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Remark

There are three types of integrable equations of the form

U = F(uauxauxxauxx:r:) :

°
Ut = QUgzg + b,
°
a
Up = —————,
(uaxa:a: + b)2
and
°
2a+b

Ut = +d7

\/augm + bugyy + C

where the coefficients depend on wu, ., Uzs.



Part 2. Integrable vector systems

Main concepts of the symmetry approach can be generalized to
systems of evolution equations (A. Mikhailov, A. Shabat, R.
Yamilov). However, component-wise computations in this case
are very tedious. The only one serious classification problem has
been solved: all systems of the form

U = U2 + F(U, v, Ui, Ul)u Ut = —02 + G(U, v, Ui, Ul)

possessing higher conservation laws were listed.
Examples: Well-known NLS-equation

U = U2 + uzv, Vy = —VUg — UQu;
one of the versions of the Boussinesq equation

up = ug + (u+v)?, v = —va + (u+v)%



and Landau-Lifshitz equation

2uf 4 (p(u,v)us + r(u) v)

T T T (u+v)?
20?2 4 (p(u,v) vy +7r(—v)u
by 2 AR m)
u+v (u+v)

where 7(y) = cay* + c3y® + coy? + c1y + o and

2 —vu?) — 2couv + c1(u — v) + 2co,

p(u,v) = 2c4u*v? + e3(uv
are basic models in a very long list of integrable systems.

But there exist several classes of systems where we can avoid
the component-wise computations.



Class 1. Matrix equations.
The matrix KdV equation has the following form

U = Uz +3(UU, + U,U),

where U(z,t) is unknown N x N-matrix. The simplest higher
symmetry of this equation can be also written in the matrix
form:

+10 (U?U, + UU,U + U, U?).

In general, we consider equations of the form

B o'u

~ Oxt’
where F' is a (non-commutative) polynomial. Integrability
means the existence of generalized symmetries of the same form

U =FU, U, ...,Up,), U; (1)

U, =GU, U, ..., Up).



Class 2. Equations on non-associative algebras.

Equations of the form

o'U
U,=FU U, .. U), U-=2%"
t ( 3 1, ) ) aml

where F' is a non-commutative, non-associative polynomial. In
this case F' is fixed but the multiplication in the algebra is
unknown.

For example. we may consider the KdV equation
Ut = Uxa:a: +3Uo Ux?

where o is a multiplcation in some algebra A. The main
question is: for which algebras this equation is integrable?



Class 3. Vector equations.

Integrable vector evolution equations have the following
form:

d'u
-~ Oxt’ @)

w = fpuy + famiUp—1 + -+ fiur + fou, u;

Here u is N-component vector, the (scalar) coefficients f;
depend on scalar products between u, ug, ..., up_1.
Examples. The following vector mKdV-systems:

U = Ugyy + (U, 1) uy.

and
U = Uggy + (u, u) ug + (ll, ur) u

are integrable for any N.



Theorem (A.Meshkov, VS 2002).

e i). If equation (2) possesses an infinite series of generalized
symmetries of the form

Ur = gmWm + gm-1Upn-1+---+g1ur+gou, (3)
then there exists a formal series
L=aiD+ay+a 1D ' +asD 2+, (4)

satisfying the operator relation
n .
Li=[A L, A=) fiD. (5)
0

Here f; are the coefficients of equation (2).



ii). The following functions

1 a -
p—1=—, PO = 70’ pPi = res L’L, 7 S N (6)
al ay

are conserved densities for equation (2).

iii). If equation (2) possesses an infinite series of conserved
densities, then there exist a series L satisfying (5), and a
series S of the form

S=s1D+sy +s. 1D +s 9D 2.,
such that
S+ A'S+SA=0, St=-S L'=-5"1LS,

where the upper index t stands for a formal conjugation.
iiii). Under the conditions of item iii) densities (6) with
i = 2k are of the form po, = D(0y) for some functions oy.



Integrable vector equations of the form

U = ua:a:a:"’fqu:c +f1ux+f0u (7)

were studied by A.Meshkov and VS.

Equation (7) is called isotropic if the coefficients f; are
scalar functions in the following six variables:

(u, u), (u,uy), (ug,uy), (W), (Ug, V), (Wpg, Ugz). ()

It is clear that isotropic models are invariant with respect to the
group SO(N).

We consider equations (7) that are integrable for arbitrary
dimension N. In virtue of the arbitrariness of N, variables (8)
can be regarded as independent.



Isotropic equations on the sphere

Let us additionally assume that u? = 1. Then (u,u;) = 0
and (u,uy,) = —(uy, u,). Therefore we have only three
independent scalar products

(ux, ux)a (uza umz)a (ux:pa ux:}c)

in the coeflicients of the equation.

