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Motivation

Intersection theory for Hamiltonian deformations of Lagrangian submanifds
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Intersection theory for Hamiltonian deformations of Lagrangian submanifds

Conjecture (Arnold-Givental)

Let ir(N) be a transversal Hamiltonian deformation of a Lagrangian
submanifold N € M, dim N = n. Then nfor any t >0,

#(N N ie(N) =D be(N; Zo).
k=0
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Let ir(N) be a transversal Hamiltonian deformation of a Lagrangian
submanifold N € M, dim N = n. Then nfor any t >0,

#(N N ie(N) =D be(N; Zo).
k=0

This is a generalisation of Arnold conjecture on the minimum number of
fixed points for a Hamiltonian symplectomorphism.
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Motivation

Intersection theory for Hamiltonian deformations of Lagrangian submanifds

Conjecture (Arnold-Givental)

Let i(N) be a transversal Hamiltonian deformation of a Lagrangian
submanifold N € M, dim N = n. Then nfor any t >0,

#(N N ie(N) =D be(N; Zo).
k=0

This is a generalisation of Arnold conjecture on the minimum number of
fixed points for a Hamiltonian symplectomorphism.

Inspired by some progress related to these conjectures in the early 1990s,

Y .-G. Oh initiated the study of the stability properties of Lagrangian
submanifolds under Hamiltonian deformations in K&hler manifolds. This led
to the notion of Hamiltonian minimality (H-minimality), the symplectic
analogue of the minimality in Riemannian geometry.

<
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Basics

Let M be a Kahler manifold with symplectic form w, dimg M = 2n. J

Taras Panov (MSU) Quadrics and Lagrangian submanifolds 18 Dec 2012 3/20



Basics

Let M be a Kahler manifold with symplectic form w, dimg M = 2n. J

An immersion i: N & M of an n-manifold N is Lagrangian if i*(w) = 0. If
i is an embedding, then i(N) is a Lagrangian submanifold of M. J
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Let M be a Kahler manifold with symplectic form w, dimg M = 2n. J

An immersion i: N & M of an n-manifold N is Lagrangian if i*(w) = 0. If
i is an embedding, then i(N) is a Lagrangian submanifold of M. J

A vector field £ on M is Hamiltonian if the 1-form w( -, &) is exact. J
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Basics

Let M be a Kahler manifold with symplectic form w, dimg M = 2n. )

An immersion i: N & M of an n-manifold N is Lagrangian if i*(w) = 0. If
i is an embedding, then i(N) is a Lagrangian submanifold of M. J

A vector field £ on M is Hamiltonian if the 1-form w( -, &) is exact. ]

A Lagrangian immersion i: N & M is Hamiltonian minimal (H-minimal) if
the variations of the volume of i(NV) along all Hamiltonian vector fields
with compact support are zero, i.e.

d )
o VOI(’t(N))‘t:o =0,

where i¢(N) is a Hamiltonian deformation of i(N) = ip(N).

4
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Explicit examples of H-minimal Lagrangian submanifolds in C™ and CP™
were constructed in the work of Yong-Geun Oh, Castro—Urbano,
Hélein—Romon, Amarzaya—Ohnita, among others.
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Explicit examples of H-minimal Lagrangian submanifolds in C™ and CP™
were constructed in the work of Yong-Geun Oh, Castro—Urbano,
Hélein—Romon, Amarzaya—Ohnita, among others.

In 2003 Mironov suggested a universal construction providing an H-minimal
Lagrangian immersion in C™ from an intersection of special real quadrics.

<
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Explicit examples of H-minimal Lagrangian submanifolds in C™ and CP™
were constructed in the work of Yong-Geun Oh, Castro—Urbano,
Hélein—Romon, Amarzaya—Ohnita, among others.

In 2003 Mironov suggested a universal construction providing an H-minimal
Lagrangian immersion in C™ from an intersection of special real quadrics.

<

The same intersections of real quadrics are known to toric geometers and
topologists as (real) moment-angle manifolds. They appear, for instance,
as the level sets of the moment map in the construction of Hamiltonian
toric manifolds via symplectic reduction.
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Explicit examples of H-minimal Lagrangian submanifolds in C™ and CP™
were constructed in the work of Yong-Geun Oh, Castro—Urbano,
Hélein—Romon, Amarzaya—Ohnita, among others.

