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Implicit ODEs:

F(y',x,y) =
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Implicit ODEs:

F(y',x,y)=0

S={(p,x,y) €ER®| F(p,x,y) =0}, A={pdx—dy=0}

Transformations: x = X(x,y), y = Y(x,y), X, Y € C*.
Cibrario normal form: y”2 = x.
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Folded singularities (A. A. Davydov):
Folded saddle, folded focus, and folded node.
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Folded singularities (A. A. Davydov):
Folded saddle, folded focus, and folded node.

Normal forms: y’?> = y — kx? where k is a continuous invariant.
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Transitions of S:

The following 2 transitions occur in a typical smooth family of surfaces
S. ={F(p,x,y,e) = 0} depending on a parameter ¢ € R (if F is smooth
and generic):
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Main result:

Let

ey
dx’
be a typical formal family of implicit ODEs depending on a parameter
eeR

F(an7y7€):Oa pP= FGR[[p,X,y,E]]

v
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Main result:

Let

dy
&7
be a typical formal family of implicit ODEs depending on a parameter
£ € R such that

F(an7y7€):Oa pP= FER[[p,X,y,s]]

9,F(0) = xF(0) = 8, F(0) = 0.

v
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Main result:
Let
dy
F(p’X7y7€):O7 p:a7 FeR[[p7X7y’€]]
be a typical formal family of implicit ODEs depending on a parameter
£ € R such that
0pF(0) = 04F(0) = 0, F(0) = 0.

Then it is reduced to one of the following 4 normal forms:

+p2+x2+y?=c+c(e)y®, <¢(0)>0

v
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Let
dy
F(p’X7y7€):O7 p:a7 FER[[p7X7y’€]]

be a typical formal family of implicit ODEs depending on a parameter
€ € R such that
0pF(0) = 04F(0) = 0, F(0) = 0.

Then it is reduced to one of the following 4 normal forms:
+p2+x2+y?=c+c(e)y®, <¢(0)>0
by a formal change of the variables (x, y) and parameter &:
x=X(x,y,e), y=Y(x,y,e), e=E(e),

X(0) =Y(0) =0xY(0) = E(0) =0,

v
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Main result:

Let
d
F(p.x,y,€)=0, p=—, FeR[pxycel

be a typical formal family of implicit ODEs depending on a parameter
€ € R such that
0pF(0) = 04F(0) = 0, F(0) = 0.

Then it is reduced to one of the following 4 normal forms:
+p2+x2+y?=c+c(e)y®, <¢(0)>0
by a formal change of the variables (x, y) and parameter &:
x=X(x,y,e), y=Y(x,y,e), e=E(e),

X(0) =Y(0) =0xY(0) = E(0) =0,

where ¢ € R[[¢]] is a functional invariant.

v
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The 4 cases:

L=

B
BRU

The surface F(p, x,y,0) = 0, the contact plane, and the kernel of
T (pyx,y) = (X, )
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The 4 cases:

L=

B
BRU

The surface F(p, x,y,0) = 0, the contact plane, and the kernel of
T (pyx,y) = (X, )

A\

Symmetric normal forms:

1
+p?+x°+22=e+c(e)®, z=y-— 5P,

1 1
pdx—dy:§pdx—§xdp—dz
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W

Transition p? + x? 4 z2

Transition —p? — x? + 22
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Transition p?> — x> + 22 =¢

0 e=20 e>0

e <
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Theorem (V.. Arnold, Math. Notes, 1988, 44:1, 489-497, Remark 3)

Let
F(p,x,z,e) =0, F cR[[p,x,y,e]]

be a typical formal surface depending on a parameter ¢ € R
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Theorem (V.. Arnold, Math. Notes, 1988, 44:1, 489-497, Remark 3)

Let

be a typical formal surface depending on a parameter ¢ € R such that
0pF(0) = 0<F(0) = 0,F(0) = 0 and the quadratic part of F(p,x,z,0) is a

F(p,x,z,e) =0,

F e R[lp,x,y,ell

non-degenerate indefinite form of the variables p, x, z.

0
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Theorem (V.. Arnold, Math. Notes, 1988, 44:1, 489-497, Remark 3)

Let

F(p,x,z,e) =0, F cR[[p,x,y,e]]

be a typical formal surface depending on a parameter ¢ € R such that

0pF(0) = 0<F(0) = 0,F(0) = 0 and the quadratic part of F(p,x,z,0) is a
non-degenerate indefinite form of the variables p, x, z. Then the family of
surfaces F(p, x, z,€) = 0 is reduced to one of the following 2 normal forms:

+p? —x2 + 22 =+ c(e)2

0
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Theorem (V.. Arnold, Math. Notes, 1988, 44:1, 489-497, Remark 3)

Let
F(p,x,z,e) =0, F cR[[p,x,y,e]]

be a typical formal surface depending on a parameter ¢ € R such that

0pF(0) = 0<F(0) = 0,F(0) = 0 and the quadratic part of F(p,x,z,0) is a
non-degenerate indefinite form of the variables p, x, z. Then the family of
surfaces F(p, x, z,€) = 0 is reduced to one of the following 2 normal forms:

