algebraic curvature tensor R there exist
sets & = {¢1,¢2 ..., 0s} and © = {61,0-> ...,0:} of symmetric and
skew-symmetric endomorphisms of V, respectively, such that R has
representations

s t
R= E eg;RY = E go/R" where ey, €o; € {1, -1},
i=1 J=1

which we will call symmetric and skew-symmetric representation of R,
respectively.
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e One of the most important tool in the reconstruction of the algebraic
curvature tensor of a pointwise Osserman manifold, is duality principle.

e The duality principle, in Riemannian case, is the following property of the
eigenvalue X of the Jacobi operators: let X and Y be unit vectors, then

Rx(Y) =AY ifandonlyif  Ry(X)=AX.

e We extend notion of duality principle for definite vectors of a
pseudo-Riemannian Osserman manifold: let R be an algebraic curvature
tensor. For A € R we say that it satisfies the duality principle if for all mutually
orthogonal unit vectors X', Y holds

R)((Y)ZSX)\Y — Ry(X):Ey)\X.

If the duality principle holds for all A € R then we say that duality principle
holds for the algebraic curvature tensor R.
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Theorem 3 (Andreji¢, Rakic)
Let M be a diagonalizable Osserman pseudo-Riemannian manifold.

(i1) If there is no null eigenvector of Rx for all definite X then M satisfies the
duality principle.

(i2) M satisfies the duality principle in the case when Rx has all different
eigenvalues.

(i3) If M is a four-dimensional, then duality principle holds.

o Total duality. Let R be an algebraic curvature tensor. We say that
non-zero vectors X, Y € V are totaly dual if the following equivalence holds

Y € eigenspace of Rx <= X € eigenspace of Ry.
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Duality principle and generalizations

Theorem 3 (Andreji¢, Rakic)
Let M be a diagonalizable Osserman pseudo-Riemannian manifold.

(i1) If there is no null eigenvector of Rx for all definite X then M satisfies the
duality principle.

(i2) M satisfies the duality principle in the case when Rx has all different
eigenvalues.

(i3) If M is a four-dimensional, then duality principle holds.

o Total duality. Let R be an algebraic curvature tensor. We say that
non-zero vectors X, Y € V are totaly dual if the following equivalence holds

Y € eigenspace of Rx <= X € eigenspace of Ry.

An algebraic curvature tensor R is totaly dual if all vectors X, Y € V are
totaly dual.
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Let R be an algebraic curvature tensor on a vector space V of signature
(p, Q). The following conditions are equivalent:

(1) If p > 1, then Tr(Rx) is constant on S~ (V).
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Let R be an algebraic curvature tensor on a vector space V of signature
(p, Q). The following conditions are equivalent:

(1) If p > 1, then Tr(Rx) is constant on S~ (V).

(2) If g > 1, then Tr(Rx) is constant on ST (V).
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Properties of pseudo-Riemannian Osserman manifolds

Let R be an algebraic curvature tensor on a vector space V of signature
(p, Q). The following conditions are equivalent:

(1) If p > 1, then Tr(Rx) is constant on S~ (V).

(2) If g > 1, then Tr(Rx) is constant on ST (V).

(8) There exists a constant ¢ such that p(x, y) = c (X, y).

Zoran Raki¢ On Osserman condition in pseudo-Riemannian geometry



Properties of pseudo-Riemannian Osserman manifolds

Let R be an algebraic curvature tensor on a vector space V of signature
(p, Q). The following conditions are equivalent:

(1) If p > 1, then Tr(Rx) is constant on S~ (V).

(2) If g > 1, then Tr(Rx) is constant on ST (V).
(8) There exists a constant ¢ such that p(x, y) = c (X, y).

Specially, if M is a (timelike) Osserman manifold with the metric of arbitrary
signature (p, q) then M is Einstein space, and all three conditions define the
notion of the Einstein algebraic curvature tensor.
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Properties of pseudo-Riemannian Osserman manifolds

o We say that R is k-stein if there exist constants ¢; for 1 </ < k so that
TrRy = ci(X, X)', forall X € V.
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TrRy = ci(X, X)', forall X € V.