In 2003 Mironov suggested a universal construction providing an H-minimal
Lagrangian immersion in C™ from an intersection of special real quadrics.

<

The same intersections of real quadrics are known to toric geometers and
topologists as (real) moment-angle manifolds. They appear, for instance,
as the level sets of the moment map in the construction of Hamiltonian
toric manifolds via symplectic reduction.

Here we combine Mironov's construction with the methods of toric
topology to produce new examples of H-minimal Lagrangian embeddings
with interesting and complicated topology.

V.
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Polytopes and moment-angle manifolds

A convex polytope in R" is obtained by intersecting m halfspaces:

P={xeR": (aj,x)+ b >0 fori=1,...,m}.
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Polytopes and moment-angle manifolds

A convex polytope in R" is obtained by intersecting m halfspaces:

P={xeR": (aj,x)+ b >0 fori=1,...,m}.

Suppose each F; = PN {x: (a;,x) + b; = 0} is a facet (m facets in total).J
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Polytopes and moment-angle manifolds

A convex polytope in R" is obtained by intersecting m halfspaces:

P={xeR": (aj,x)+ b >0 fori=1,...,m}.

Suppose each F; = PN {x: (a;,x) + b; = 0} is a facet (m facets in totaI).J

Define an affine map

ip:Rn%Rm, ip(X): ((al,x>+b1,...,<am,x>+bm).
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Polytopes and moment-angle manifolds

A convex polytope in R" is obtained by intersecting m halfspaces:

P={xeR": (aj,x)+ b >0 fori=1,...,m}.

Suppose each F; = PN {x: (a;,x) + b; = 0} is a facet (m facets in totaI).J

Define an affine map

ip:Rn%Rm, ip(X): ((al,x>+b1,...,<am,x>+bm).

Then ip is monomorphic, and ip(P) C R™ is the intersection of an n-plane
with R? = {y = (y1,...,¥m): yi = 0}.
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Define the space Zp from the diagram

ZP I—Z) cm (zl,...,zm)
I 17 |
P —25RT (|laP.., |zl

Zp has a T™-action, Zp/T™ = P, and iz is a T"™-equivariant inclusion.
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Zp has a T™-action, Zp/T™ = P, and iz is a T"™-equivariant inclusion.

A polytope P is simple if exactly n = dim P facets meet at each vertex. J
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Define the space Zp from the diagram

ZP -I—Z——> cm (21,...,2,7,)
I 17 |
P —25RT (|laP.., |zl

Zp has a T™-action, Zp/T™ = P, and iz is a T"™-equivariant inclusion.

A polytope P is simple if exactly n = dim P facets meet at each vertex. J

Proposition

If P is simple, then Zp is a smooth manifold of dimension m + n.
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Define the space Zp from the diagram

ZP -I—Z——> cm (Zl,...,Zm)
I L |
P —25RT (|laP.., |zl

Zp has a T™-action, Zp/T™ = P, and iz is a T"™-equivariant inclusion.

A polytope P is simple if exactly n = dim P facets meet at each vertex. J

Proposition

If P is simple, then Zp is a smooth manifold of dimension m + n.

Write ip(R") by m — n linear equations in (y1,...,¥m) € R™. Replace yj
by |zx|? to obtain a presentation of Zp by quadrics. O
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Zp is the moment-angle manifold corresponding to P. ]
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Zp is the moment-angle manifold corresponding to P. J

Similarly, by considering

Rp —— R7™ (ury-oyum)
| [ |
p —P Ry (2. u2)

we obtain the real moment-angle manifold Rp.
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Zp is the moment-angle manifold corresponding to P. |

Similarly, by considering

Rp —— R7™ (u1,...,Um)
| [ |
p —P Ry (2., u2)

we obtain the real moment-angle manifold Rp.

| \

Example

P={(x1,x) €R?: x>0, x2 >0, —y1x1 —y2x0 +1 >0}, 71,72 >0
(a 2-simplex). Then

Zp = {(z1,22,23) € C3: y1|z1|2 + 72| 22|? + |23|*> = 1} (a 5-sphere),
Rp = {(u1, u2, u3) € R*: mi|un]? + 72|l + [us|* = 1} (a 2-sphere).
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Torus actions

Have intersections of quadrics

Zp={z=(z1,...,2m) € C™: ’71|Zl’2+"'+’)’m|2m|2:c},
Rp={u=(u1,...,u;n) ER™: v + - + ymu’ = c}

where 71, ...,vm and ¢ are vectors in R™~".
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Torus actions

Have intersections of quadrics

Zp={z=(z1,...,2m) € C™: ’71|Zl’2+"'+’)’m|2m|2:c},
Rp={u=(u1,...,u;n) ER™: v + - + ymu’ = c}

where 71, ...,vm and ¢ are vectors in R™~".