Theorem (Meshkov-VS 2002). Suppose that an equation of
the form (7) on the sphere u? = 1 has an infinite series of
generalized symmetries or conserved densities; then this
equation belongs to the following list:



List of integrable isotropic equations on the sphere

U U
W = Uggy — 3 1.2 Uy, + § 22] T
Up) 2 U]
2
U 3/u U
Uy = Uggz — 3 L2 Uy + 5 ( 2.2 + .2 ) Ug,
U[1,1) 2 \upyy  up g (14 aup,))
2.2
3 4 U2 2
Uy = Ugpyy + 5 (14‘&“[1,1] —a (u[2’2} B u[l,l]) + u[1’1]> U+
+3 U[LQ} u,
+1 -1
W= Uy, — 3 (q ) U[1,2] W, +3 (q ) U[1,2] u
2qup 2q

_l’_

3 (q+ 1) upg g+ 1) aup g
2 U[1,1] 6]2“[1,1]

where u[z,]] = (ui’ Uj) and q= 1+ CL’LL[LI].

+aup gy (1 - Q)> Uy,



Notice that if @ = 0 and therefore ¢ = 41 then the latter

equation yields
a7 g

Ut = Uggr — 3

and
Ut = Uggg + 3 Uy 1) Uy + 3upp g U

Another solved classification problem: equations of the form

Uy :D(uxx+f1ux+f0u)



Anisotropic equations

Consider the following equation (I. Golubchik-VS 2000):

w = (um + §(ux7 ux)u) + §<u, u)uy, =1 (9
2 z 2

Here (a,b) = (a, Rb), where R is an arbitrary constant

symmetric matrix R. One can assume that R = diag(r1,...,7n).

Equation (9) has a Lax pair whose spectral parameter lies on an

algebraic curve of genus 14 (N — 3)2V=2. If N = 3, then (9) is

a symmetry for the famous Landau-Lifshitz equation.

In this case the coeflicients in
W = Ugge + f2u:v:c + fluz + fOu

depends on two different independent scalar products (-,-) and

<’>



Theorem (Meshkov-VS 2002). Suppose equation (7) on the
sphere (u,u) =1 with
fi = filup s up 2y w2y vo,0) Yo, U))

where vj; j := (u;, u;). has an infinite series of symmetries or
conserved densities; then this equation is one of the above or
belongs to the following list:

3u 3u 3u? cv
u; =ug — ] u + (2 22 + [21’2} + [1’1]> ui,
UpL1) Upy o 2up g Uy

3
u; = u3 + (U[o,o} t3 U[1,1]) u; + 3up ) Wo,

u 3(u (vpo,0) + @) u?
Ut=u3—37[1’2] u2+2< 22 4 Ll itk

U] UlL,1] q“[l,u
ol | YLy Yoy w
q U] U1,1] q U] ’

where q = U[Ll] + ’U[070} +a



The classification of anisotropic equations on the sphere with

fi= filup g, up2p vz Vo) Vo1 V11,10 Yo,2) U 2) Vj2,2)
was completed by M. Balakhnev and A. Meshkov in 2005.
Example (Balakhnev-Meshkov 2005)

02
u = u3—3MuQ—3 (W - 2[20’H) u;+3 <u[172} - MU[Lu) u,
V[o,0] V[o,0] Yo,0] Y10,0]

Integrable hyperbolic vector equations the the sphere were

studied by A. Meshkov and VS.
Example (Meshkov-VS 2012)

ey = oy (0] 1+ Qw2 6) = (e,

where ¢ =4/ (u, uy>2 + (w, u) (1 — (uy, uy))



Part 3. Non-associative algebraic structures and
multi-component polynomial integrable models.

Main results have been obtained by S. Svinolupov.

e Svinolupov S.I., On the analogues of the Burgers
equation, Phys. Lett. A, 135(1), 32-36, 1989.

e Svinolupov S.I., Jordan algebras and generalized
Korteweg-de Vries equations., Theor. and Math. Phys.,
87(3), 391-403, 1991.

o Svinolupov S.I., Generalized Schridinger equations and
Jordan pairs,, CMP, 143(1), 559-575, 1992.

e Svinolupov S.I., Jordan algebras and integrable systems,
Func. analiz i pril., 27(4), 40-53, 1993.

e Sokolov V.V., Svinolupov S.I., Vector-matriz
generalizations of classical integrable equations,, Theor. and
Math. Phys., 100(2), 959— 962, 1994.



Jordan KdV systems.