Proposition 5

Zoran Raki¢ On Osserman condition in pseudo-Riemannian geometry



Properties of pseudo-Riemannian Osserman manifolds

o We say that R is k-stein if there exist constants ¢; for 1 </ < k so that
TrRy = ci(X, X)', forall X € V.

Proposition 5

Let R be an algebraic curvature tensor on a vector space V of signature
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Proposition 5

Let R be an algebraic curvature tensor on a vector space V of signature
(b, q). The following conditions are equivalent and and all define the notion of
a k-stein algebraic curvature tensor:

(1) Ifp > 1, then Tr(RY) is constant on S~(V) for1 < i < k.
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TrRy = ci(X, X)', forall X € V.
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Let R be an algebraic curvature tensor on a vector space V of signature
(b, q). The following conditions are equivalent and and all define the notion of
a k-stein algebraic curvature tensor:

(1) Ifp > 1, then Tr(RY) is constant on S~(V) for1 < i < k.

(2) Ifq > I, then Tr(RY) is constant on S*(V) for1 < i < k.
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Properties of pseudo-Riemannian Osserman manifolds

o We say that R is k-stein if there exist constants ¢; for 1 </ < k so that
TrRy = ci(X, X)', forall X € V.

Proposition 5

Let R be an algebraic curvature tensor on a vector space V of signature
(b, q). The following conditions are equivalent and and all define the notion of
a k-stein algebraic curvature tensor:

(1) Ifp > 1, then Tr(RY) is constant on S~(V) for1 < i < k.

(2) Ifq > I, then Tr(RY) is constant on S*(V) for1 < i < k.

(3) There exists constants ¢; such that Tr(RY) = ¢; (X, X)', for all X € V and
1<i<k.

e Proposition 5 shows (for Kk = n = dim M) that notions of timelike Osserman
algebraic curvature tensor, spacelike Osserman algebraic curvature tensor
and n-stein algebraic curvature tensor are equivalent.
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Proposition 6

Let R be an algebraic curvature tensor on a vector space V of signature
(p,q), where q > 2. Let0 # X be a null vector of V. If R is n-stein, then R x
is nilpotent.

Theorem 7 (GiSwVa, AIBoBIRa).
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Let R be an algebraic curvature tensor on a vector space V of signature
(p,q), where q > 2. Let0 # X be a null vector of V. If R is n-stein, then R x
is nilpotent.

Theorem 7 (GiSwVa, AIBoBIRa).

Let M be a four dimensional pseudo-Riemannian manifold. Then, the
following conditions are equivalent:
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Proposition 6

Let R be an algebraic curvature tensor on a vector space V of signature
(p,q), where q > 2. Let0 # X be a null vector of V. If R is n-stein, then R x
is nilpotent.

Theorem 7 (GiSwVa, AIBoBIRa).

Let M be a four dimensional pseudo-Riemannian manifold. Then, the
following conditions are equivalent:

(1) M is pointwise Osserman.
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Properties of pseudo-Riemannian Osserman manifolds

Proposition 6

Let R be an algebraic curvature tensor on a vector space V of signature
(p,q), where q > 2. Let0 # X be a null vector of V. If R is n-stein, then R x
is nilpotent.

Theorem 7 (GiSwVa, AIBoBIRa).

Let M be a four dimensional pseudo-Riemannian manifold. Then, the
following conditions are equivalent:

(1) M is pointwise Osserman.

(2) There is a choice of orientation for M such that it is Einstein self-dual (or
Einstein anti-self-dual).
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e The Adams numbers p(n) are defined as follows:
© pu(1) =0, u2)=1, u(4)=3, w8 =7,
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and they are related with non-trivial decomposition of the tangent bundle
T(S" ).
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° (1) =0, p(2) =1, u(4) =3, u®d) =7,
@ (16 m) = p(m) + 8 and
@ u(2 b) = u(2') for b odd,

and they are related with non-trivial decomposition of the tangent bundle
T(S" ).