Assume that the polytope P is rational. Then have two lattices:
AN=1Z{ai,...,am) CR" and L=Z{y1,...,Ym) CR™".
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Torus actions

Have intersections of quadrics

ZP:{ZZ(Zl""’Zm)E(Cmi’71|Z1!2+-~-+fym\zm|2zc}’
Rp={u=(u1,...,u;n) ER™: v + - + ymu’ = c}

where 71, ...,vm and ¢ are vectors in R™~".

Assume that the polytope P is rational. Then have two lattices:
AN=1Z{ai,...,am) CR" and L=Z{y1,...,Ym) CR™".

Consider the (m — n)-torus Tp = {(e 2ritvae) 27“'@'"’@) €T},
ie. Tp =R™"/L* and set Dp = $L*/L* = (Z )m m.
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Torus actions

Have intersections of quadrics

ZP:{Z:(Z]_,7Zm)€(cmf}/1|21’2_|_+7m‘zm|2zc}’
RP:{UZ(U17""Um)€Rm:71U%+"'+"}/mu,2n:c}

where 71, ...,vm and ¢ are vectors in R™~".

Assume that the polytope P is rational. Then have two lattices:
AN=1Z{ai,...,am) CR" and L=Z{y1,...,Ym) CR™".

Consider the (m — n)-torus Tp = {(e%im,@, L e27rll<’ym,go>) c T’"},
e Tp = R™ /L% and set Dp = 3L/ = (Zp)™".

Proposition

| A\

The (m — n)-torus Tp acts on Zp almost freely.

V.
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Main construction

Consider the map

f:RPX TP—>(Cm,

(U, SO) —Uu-p= (u1e27ri<'717§0>, o ume27ri('y,,,,¢p))‘
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Main construction

Consider the map

f:RPX Tp—><C’",

(U, gp) —Uu-p= (u1e27ri<'71:§0>, o ume27ri('y,,,,<p))‘

Note f(Rp x Tp) C Zp is the set of Tp-orbits through Rp C C™.
Have an m-dimensional manifold

Np = RP XDp Tp.
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Main construction

Consider the map

f:RPX Tp—><C’",

(U, SD) = u-p= (ule27ri<'71:§0>, o ume27ri('y,,,,<p))‘

Note f(Rp x Tp) C Zp is the set of Tp-orbits through Rp C C™.
Have an m-dimensional manifold

Np = RP XDp Tp.

v

f: Rp x Tp — C™ induces an immersion j: Np & C™. \
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Main construction

Consider the map

f:RPX Tp—><C’”,

(u’ (p) = u- QO — (ulezﬂ—l(vlv@), cee umezﬂ—l(’ym:@))‘

Note f(Rp x Tp) C Zp is the set of Tp-orbits through Rp C C™.
Have an m-dimensional manifold

Np = RP XDp Tp.

v

f: Rp x Tp — C™ induces an immersion j: Np & C™.

Theorem (Mironov)

The immersion j: Np & C™ js H-minimal Lagrangian.
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When j: Np & C™ is an embedding?
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When j: Np & C™ is an embedding?

A simple rational polytope P is Delzant if for any vertex v € P the set of
vectors aj,, ..., aj;, normal to the facets meeting at v forms a basis of the

n

lattice A = Z(ay,...,am):

Z(al,...,am> = Z<a,'1,... ,a,-n> for any v = F,'l N---N F,'n.
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When j: Np & C™ is an embedding?

A simple rational polytope P is Delzant if for any vertex v € P the set of

vectors aj,, ..., a;, normal to the facets meeting at v forms a basis of the
lattice A = Z(ay,...,am):

Z(al,...,am>:Z<a,-1,...,a,-n> for any V:F,'lﬂ---ﬂ/:,'

n*

Theorem

| \

The following conditions are equivalent:
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When j: Np & C™ is an embedding?

