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§1. KP and Toda
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Reductions

KP (‘WDOs")

Lax: Lxp =0 + ula_l + ...
+

Gelfand-Dickey (GD):

(L) - =0

L=3"+1—|—---+W0

n dependent variables

Bi-Hamiltonian: {, }1, {, }2

Casimirs of {, }1 generate n
sequences of Hamiltonians in
involution

2D Toda ('AOs')

Lax: pairs (L1, Lp) of
difference operators

+
Bigraded Toda (BTH):
Ly =17
L=Nt o du_ A
k + m dependent variables
Bi-Hamiltonian

Casimirs of {, }1 generate
k + m — 1 sequences of
Hamiltonians in involution

a common Casimir = a
missing sequence of flows!
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Extended bigraded Toda hierarchy (EBTH)

Lax operator:
L=Nfwe N AT

flows coming from reduction of 2D Toda flows, p > 0 :

L
a?ap = [(Lerlia/k)-‘r? L] a=k—-1,...,0
L
a?a S=LPrreim_l a=—-1,..,-m+1
extended flows:
L
(‘)ta—mp =[(LPlogl)4+,L] a=0,...,—m+1

logL=> v, [logL,L]=0
1eZ

with v; uniquely determined elements in (C[WI.("), log w_m, wo/ ™|[[€]l.

[C., Dubrovin, Zhang (2004); C. (2006)]
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Bi-Hamiltonian formulation

Two compatible Poisson brackets

{wi(x), wj(y)}1 = cij(witj(x)0(x — y + i€) — witj(x — je)d(x — y — je))
{wi(x), wi(y)}2 = Z[WiJrjf/(X)W/(X + (I = Ne)d(x —y + (i — I)e)
1<j
= W) Wipj—1(x + (I = j)e)d(x — y + (I = j)e)]

i NN —
) (P20 o - )




§2. Hirota for descendent potential of Cy
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Frobenius manifold
Landau-Ginzburg model

My m - Frobenius manifold of degree (k, m) Laurent polynomials:

AMx)=xK 4+ Fwo ™

local algebra: C[x,x 1]/ < O\ >
. / /!
flat metric: < 9’',0” >= Res,, 8;\85:/\)\%

My m coincides with the F.mfd. on the orbit space on extended affine
Weyl group WK (A4 m_1) [Dubrovin, Zhang (1998)]
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Givental total descendent potential

To a calibrated s.s. Frobenius manifold one associates

____k+m
DMk,m = cgflgzli’eu/z H Dpt(€2Ai; \/Klql)
i=1

Dpt(qi) - KW potential € C((€))[[qo,i, 91.i, 92,i, - - - ]| with dilaton shift
qii — qui+1

u; - canonical coords, U = diag(u1,. .., Uk+m)
A, 1 related to the change from canonical to flat coords

S, R are quantized elements of twisted loop group £(® GL(H)
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Vertex operators and Hirota equation

2= 1) (-2)

1€Z

Let

the vertex operator is
ra — e(fa)* e(fa)+

The quantization rules give

a = _lz - 1) aqﬁé
n=0

)5 =S (-1 2

n=0 aq"

Hirota quadratic equations (for ancestor potential)

(I @ 1) (Z (NP e I'a> (A x A)dX\ is regular A ~ oo

acA
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Vertex operators: Oy-valued

D - algebra of differential operators of the form >_7_, ax(x, €)0k
- introduce D-valued vertex operators o [o#

- for the descendent Hirota, they have the form:

Al 0
rio = exp ( — ;} Hq,’j(‘)x) -exp(xa—qg)

0 AN
I_fifé = exp(xa—qé) - exp (; ﬁq,ljﬁ)()

11/27



Hirota quadratic equations

(descendent) Hirota quadratic equation

5 N R & 1 ' e, b
(M#er) ;Z)\ak reers - — oA, " TR erl) (rer)dA
a=1 b=k+1

is regular for (q¥)" — (q&) =erforre Z .