Theorem 8 (Adams)

V.
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e The Adams numbers p(n) are defined as follows:
° (1) =0, p(2) =1, u(4) =3, u®d) =7,
@ (16 m) = p(m) + 8 and
@ u(2 b) = u(2') for b odd,

and they are related with non-trivial decomposition of the tangent bundle
T(S" ).

Theorem 8 (Adams)
Suppose that we have a nontrivial decomposition of the tangent bundle
T(S" ") = Fy @ F; - -- & F, as an orthogonal direct sum of vector bundles of
dimension v; = dimF;, where vy > vy - - - > .
Thenvi + - - - + v < u(k), holds.

V.
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e The Adams numbers p(n) are defined as follows:
° (1) =0, p(2) =1, u(4) =3, u®d) =7,
@ (16 m) = p(m) + 8 and
@ u(2 b) = u(2') for b odd,

and they are related with non-trivial decomposition of the tangent bundle
T(S" ).

Theorem 8 (Adams)

Suppose that we have a nontrivial decomposition of the tangent bundle
T(S" ") = Fy @ F; - -- & F, as an orthogonal direct sum of vector bundles of
dimension v; = dimF;, where vy > vy - - - > .

Thenvi + - - - + v < u(k), holds.

Specially, it implies

(1) Ifm = 1mod2, then Rx has only one eigenvalue.

V.
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Riemannian case

e The Adams numbers p(n) are defined as follows:
° (1) =0, p(2) =1, u(4) =3, u®d) =7,
@ (16 m) = p(m) + 8 and
@ u(2 b) = u(2') for b odd,

and they are related with non-trivial decomposition of the tangent bundle
T(S" ).

Theorem 8 (Adams)

Suppose that we have a nontrivial decomposition of the tangent bundle
T(S" ") = Fy @ F; - -- & F, as an orthogonal direct sum of vector bundles of
dimension v; = dimF;, where vy > vy - - - > .

Thenvi + - - - + v < u(k), holds.

Specially, it implies

(1) Ifm = 1mod2, then Rx has only one eigenvalue.

(2) If m = 2mod4, then Rx has at most two eigenvalues; if Rx has two
distinct eigenvalues, then one eigenvalue has multiplicity 1.

V.
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Riemannian case

Let V be an n-dimensional vector space. A real Clifford- module structure C
on V, where v < nis a collection of linear maps J; on V with a set of
generators {Ji, J, . .., J, } such that

Jid+Jdi=-2¢ fori,j=1,2... v.
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Riemannian case

Let V be an n-dimensional vector space. A real Clifford- module structure C
on V, where v < nis a collection of linear maps J; on V with a set of
generators {Ji, J, . .., J, } such that

Jid+Jdi=-2¢ fori,j=1,2... v.

Theorem 9 (Gilkey, Swan, Vanhecke)

Suppose there is a Cliff(v)- module structure on R" and consider a set of
generators {Ji, Jz, ..., Ju } such that J; J; + J; J; = —26j. If Xo, \y,..., A, are
arbitrary real numbers,

v
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Riemannian case

Let V be an n-dimensional vector space. A real Clifford- module structure C
on V, where v < nis a collection of linear maps J; on V with a set of
generators {Ji, J, . .., J, } such that

Jid+Jdi=-2¢ fori,j=1,2... v.

Theorem 9 (Gilkey, Swan, Vanhecke)

Suppose there is a Cliff(v)- module structure on R" and consider a set of

generators {Ji, Jz, ..., Ju } such that J; J; + J; J; = —26j. If Xo, \y,..., A, are

arbitrary real numbers, then the trilinear map R : V x V x V — V, defined

by v

R=XR + % > (A= Xo)R% where R°(x,y)z=(y,z)x—(x,2)y,
i=1

R’ (x,y)z = (Jx, 2)Jdy — (Jy, 2)Jx + 2 (Jx, y)Jz.
is an Osserman algebraic curvature tensor with
Fl'X(J,'X) =N J,'X ny =X y.

where x, y are nonnull unit vectors on R" with y orthogonal to
{X,J1x, dox, ..., Jux}.

v
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Osserman conjecture in Riemannian and Lorentzian manifolds

e Riemannian case.