The KdV equation is given by
Ut = Uggy + Ulg.

Consider the following N-component system
ul :u;"mm—i—C';kukué7 i,j,k=1,...,N, (10)

where C;k are constants.

Let A be an N-dimensional algebra with a basis ey, ..., eyx such
that
€;0€ep = C’;kez

If U=73", uPe; then the algebraic form of (10) is given by

Ut = Upgr + U 0o Uy, (11)

where o denotes the multiplication in A.



Theorem. Equation (11) has a generalized symmetry of the
form

UT — Um + f(U7 ey Um—1)7

where m > 5, f a (non-commutative, non associative)
homogeneous differential polynomial iff A is a Jordan algebra.

Definition. Algebra A is called Jordan if the following identities
XoY=YoX, X?0(YoX)=(X%0Y)oX.

hold.

If % is a multiplication in any associative algebra then
XoY=Xx*xY +Y %X is a Jordan multiplication.



Definition. A system (10) is called irreducible if it does not
contain any subsystem of the same form.

Proposition. A system (10) is irreducible iff the corresponding
algebra A is simple.

Examples of simple Jordan algebras:

a) The set of all N x N matrices wr.t. X oY = XY + Y X;
b) The set of all symmetric N x N matrices w.r.t. the same
operation;

c) The set of all N-dimensional vectors w.r.t.

XoY =< X,C>Y+<Y,C>X-—<X,Y >C,

(+,+) is a scalar product, C' is a given constant vector;
d) A special Jordan algebra H3(O) of dimension 27.



The corresponding integrable systems :

a) The matrix KdV-equation:
Ui = Upge +UU, + U, U,

where U is an N x N-matrix;
b) The matrix KdV-equation with U? = U;
c¢) The vector KdV equation (Svinolupov-VS):

U = Uppet <Cou>u,+ < Ciu, >u— <u,u; > C,

where u is an N-dimensional vector, C' is a given constant
vector.



Left-symmetric Burgers systems.
The Burgers equation

Ut = Ugpy + Uy

d
is homogeneous: the weights are u — 1, I — 1, o — 2.

Consider the following homogeneous multi-component
generalization of the Burgers:

ui:uiz—i-QC';k uj—l—AZ uudy™
where i,5,k=1,...,N

Theorem. This system has generalized symmetries iff

k= 5 (C1 Gl + Ol Cy + Cinn O

Jkm

i r i r 7 T
C B rkaj - j )’

km rm~ jk

and
7 r 7 r 1 7
erCkm - Ck:erm - CjkCr Ck]C

for any 14, 7, k, m (summation w.r.t. 7).



Formula (13) means that C]i-k are structural constants of a
left-symmetric algebra A.

The algebraic form of the system is
U =Up+2U0Uy,+Uo(UoU)— (UoU)oU,

where o denotes the multiplication in A.

Definition of left-symmetric algebra:
As(X,Y,Z) = As(Y. X, Z),

where

As(X,)Y,Z)=(XoY)oZ —-Xo(YoZ).

Any associative algebra is left-symmetric.



Example of vector left-symmetric algebra.

The set of all N-dimensional vectors w.r.t.
XoY =< X,C>Y+< XY >C,

where C' is a fixed (constant) vector.

Corresponding integrable systems:

a. The matrix Burgers equation
Up = Upe +UUy;
b. The vector Burgers equation (Svinolupov-VS)

Ww=ug +t2<uu; >C+2<Cu>u,+

<uu><Ciu>C—-<uu><C,C>u



One more example of left-symmetric algebra
(I.Golubchik-VS).

Let A be associative algebra and R : A — A satisfies the
modified classical Yang-Baxter equation

R([R(z),y] — [R(y),z]) = [z, y] + [R(z), R(y)].
Then the multiplication
zoy=[R(x),y] - (zy + yx)

is left-symmetric.



Jordan triple systems and polynomial integrable models.

Consider mKdV-type systems of the form
up = ul,, + C;kmukuju;n, i,5,k=1,...,N.

Let T be an algebraic triple system with a basis ey, ...,eyx such
that ‘
{ej,ep,en} = C’;kmei.

fU=>%, uFey, then the algebraic form of the equation is given
by

Theorem. For any triple Jordan system equation (14) has an
infinite series of generalized symmetries.



Definition. A triple system T is called Jordan if the following
identities

{X,KZ} - {Z7Y7X}7

{X7Y7{V7VV;Z}} _{V7W7{X7KZ}} =
{{X,)/,V},W,Z} - {V, {KX,W},Z}.

hold.

If * is a multiplication in any associative algebra then
{X,)YV,Z} =X *«Y «xZ+ Z Y x X is a Jordan triple product.