A simple rational polytope P is Delzant if for any vertex v € P the set of

vectors aj,, ..., a;, normal to the facets meeting at v forms a basis of the
lattice A = Z(ay,...,am):

Z(al,...,am>:Z<a,-1,...,a,-n> for any V:F,'lﬂ---ﬂ/:,'

n*

Theorem

| \

The following conditions are equivalent:

Q j: Np — C™ is an embedding of an H-minimal Lagrangian
submanifold;
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When j: Np & C™ is an embedding?

A simple rational polytope P is Delzant if for any vertex v € P the set of

vectors aj,, ..., a;, normal to the facets meeting at v forms a basis of the
lattice A = Z(ay,...,am):

Z(al,...,am>:Z<a,-1,...,a,-n> for any V:F,'lﬂ---ﬂ/:,'

n*

Theorem

| \

The following conditions are equivalent:

Q j: Np — C™ is an embedding of an H-minimal Lagrangian
submanifold;

@ the (m — n)-torus Tp acts on Zp freely.
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When j: Np & C™ is an embedding?

A simple rational polytope P is Delzant if for any vertex v € P the set of
vectors aj,, ..., a;, normal to the facets meeting at v forms a basis of the
lattice A = Z(ay,...,am):

Z(al,...,am> = Z<a,'1,... ,a,-n> for any v = F,'1 N---N F,'n.

Theorem

| \

The following conditions are equivalent:
Q j: Np — C™ is an embedding of an H-minimal Lagrangian
submanifold;
@ the (m — n)-torus Tp acts on Zp freely.

© P is a Delzant polytope.

Taras Panov (MSU) Quadrics and Lagrangian submanifolds 18 Dec 2012 10 / 20



Get an H-minimal Lagrangian submanifold Np in C™ for any Delzant
n-polytope P with m facets! J
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Get an H-minimal Lagrangian submanifold Np in C™ for any Delzant
n-polytope P with m facets!

Explicit constructions of families of Delzant polytopes are known in toric
geometry and topology:
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Get an H-minimal Lagrangian submanifold Np in C™ for any Delzant
n-polytope P with m facets!

Explicit constructions of families of Delzant polytopes are known in toric
geometry and topology:

@ simplices and cubes in all dimensions;
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Get an H-minimal Lagrangian submanifold Np in C™ for any Delzant
n-polytope P with m facets!

Explicit constructions of families of Delzant polytopes are known in toric
geometry and topology:

@ simplices and cubes in all dimensions;

@ products and face truncations;
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Get an H-minimal Lagrangian submanifold Np in C™ for any Delzant
n-polytope P with m facets!

Explicit constructions of families of Delzant polytopes are known in toric
geometry and topology:

@ simplices and cubes in all dimensions;

@ products and face truncations;

@ associahedra (Stasheff polytopes), permutahedra, and generalisations.

v
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SETNTIES

Example (one quadric)

Let P = A™ ! (a simplex), ie. m—n=1.
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SETNTIES

Example (one quadric)

Let P = A™ ! (a simplex), ie. m—n=1.
Ram-1 is given by a single quadric

’71uf+---+7mu,2n:c

with 7; > 0, i.e. Raom-1 & sm-1
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SETNTIES

Example (one quadric)

Let P = A™ ! (a simplex), ie. m—n=1.
Ram-1 is given by a single quadric

’71uf+---+7mu,2n:c

with 7; > 0, i.e. Raom-1 & sm-1
Then

N smly, Sle Sm=1 x St if 7 preserves the orient. of S™71,
2 Kxm if 7 reverses the orient. of S™71,

where 7 is the involution and K™ is an m-dimensional Klein bottle.
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Proposition (one quadric)

We obtain an H-minimal Lagrangian embedding of Nam-1 = S"~1 xz, St
in C™ whenever 1 = -+ = Ym in y1U$ + -+ + ymu3, = C.
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Proposition (one quadric)

We obtain an H-minimal Lagrangian embedding of Nam-1 = S"~1 xz, St
in C™ whenever 1 = -+ = Ym in y1U$ + -+ + ymu3, = C.
The topology of Nam-1 = N(m) depends on the parity of m:

N(m) = S™~1 x St if m is even,
N(m) = K™ if m is odd.
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Proposition (one quadric)

We obtain an H-minimal Lagrangian embedding of Nam-1 = S"~1 xz, St
in C™ whenever 1 = -+ = Ym in y1U$ + -+ + ymu3, = C.
The topology of Nam-1 = N(m) depends on the parity of m:

N(m) = S™~1 x St if m is even,
N(m) = K™ if m is odd.