Theorem 9 (Chi, Nikolayevsky)

Let M be an Osserman Riemannian manifold, then Osserman conjecture
holds, except in some cases (depending on the structure of eigenvalues of
Jacobi operator) in dimension m = 16.

Remark. Chi proved Theorem for m # 4k, k > 1, and Nikolayevsky in all
other cases.
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Theorem 9 (Chi, Nikolayevsky)

Let M be an Osserman Riemannian manifold, then Osserman conjecture
holds, except in some cases (depending on the structure of eigenvalues of
Jacobi operator) in dimension m = 16.

Remark. Chi proved Theorem for m # 4k, k > 1, and Nikolayevsky in all
other cases.

e Lorentzian case.

Theorem 10 (Blazi¢, Bokan, Gilkey)

Let R be a 2-stein algebraic curvature tensor on a vector space V of
signature (1, q). Then R has constant sectional curvature.
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Osserman conjecture in Riemannian and Lorentzian manifolds

e Riemannian case.

Theorem 9 (Chi, Nikolayevsky)

Let M be an Osserman Riemannian manifold, then Osserman conjecture
holds, except in some cases (depending on the structure of eigenvalues of
Jacobi operator) in dimension m = 16.

Remark. Chi proved Theorem for m # 4k, k > 1, and Nikolayevsky in all
other cases.

e Lorentzian case.

Theorem 10 (Blazi¢, Bokan, Gilkey)

Let R be a 2-stein algebraic curvature tensor on a vector space V of
signature (1, q). Then R has constant sectional curvature.

Specially, let M be a pointwise Lorentzian Osserman manifold then it has
constant sectional curvature and consequently Osserman conjecture holds.
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pseudo-Euclidean space 2 of signature (1,2).
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e Following GSV approach we described symmetric operators on
pseudo-Euclidean space 2 of signature (1,2).

Theorem 11
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Osserman (2,2) manifolds

e Following GSV approach we described symmetric operators on
pseudo-Euclidean space 2 of signature (1,2).

Theorem 11

Let IC be a symmetric operator of Q). Then there exists an orthonormal (main)
basis in Q2 such that the matrix of KC is consequently one of the following

a 0 0 ela — %) s% 0
(l-a) 0 B 0 ) —¢ % o+ g% 0 | ,e==
0 0 v 0 0 Jé]
a B 0 «@ 0 g
(I-b) B a 0 |,8#0 () 0 a %
0 0 ~ V2 2 o
2 2

for arbitrary o, 3,y € R, depending on the minimal polynomial pu ().
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Theorem 12 (Blazi¢, Bokan, Raki¢)

Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:
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Theorem 12 (Blazi¢, Bokan, Raki¢)

Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:

(1) M is timelike Osserman.
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Theorem 12 (Blazi¢, Bokan, Raki¢)

Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:

(1) M is timelike Osserman.

(2) M is spacelike Osserman.
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Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:

(1) M is timelike Osserman.

(2) M is spacelike Osserman.

(3) The universal covering space M of M is one of the following manifolds
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Osserman (2,2) manifolds

Theorem 12 (Blazi¢, Bokan, Raki¢)

Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:

(1) M is timelike Osserman.

(2) M is spacelike Osserman.

(3) The universal covering space M of M is one of the following manifolds
(a) M is a manifold of constant sectional curvature.
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Theorem 12 (Blazi¢, Bokan, Raki¢)

Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:

(1) M is timelike Osserman.

(2) M is spacelike Osserman.

(3) The universal covering space M of M is one of the following manifolds
(a) M is a manifold of constant sectional curvature.