The total descendent potential DMk.m satisfies the Hirota quadratic
equation [Milanov, Tseng 2008]
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For 1 < a<k, let

—n— 1 —n— n
2= 08 A = ek (—2) "4 LY ik

n>0 n>=0
P ), )
a=1 neZ

Fork+1<b<k+m,let

n
fb — — % > %uogb(m*m) Gt (—z)y - L > T ldtkz

| m
n=>0 n>0

= a/m—n— 8 n
-2 (% - 1),/ e (72)

a=1 neZ
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Remark on GW
[Milanov, Tseng 2008]

Ci,m - CP?! orbifold with two orbifold points of order k, m

» My m is isomorphic to the Frobenius manifold QH;,,(Ck m)

» Conjecture: the total descendent potential DMk.m coincides with the
generating function of orbifold Gromov-Witten invariants of Cy

We prove: DMkm is a tau function of EBTH

14 /27



§3. From Hirota to Lax for EBTH
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Symbol of dressing operator
Consider first:

—

ro#rar — ro# . o(f)- . o(f)+ 1

F)r
e
Pr(A<) = %
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Symbol of dressing operator
Consider first:

[otrar = ro# . o(F)= . o(F)ey

e(fa)+7-

T

M) =
Explicitly

Pi1(¢) = %exp (TeZn!("kk 0 +

k+m
n=0 8q”

a—n a
+EZZ n—— e kk8q>T

n>0 a>1

» a-dependence only through A‘lq/k !
» no shift in gX: bigger arbitrarity in 7 |
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r#rar = 7Py %)-

k—1
" eXp ( - i Z Z (% - 1)7%1/\?/”"%_‘“)'

n>0 a=1

1 = A" B
- exp ( - ,;0 ﬁ(log)\a — c,,)q,,)-

_ q(‘§+x n

A Fexp (Z %qﬁax)

n>0

18 /27



No more log A, dependence:

1 1
A AT EE 9 (S
n=0

HM>

Voo Lo Af
o0 ([ 3 St e >)'a
n>0
Define the wave function W; and get:

_ q(l;er

F#rar = 7wy )a, *

a 1 oc/k—l—nqk a>.
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In a similar way, we prove:

qk+x

Fr=2r = X% Wi\ ),

FO#rbr = 7 Ws (A 1/’")()\ Q™"

MOr=br = (@ ™) e Wz()\l/m)T.
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Wavefunction Hirota quadratic equation
Substitution in Hirota equation gives:

= ZWI 1/k )\l/k))\‘(;r—k-&-l)/kd/\_

r+1 k+m 1
Q Z W2 )\ )/\E)—m—r—l)/md)\
b=k+1

» change to the variable ¢

» express regularity by residues on ¢

Res Wa(C)WF(€)*H7dC = Resg Wa(C)W3(€)¢™ "2

21/27



Difference operators

A= Zas/\s = Z/\sés
S S

left and right symbols:

o(A) =) ai®, o(A)=) 3

s S

“Fundamental lemma":

Res, UI(A)U,(B)GICC = Resp AB

for any two difference operators A and B.



Waveoperators Hirota equation

Res¢ Wl(C)Wf(C)CkS‘HdC = ReSC W2(C)W§(C)Cms_r_2dc

“Quantize” the symbols P;, W; to difference operators P;, W; (and their
duals).

Wavefunction Hirota becomes
Wl(qla X)/\—ks—l Wl*(q,/a X) — W2(q/, X)/\ms—l W2*(q//’ X)

for (q5) = (qg)" and s > 0
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Consequences...

Wl(q’, X)/\—ks—l Wl*(q”v X) _ Wz(q/, X)Ams—l W2*(q/l’ X)

for (q5) = (9¢)" and s > 0

l.s=0and ¢ =q¢" = PIANIP; = PA1P;
=> P}(x —€) is the inverse of P;

2.s=1landq =q¢" = PINFP[l=PA"P =L
— L=N"k4+ . fu,\"

3. differentiate w.r.t. ¢% and set s =0, ¢’ = ¢”
= Sato equations for EBTH
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Sato equations for EBTH

36/5 aqn
1, 5 _B8
sza(—k)—n— Lre 1<f<k-1,
1 B—k
B = LKy L ks1<B<k4m,

Conversely, with a solution of EBTH we associate a tau function that

solves the MT Hirota equation.
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Thanks!
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Periods

functions I‘g/)()\, t) € H, | € Z on M x C*\ A which satisfy, in particular

ay I = U+

in this case:

(P(0))a = —0a [d—l (“‘g(x))dxxx ) ] p>0

Xz = Xa(t, \) multivalued function on M x C*\ A
a - choice of point x, in preimage A~1()\o) at reference point (tg, \o)
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