The Klein bottle L™ with even m does not admit Lagrangian embeddings
in C™ [Nemirovsky, Shevchishin].
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Theorem (two quadrics)

letm—n=2,ie P~ AP 1x AL
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Theorem (two quadrics)
Letm—n=2,ie P~AP1x AL
o Rp is diffeomorphic to R(p, q) =2 SP~1 x S9! given by
Ut Ut Uy U =1,

uf+...+u,% +u§+1+---+u,2n:2,

wherep+qg=m,0< p<mand0<k<p.
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Theorem (two quadrics)
Letm—n=2 ie P~AP1xAIL
o Rp is diffeomorphic to R(p, q) =2 SP~1 x S9! given by

Ut Ut Uy U =1,

uf+...+u,% +u§+1+~--+u,2n:2,

wherep+qg=m,0< p<mand0<k<p.
e If Np — C™ is an embedding, then Np is diffefomorphic to

Nk(p, @) = R(p, q) Xz,x7, (S* x S1),

where the two involutions act on R(p, q) by
P (Ul, o0 um) =7 (—Ul, cooy — Uk —Uk41, .- —Upy Upt1,y -y um)r
Yo (Ur, .oy Um) = (—UL, o — Uy Uk, - s Upy —Upidy oo, —Upm).
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Theorem (two quadrics)
Letm—n=2 ie P~AP1xAIL
o Rp is diffeomorphic to R(p, q) =2 SP~1 x S9! given by

Ut Ut Uy U =1,

uf+...+u,% +u§+1+~--+u,2n:2,

wherep+qg=m,0< p<mand0<k<p.
e If Np — C™ is an embedding, then Np is diffefomorphic to

Nk(p, @) = R(p, q) Xz,x7, (S* x S1),

where the two involutions act on R(p, q) by

1 (Ut .. um) = (—un, oo, — Uk, — Uk, - oy —Upy Uptdy .oy Um),

Yo (Ur, .oy Um) = (—UL, o — Uy Uk, - s Upy —Upidy oo, —Upm).
There is a fibration Ni(p, q) — S971 xz, S* = N(q) with fibre N(p).
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Example (three quadrics)

In the case m — n = 3 the topology of compact manifolds Rp and Zp was
fully described by [Lopez de Medrano]. Each manifold is diffeomorphic to a
product of three spheres, or to a connected sum of products of spheres,

with two spheres in each product. |

15 / 20
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Example (three quadrics)

In the case m — n = 3 the topology of compact manifolds Rp and Zp was
fully described by [Lopez de Medrano]. Each manifold is diffeomorphic to a
product of three spheres, or to a connected sum of products of spheres,
with two spheres in each product.

The simplest case is n =2 and m = 5: a Delzant pentagon. J
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Example (three quadrics)

In the case m — n = 3 the topology of compact manifolds Rp and Zp was
fully described by [Lopez de Medrano]. Each manifold is diffeomorphic to a
product of three spheres, or to a connected sum of products of spheres,
with two spheres in each product.

The simplest case is n =2 and m = 5: a Delzant pentagon.

D e

In this case Rp is an oriented surface of genus 5, and Zp is diffeomorphic
to a connected sum of 5 copies of S3 x S*.
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Example (three quadrics)

In the case m — n = 3 the topology of compact manifolds Rp and Zp was
fully described by [Lopez de Medrano]. Each manifold is diffeomorphic to a
product of three spheres, or to a connected sum of products of spheres,
with two spheres in each product.

The simplest case is n =2 and m = 5: a Delzant pentagon.

In this case Rp is an oriented surface of genus 5, and Zp is diffeomorphic
to a connected sum of 5 copies of S3 x S*.

Get an H-minimal Lagrangian submanifold Np C C> which is the total
space of a bundle over T3 with fibre a surface of genus 5.

4| .. 2= =
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Proposition

Let P be an m-gon. Then Rp is an orientable surface Sz of genus
g=1+2m"3(m—4).
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Proposition

Let P be an m-gon. Then Rp is an orientable surface Sz of genus
g=1+2m"3(m—4).