Examples of simple triple Jordan systems.
a) The set of all N x N matrices w.r.t.

(XY, Z}=XYZ+2YX

b) The set of all skew-symmetric N x N matrices w.r.t. the
same operation.



c) The set of all N-dimensional vectors w.r.t.
{X) Y Z} =< XY >Z+ <Y, Z>X-< X, Z>Y.
d) The set of all N-dimensional vectors w.r.t.

{X,Y,Z} =< XY >Z+ <Y, Z > X.

There is the following generalization of Example d. The vector
space of all n x m-matrices is a Jordan triple system with
respect to operation

(X)Y, 2}y = XY'Z + ZY'X,

where "t"stands for transposition.



The integrable vector systems corresponding to Examples ¢ and
d are given by
U = Ugye + (U, 1) uy.

and
U = Uy + (u,u)u, + (u,uy) u.

The matrix triple Jordan system generates the matrix mKdV
equation
Up = Upag + UU, + U, U,



Theorem. For any Jordan triple system the nonlinear
Schroedinger-type system

Up=Upe +{V.U,V}, Vi=—Vou —{U,V,U},
and the nonlinear derivative Schroedinger-type system
Ut =Uspo + {V,U,V}a, Vi=-Voe —{UV,U}s,
possess generalized symmetries.

The corresponding integrable NLS-type systems:
a. the matrix NLS equation

U = U + 2uvu, Vg = —Ug — 20UV;
c the vector NLS equation 2 (Kulish-Sklyanin)

U =ug +2 < u,v>u—<u,u>v,
v =—v3 —2<u,v>v+ <v,v> U

d the vector NLS equation 1 (Manakov)

U =ug + 2 < u,v>u, v = —vg — 2 < u,v > 0;



Part 4. Jordan triple systems and rational integrable
models.

Results have been obtained by S. Svinolupov and VS.
There exist rational integrable equations like the

Schwartz-KdV equation

3 u?
Ut = Uggy — -2,

2 ug
What is the Jordan analog of this equation?

What is %? A proper answer is: it is any solution of the ODE
! 2
y ==y

Let {X,Y, Z} be a Jordan triple system,

U= Zukek.
k



Let ¢p(ul,...,u™) =", ¢¥ex, be a solution of the following
overdetermined consistent system

=10, en 0}

By definition, U~! = ¢(U).
If{X,Y,Z} = }(XYZ + ZY X), then
p(U)=U"".
For
{X,Y,2) =< XY >Z+ <Y, Z>X-<X,Z>Y

we have

U
el

P(U) =



For any triple Jordan system the following equations have
infinitely many generalized symmetries.

Class 1. The following Jordan equations of the Schwartz-KdV
type
3
Ut = Ux:c:r: - i{Uxm U:Cv U:c:r:}

The correspondent matrix equation is given by

_ -1
Ut = Uggy — FZUzaUy Ugz,

2
where u(z,t) is an N x N matrix.

Class 2. Equation of the form
3
Up = Upaz — 3{Us, U Up} + 5 {Us: (U1 U,, U}, U, }.

The corresponding matrix equation has the following form:

-1 -1 -1 -1
Up = Uggpg — = U  Ugy — —Upzpl  Up + §umu UgU Uy,

2 2



Class 3. The scalar representative of this class is the
Heisenberg model
2 5 2 9

U Vp = —Ugy + V..
utv utv ©

Ut = Ugy —

The corresponding integrable Jordan coupled equations are
given by
Ut = Ugy — 2{uac7 (U + U)ilv u:v}a

vy = —Ugp + 2{vg, (u +v) " v, }
The matrix equation is of the form

Up = Ugy — 2uy(u + v)*lux,

Vp = —Ugy + 20z (u + v)*lvw.



Class 4. Consider the equation
Uy = {Us, U1, Uy} (16)

In the matrix case this coincides with the equation of the
principal chiral field

1 _ _
Upy = §(uzu 1uy + uyu 1ur).
It is easy to verify that for any triple Jordan system equation

(16) admits the following zero-curvature representation

2 2
U, =L, 0, U,=—— [,V
(=X SECEDY

Here we denote by Lx the left multiplication operator:

Lx(Y)={X,U1Y}



Remark. There exist close relationships between the Jordan
algebras and the Jordan triple systems. Namely, any Jordan
algebra generates a triple system by the formula

{X,)V,Z} =(XoY)oZ+(ZoY)oX —-Yo(XoZ). (17)

Conversely, any Jordan triple system {X,Y, Z} yields a family
of Jordan algebras with the multiplication

XoY ={X,0,Y},

where ¢ is an arbitrary element.