(b) M is a Kahler manifold of constant holomorphic sectional curvature.
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Osserman (2,2) manifolds

Theorem 12 (Blazi¢, Bokan, Raki¢)

Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:

(1) M is timelike Osserman.

(2) M is spacelike Osserman.

(3) The universal covering space M of M is one of the following manifolds
(a) M is a manifold of constant sectional curvature.
(b) M is a Kahler manifold of constant holomorphic sectional curvature.

(¢) M is a para-complex manifold of constant para-holomorphic sectional
curvature.
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Osserman (2,2) manifolds

Theorem 12 (Blazi¢, Bokan, Raki¢)

Let M be a 4-dimensional pseudo-Riemannian manifold of signature (2, 2).
Then the following conditions are equivalent:

(1) M is timelike Osserman.
(2) M is spacelike Osserman.

(3) The universal covering space M of M is one of the following manifolds
(a) M is a manifold of constant sectional curvature.
(b) M is a Kahler manifold of constant holomorphic sectional curvature.

(¢) M is a para-complex manifold of constant para-holomorphic sectional
curvature.

(d) Jacobi operator of M is nondiagonalizable, its characteristic polynomial

either has a triple zero o or a double root o with 3 = 4 o or 3 = «, and its
curvature is given in the Lema 13.
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Let M be Jordan-Osserman manifold of signature (2, 2).
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Let M be Jordan-Osserman manifold of signature (2, 2).

() If the minimal polynomial of Rx has a double root «, then there exists
null frame such that all non-vanishing components of R are:
Ri441 = Rossz = Ri243 = Riza2 = o and Razas = 2.
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Let M be Jordan-Osserman manifold of signature (2, 2).

() If the minimal polynomial of Rx has a double root «, then there exists
null frame such that all non-vanishing components of R are:
Ri441 = Rossz = Ri243 = Riza2 = o and Razas = 2.

(1) If the minimal polynomial of Rx has a triple root, then there exists null
frame such that all non-vanishing components of R are:
Risa1 = Rosse = Rizas = Rizsz = —, and Rizsz = Riaia = V2.
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(1) If the minimal polynomial of Rx has a triple root, then there exists null
frame such that all non-vanishing components of R are:
Risa1 = Rosse = Rizas = Rizsz = —, and Rizsz = Riaia = V2.

Example (Raki¢)
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Osserman (2,2) manifolds

Let M be Jordan-Osserman manifold of signature (2, 2).

() If the minimal polynomial of Rx has a double root «, then there exists
null frame such that all non-vanishing components of R are:
Ri441 = Rossz = Ri243 = Riza2 = o and Razas = 2.

(1) If the minimal polynomial of Rx has a triple root, then there exists null
frame such that all non-vanishing components of R are:
Risa1 = Rosse = Rizas = Rizsz = —, and Rizsz = Riaia = V2.

Example (Raki¢)

Let M = R*, (uy, Up, U3, us) the Cartesian coordinates and

69 = usduy ® duy + UPdup ® dup — Uy Up[duy ® dup + dup ® duy]
= 3[dU1 ® dug + dug ® duy + dus ® dus + duz ® C/Uz].

Then (R*, g) is the timelike Osserman rank two homogeneous symmetric
space.
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Osserman (2,2) manifolds

o Manifolds satisfying Osserman condition have very interesting and reach
geometry, as the following examples show.
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Osserman (2,2) manifolds

o Manifolds satisfying Osserman condition have very interesting and reach
geometry, as the following examples show.

Example (Garcia-Rio, Kupeli)

v
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Osserman (2,2) manifolds

o Manifolds satisfying Osserman condition have very interesting and reach
geometry, as the following examples show.

Example (Garcia-Rio, Kupeli)

Let M = R*, (u1, Uz, Us, Us) the usual coordinates, and
g = (uy u2)2[du1 ® duy + dup ® dus] + [dur ® dus + duz ® duy
+ dup ® dug + dug @ dug].

v
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o Manifolds satisfying Osserman condition have very interesting and reach
geometry, as the following examples show.