Get an H-minimal Lagrangian submanifold Np C C™ which is the total

space of a bundle over T™2 with fibre Sg. It is an aspherical manifold (for

m > 4) whose fundamental group enters into the short exact sequence

1 —— m(Sg) —— m(N) —— Z™2 —— L.
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Proposition

Let P be an m-gon. Then Rp is an orientable surface Sz of genus
g=1+2m"3(m—4).

Get an H-minimal Lagrangian submanifold Np C C™ which is the total
space of a bundle over T™=2 with fibre S,. It is an aspherical manifold
m > 4) whose fundamental group enters into the short exact sequence

1 —— m(Sg) —— m(N) —— Z™2 —— L.

(for

For n > 2 and m — n > 3 the topology of Rp and Zp is even more
complicated.
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Generalisation to toric manifolds

Consider 2 sets of quadrics:

m
Zr={zeC™: Zk:l wlzl? =€}, v, ceR™

ZpA = {Z eC™: Z:zl 5klzk|2 = d}, Ok, d € Rm_e;

s. t. the polytopes corresponding to Zr, Za and Zr N Za are Delzant.
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Generalisation to toric manifolds

Consider 2 sets of quadrics:

m
Zr={zeC™: Zk:l wlzl? =€}, v, ceR™

ZpA = {Z eC™: Z:zl 5k|zk|2 = d}, Ok, d € Rm_e;

s. t. the polytopes corresponding to Zr, Za and Zr N Za are Delzant.

Define Rr, Tr X T™ ", Dr X Z7~", Ra, Ta X T™ ¢, Dp Zén_z e
before.

The idea is to use the first set of quadrics to produce a toric manifold M
via symplectic reduction, and then use the second set of quadrics to define
an H-minimal Lagrangian submanifold in M.
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M :=C™)) Tr = Z¢/ Tr a toric manifold, dim M = 2n. J
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M :=C™)) Tr = Z¢/ Tr a toric manifold, dim M = 2n. J

Real points Rr/Dr C Zr/Tr = M.
R := (Rr NRa)/Dr subset of real points of M, dimR = n+ ¢ — m. J

Define N:= R xp, Tao C M, dimN =n. J

N is an H-minimal Lagrangian submanifold in M.

Idea of proof.

Consider M := M)/ Ta = (Zr N Za)/(Tr x Ta).
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M :=C™)) Tr = Z¢/ Tr a toric manifold, dim M = 2n. J

Real points Rr/Dr C Zr/Tr = M.
R := (Rr NRa)/Dr subset of real points of M, dimR = n+ ¢ — m. J
Define N:= R xp, Tao C M, dimN =n. J

N is an H-minimal Lagrangian submanifold in M.

Idea of proof.
Consider M := M/ Ta = (Zr N Za)/(Tr x Ta). Then

N:=N/Ta = (Rr N Ra)/(Dr x Dpa) < (Zr N Za)/(Tr x Ta) = M

is a minimal (totally geodesic) submanifold.
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M :=C™)) Tr = Z¢/ Tr a toric manifold, dim M = 2n. J

Real points Rr/Dr C Zr/Tr = M.
R := (Rr NRa)/Dr subset of real points of M, dimR = n+ ¢ — m. J
Define N:= R xp, Tao C M, dimN =n. J

N is an H-minimal Lagrangian submanifold in M.

Idea of proof.
Consider M := M/ Ta = (Zr N Za)/(Tr x Ta). Then

N:=N/Ta = (Rr N Ra)/(Dr x Dpa) < (Zr N Za)/(Tr x Ta) = M

is a minimal (totally geodesic) submanifold.
According to [Y. Dong], N C M is H-minimal. O
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QIfm—£¢=0,ie Zx =, then M =C™ and we get the original
construction of H-minimal Lagrangian submanifolds N in C™.
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Q@ Ifm—n=0,ie Zr =, then N is set of real points of M. It is
minimal (totally geodesic).
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QIfm—£¢=0,ie Zx =, then M =C™ and we get the original
construction of H-minimal Lagrangian submanifolds N in C™.

Q@ Ifm—n=0,ie Zr =, then N is set of real points of M. It is
minimal (totally geodesic).

Q@ Ifm—(0=1,ie Zxn=S?>""1 then we get H-minimal Lagrangian
submanifolds in M = CP™ 1,
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