Part 5. Deformations of algebraic structures and
integrable models of geometric type.

Results have been obtained by S. Svinolupov and VS.

e Sokolov V.V., Svinolupov S.I., Deformation of
non-associative algebras and integrable differential
equations, Acta Applicant Mathematica, 41(1-2), 323-339,
1995.

e Svinolupov S.I., Sokolov V.V.  Deformations of Jordan
triple systems and integrable equations, Meteor. and Mat.
Fitz, 108(3), 1160 — 1163, 1996.

e Habibullin I.T., Sokolov V.V., Yamilov R.I.,,
Multi-component integrable systems and non-associative

structures, in ,Nonlinear Physics: theory and experiment®,
World Scientific Publisher: Singapore, 139-168, 1996.



Consider multi-component systems of the form

This class is invariant under point transformations: ¥ = ¥().
Under these transformations, the set of functions a?k(ﬁ) are
transformed as components of an affine connection I,

Let R and T be the curvature and the torsion tensors of I'.

We would like to describe equations from this class having
infinitely many generalized symmetries. The following equation

3
U = Usze = 3{Us, U™, Usa} + S {Ua, {UT, Us, U™}, Ua}

gives us an example of such equation.



It is convenient to rewrite the system as

i
Uy = :L‘a:x + 3a]kuxuxz+

ot . , ‘
(S8 + 20, 0~y + B ) i
where B;km = B}wm = Bfnkjv ie.

BX.Y,Z)=B(Y,X,Z) = B(X,Z,Y)

for any vectors X,Y, Z. It is easy to verify that the set of
functions B;km are transformed just as components of a tensor.



In order to formulate classification results, we introduce the
following tensor:

o(X.Y,2) = B(X, Y, 2) ~ 10(X. Y, 2) + 50(Z, X,Y),
where
XY, Z)=T(X,T(Y,Z))+ R(X,Y,Z) - Vx(T(Y, Z)).
It follows from the Bianchi identity that
o(X,Y,Z)=0(2,Y,X).
Notice that if T = 0, then
R(X,)Y,Z)=0(X,2,Y)—-0(X,Y, Z),

B(X,Y,Z)=-(c(X,)Y,Z)+0(Y,Z,X)+0(Z,X,Y)).

1
3



Theorem. The system (18) has infinitely many symmetries iff

(-]

Vx[R(Y,Z, V)] =R(Y,X,T(Z,V)),

Vx [VY(T(Z7 V)) - T(Yv T(Za V)) - R(Y7 Z, V)] =0,

VX(U(Y’ Za V)) - 07

T(X,o(Y,Z, V) +T(Z,0(Y,X,V)) +
+T(Y,0(X,V, Z)) + T(V,0(X,Y, Z)) =0,

o(X, oY, Z, V), W) —-oc(W,V,0(X,Y,Z))+
o(Z,Y,0(X, V,W)) —o(X,V,0(Z,Y,W))=0.



If T'= 0, we have a symmetric space together with covariantly
constant deformation of a triple Jordan system.

In the case T' # 0, a generalization of the symmetric spaces
appears. I do not know whether such affine connected spaces
have been considered by geometers.

Theorem. For any Jordan triple system {-,-,-} with structural
constants s;km, there exists a unique (up to point transforma-
tions) integrable equation (18), such that "= 0 and



There is a large class of integrable systems (18) related to
Jordan algebras.

Define aé-k (1) as a solution of the compatible PDE system
dajy,

oum

1 r 7 r 7 r
- O‘7‘k0‘mj + ajramk - amrajk (20)

with initial data aék(O) = C]Z:k, where C’;k are structural
constants of a Jordan algebra. Then we get a family of Jordan
algebras with the srtuctural constants a;k,(ﬂ')7 depending on

1

parameters u', ..., u". Denote the multiplication in this family

by o.
Define the family of triple Jordan systems by

{X,)Y,Z}=(XoY)oZ+(ZoY)oX —Yo(XoZ).
Let O’;km(ﬁ) be the structural constants of this family.

Then the corresponding system (18) possesses infinitely many
generalized symmetries.



For example, in the equation
3
U = Usaa = 3{Us, U™, Upa} + 5{Un, (U, U, U}, U}

the term {U,,U "', U,,} can be treated as a product U, o U, in
a Jordan algebra whose structural constants depend on U in a
special way.

Equations with initial vector Jordan triple systems cannot be
obtained by this construction. They are of the form

3 , A1,y

where A =1 or A =0, and

< C,uy >u||2

P(u,uy) = ||uz + = (C.w)