Example (Garcia-Rio, Kupeli)

Let M = R*, (u1, Uz, Us, Us) the usual coordinates, and
g = (uy u2)2[du1 ® duy + dup ® dus] + [dur ® dus + duz ® duy
+ dup ® dug + dug @ dug].
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Let M = R*, (u1, Uz, Us, Us) the usual coordinates, and
g = (uy u2)2[du1 ® duy + dup ® dus] + [dur ® dus + duz ® duy
+ dup ® dug + dug @ dug].
@ The characteristic polynomial of the Jacobi operator is px(Rx) = \*, for
arbitrary nonnull vector X.

@ Moreover, (M, g) satisfies timelike and spacelike Osserman condition on
the open subset u1up # 0 (type (I1)).
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the open subset u1up # 0 (type (I1)).

@ When ujus = 0, the minimal polynomial myx(Rx) = ), i.e., the Jacobi
operator is diagonalizable.

@ The manifold (M, g) is not locally symmetric.
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Osserman (2,2) manifolds

o Manifolds satisfying Osserman condition have very interesting and reach
geometry, as the following examples show.

Example (Garcia-Rio, Kupeli)

Let M = R*, (u1, Uz, Us, Us) the usual coordinates, and
g = (uy u2)2[du1 ® duy + dup ® dus] + [dur ® dus + duz ® duy
+ dup ® dug + dug @ dug].

@ The characteristic polynomial of the Jacobi operator is px(Rx) = \*, for
arbitrary nonnull vector X.

@ Moreover, (M, g) satisfies timelike and spacelike Osserman condition on
the open subset u1up # 0 (type (I1)).

@ When ujus = 0, the minimal polynomial myx(Rx) = ), i.e., the Jacobi
operator is diagonalizable.

@ The manifold (M, g) is not locally symmetric.
(R*, g) is not locally homogeneous.
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Osserman (2,2) manifolds

Theorem 14 (Isotropicity of VR)

Let M be a 4-dimensional spacelike (timelike) Jordan-Osserman manifold
then the length of V R vanishes, i.e. | VR|| = 0.
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Let M be a 4-dimensional spacelike (timelike) Jordan-Osserman manifold
then the length of V R vanishes, i.e. | VR|| = 0.

Theorem 15 (Isotropic 2-dimensional distributions)

Let M be an Osserman manifold of type (ll) or (lll). Then, there exists an
integrable, autoparallel, isotropic 2-dimensional distribution on M.

An Osserman manifold M of type (ll) is locally foliated by totally geodesic, flat,
isotropic 2-dimensional submanifolds.
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Osserman (2,2) manifolds

Theorem 14 (Isotropicity of VR)

Let M be a 4-dimensional spacelike (timelike) Jordan-Osserman manifold
then the length of V R vanishes, i.e. | VR|| = 0.

Theorem 15 (Isotropic 2-dimensional distributions)

Let M be an Osserman manifold of type (ll) or (lll). Then, there exists an
integrable, autoparallel, isotropic 2-dimensional distribution on M.

An Osserman manifold M of type (ll) is locally foliated by totally geodesic, flat,
isotropic 2-dimensional submanifolds.

Theorem 16 (Curvature homogenity)

Let M be a Jordan-Osserman manifold with metric tensor of signature (2, 2).
Then it is curvature homogenous up to order zero.
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Osserman (2,2) manifolds

Theorem 17 (Coordinate systems)
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Osserman (2,2) manifolds

Theorem 17 (Coordinate systems)

Let (M, g) be a 4-dimensional Jordan-Osserman pseudo-Riemannian
manifold of signature (2, 2) of type (Il) or (lll). Then there exists a coordinate
systemu = (u',u?, 3, u*) : U C R* — M and an null basis Fi, Fz, F3, Fy
such that
(i)
0 0 g3 gu
g 0 0 g3 g . with det { 913 14 } 1
913 gz 0 g 23 Q24
G1a Qoa Gaa O
and
(ii)
0 1 9 0 0
F =307 FZ*E@’ F37CP1'%, F4—in,
where P;, Q;, C € C*(U) and C are non-vanishing on U.
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Osserman (2,2) manifolds

Theorem 18 (Recurrent spaces)
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Osserman (2,2) manifolds

Theorem 18 (Recurrent spaces)

Let (M, g) be a recurrent spacelike Osserman space of signature (2,2). Then

M can be endowed locally with a coordinate system (u',--- , u*) so that the
metric of M takes one of the following forms

(1) g =, v?)du' ® du' + (du' ® du* + du* ® du') + (du? ® du® + du® @ du?)
(2) g =du' ® du' + kepdt? ® du? + kas(du? @ du® + du® ® du?)
+ (du' ® du* + du* ® du'),
¥ = 0(ae(u')? + 2a3U° U3 + ags(U®)?),

where 6 is a function of u', kez, kog are constants such that ko3 # 0, and a.s
are constants such that det(a.s) # 0.

Corollary 19 (Recurrent spaces)

If (M, g) is a recurrent spacelike Osserman manifold of signature (2,2) then
M is type (ll) Ricci flat one.
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Osserman (2,2) manifolds

Theorem 20 (Garcia-Rio, Kupelli, Vazquez-Lorenzo)
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Osserman (2,2) manifolds

Theorem 20 (Garcia-Rio, Kupelli, Vazquez-Lorenzo)

Let (M, g) be a nonflat 4-dimensional locally symmetric pseudo-Riemannian
Osserman manifold. Then one of the following holds.
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@ (M, g) is locally isometric to a rank-one symmetric space, or
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Osserman (2,2) manifolds

Theorem 20 (Garcia-Rio, Kupelli, Vazquez-Lorenzo)

Let (M, g) be a nonflat 4-dimensional locally symmetric pseudo-Riemannian
Osserman manifold. Then one of the following holds.

@ (M, g) is locally isometric to a rank-one symmetric space, or

@ (M, g) is locally isometric to the rank-two symmetric space G/H, where
{w®, W', w? Wd Wt} with
do’ =dw' =0, du?=-w’Aw', du®=2w'Aw? dw*=Fw A
form a basis for g*, where g = Lie(G) and h = Lie(H) is given by
h* = span{w?}.
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Theorem 21 (Gilkey, lvanova)
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Osserman manifolds in high signature settings

Theorem 21 (Gilkey, lvanova)

Let R be a spacelike Jordan Osserman algebraic curvature tensor on a
vector space V of signature (p, q), where p < q. Then Ry is diagonalizable
for any X € S*(V).
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Theorem 21 (Gilkey, lvanova)
Let R be a spacelike Jordan Osserman algebraic curvature tensor on a
vector space V of signature (p, q), where p < q. Then Ry is diagonalizable
for any X € S*(V).

e Conclusion.
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Let R be a spacelike Jordan Osserman algebraic curvature tensor on a
vector space V of signature (p, q), where p < q. Then Ry is diagonalizable
for any X € S*(V).

e Conclusion.
@ Osserman conjecture holds in Lorentzian manifolds.
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Let R be a spacelike Jordan Osserman algebraic curvature tensor on a
vector space V of signature (p, q), where p < q. Then Ry is diagonalizable
for any X € S*(V).

e Conclusion.
@ Osserman conjecture holds in Lorentzian manifolds.

@ Osserman conjecture holds in Riemannian manifolds, up to few cases in
dimension n = 16 (which should be investigated).
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Osserman manifolds in high signature settings

Theorem 21 (Gilkey, lvanova)
Let R be a spacelike Jordan Osserman algebraic curvature tensor on a
vector space V of signature (p, q), where p < q. Then Ry is diagonalizable
for any X € S*(V).

e Conclusion.
@ Osserman conjecture holds in Lorentzian manifolds.
@ Osserman conjecture holds in Riemannian manifolds, up to few cases in
dimension n = 16 (which should be investigated).

@ Manifolds of signature ((p, g), min(p,q) > 2)
e Osserman conjecture doesn'’t hold,
e geometry of such manifolds is very reach, specially in neutral signature,
@ now we are very far of the complete description of its geometry
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e The duality principle for definite vectors of a pseudo-Riemannian Osserman
manifold:
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On the equivalence of duality principle and Osserman condition 24

e The duality principle for definite vectors of a pseudo-Riemannian Osserman
manifold: let R be an algebraic curvature tensor. For A\ € R we say that it
satisfies the duality principle if for all mutually orthogonal unit vectors X', Y
holds

Rx(Y)ZE)()\Y — Ry(X)IEy)\X.

Zoran Raki¢ On Osserman condition in pseudo-Riemannian geometry



On the equivalence of duality principle and Osserman condition 24

e The duality principle for definite vectors of a pseudo-Riemannian Osserman
manifold: let R be an algebraic curvature tensor. For A\ € R we say that it
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holds
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e Problem. Are notions of pointwise Osserman and duality principle
equivalent ?
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e The duality principle for definite vectors of a pseudo-Riemannian Osserman
manifold: let R be an algebraic curvature tensor. For A\ € R we say that it
satisfies the duality principle if for all mutually orthogonal unit vectors X', Y
holds

Rx(Y)ZE)()\Y — Ry(X)IEy)\X.

If the duality principle holds for all A € R then we say that duality principle
holds for the algebraic curvature tensor R.

e Problem. Are notions of pointwise Osserman and duality principle
equivalent ?

e In 2011, this equivalence is proved in dimension less then five, by M.
Brozos-Vazquezand E. Merino.
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On the equivalence of duality principle and Osserman condition 24

e The duality principle for definite vectors of a pseudo-Riemannian Osserman
manifold: let R be an algebraic curvature tensor. For A\ € R we say that it
satisfies the duality principle if for all mutually orthogonal unit vectors X', Y
holds

Rx(Y)ZE)()\Y — Ry(X)IEy)\X.

If the duality principle holds for all A € R then we say that duality principle
holds for the algebraic curvature tensor R.

e Problem. Are notions of pointwise Osserman and duality principle
equivalent ?

e In 2011, this equivalence is proved in dimension less then five, by M.
Brozos-Vazquezand E. Merino.

o Y. Nikolayevski and ZR prove that the Osserman condition is equivalent to
the duality principle in Riemannian signature and for diagonalizable algebraic
curvature tensors in pseudo-Riemannian signature. More precisely we prove,
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Theorem 22 (Nikolayevsky, Raki¢ (2012))
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Theorem 22 (Nikolayevsky, Raki¢ (2012))
Let R be an algebraic curvature tensor in R" with an inner product (-, -).
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Theorem 22 (Nikolayevsky, Raki¢ (2012))
Let R be an algebraic curvature tensor in R" with an inner product (-, -).

@ If(-, -) is Riemannian, then the Osserman condition for R is equivalent
to the duality principle.
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Theorem 22 (Nikolayevsky, Raki¢ (2012))
Let R be an algebraic curvature tensor in R" with an inner product (-, -).

@ If(-, -) is Riemannian, then the Osserman condition for R is equivalent
to the duality principle.

@ If(-, -) is pseudo-Riemannian and R is diagonalizable, then the
Osserman condition for R is equivalent to the duality principle for the R.
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On the equivalence of duality principle and Osserman condition 25

Theorem 22 (Nikolayevsky, Raki¢ (2012))
Let R be an algebraic curvature tensor in R" with an inner product (-, -).

@ If(-, -) is Riemannian, then the Osserman condition for R is equivalent
to the duality principle.

@ If(-, -) is pseudo-Riemannian and R is diagonalizable, then the
Osserman condition for R is equivalent to the duality principle for the R.

@ If(-, -) is pseudo-Riemannian of a non-neutral signature, and if R is
Jordan Osserman, then the complexification of R satisfies the duality
principle.
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