+p? —x2 + 22 =+ c(e)2

by a formal contact change of the variables (p, x,z) and parameter c:

p:P(p7X7Z7€)7 X:X(p7x7z76)7 Z:Z(p7x7z7€)7 €:E(€)?
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Theorem (V.. Arnold, Math. Notes, 1988, 44:1, 489-497, Remark 3)

Let
F(p,x,z,e) =0, F cR[[p,x,y,e]]

be a typical formal surface depending on a parameter ¢ € R such that

0pF(0) = 0<F(0) = 0,F(0) = 0 and the quadratic part of F(p,x,z,0) is a
non-degenerate indefinite form of the variables p, x, z. Then the family of
surfaces F(p, x, z,€) = 0 is reduced to one of the following 2 normal forms:

+p? —x2 + 22 =+ c(e)2
by a formal contact change of the variables (p, x,z) and parameter c:

p:P(p7X7Z7€)7 X:X(p7x7z76)7 Z:Z(p7x7z7€)7 6‘:E(é\)?

P(0) = X(0) = Z(0) = E(0) = 0.

Contact = preserves A = {%p dx — %x dp — dz} .
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Example:
The families

PP+ X+ =c+c(e)d, pP—x*+22=c+c(e)

are reduced to each other by the change (p, x, z) — (x, —p, z) preserving

the contact form | 1
zp dx — EX dp — dz.
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Example:

The families
PP+ X+ =c+tc(e)d, PP-xP+22=c+c(e)

are reduced to each other by the change (p, x, z) — (x, —p, z) preserving

the contact form | 1
Ep dx — 5% dp — dz.

The case of sphere:

If the quadratic part of F(p, x, z,0) is non-degenerate definite form of the
variables p, x, z then the family F(p, x,z,e) = 0 is reduced to the
following normal form:

PR NG ()2
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3 Arnold’s cases:

= % X

The surface F(p, x, y,0) = 0 and the contact plane.
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Stability of Legendre fibrations:

Let A' C R3 be a Legendre submanifold (singular or not): afy = 0,
a=pdx—dy
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Stability of Legendre fibrations:

Let A' C R3 be a Legendre submanifold (singular or not): afy = 0,
a = pdx — dy and 7 : R> — R? be a Legendre fibration: the fibers are
Legendre smooth submanifolds, e.g. (p, x,y) — (x,y).
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Stability of Legendre fibrations:

Let A' C R3 be a Legendre submanifold (singular or not): afy = 0,

a = pdx — dy and 7 : R> — R? be a Legendre fibration: the fibers are
Legendre smooth submanifolds, e.g. (p, x, y) — (x,y). Then 7 is called
A-stable if and only if for any its perturbation 7’ there exists a contact
diffeomorphism preserving A and sending the fibers of 7 to the fibers of 7’
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Theory of Givental’

@ Infinitesimal criterion of A-stability of 7 : (p, x,y) — (x,y):
Epxy = Exy + PExy + In

where &, is the ring of smooth functions of * and
In={f € Epx,y | fA = 0} is the ideal of the functions vanishing on A.
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Epxy = Exy + PExy + In

where &, is the ring of smooth functions of * and

In={f € Epx,y | fA = 0} is the ideal of the functions vanishing on A.
Explanation: " € Cont/Cont,, TiqCont = TigCont, + TiqContp,
T;qCont = &, « y, TiaContr = &, + pEx,y, TiagContp = Ip.
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Explanation: " € Cont/Cont,, TiqCont = TigCont, + TiqContp,
T;qCont = &, « y, TiaContr = &, + pEx,y, TiagContp = Ip.

@ The criterion of local stability (in a neighborhood of 0) is the same
where &, is the ring of germs at 0 of smooth functions of .
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Theory of Givental’

@ Infinitesimal criterion of A-stability of 7 : (p, x,y) — (x,y):

Epxy = Exy + PExy + In

where &, is the ring of smooth functions of * and

In={f € Epx,y | fA = 0} is the ideal of the functions vanishing on A.
Explanation: " € Cont/Cont,, TiqCont = TigCont, + TiqContp,

T;qCont = &, « y, TiaContr = &, + pEx,y, TiagContp = Ip.

@ The criterion of local stability (in a neighborhood of 0) is the same

where &, is the ring of germs at 0 of smooth functions of .

@ According to the preparation theorem:

EP = <17 P>R + I/\|7r—1(0)'
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Theory of Givental’

@ Infinitesimal criterion of A-stability of 7 : (p, x,y) — (x,y):

Epxy = Exy + PExy + In

where &, is the ring of smooth functions of * and
In={f € Epx,y | fA = 0} is the ideal of the functions vanishing on A.
Explanation: " € Cont/Cont,, TiqCont = TigCont, + TiqContp,
T;qCont = &, « y, TiaContr = &, + pEx,y, TiagContp = Ip.

@ The criterion of local stability (in a neighborhood of 0) is the same
where &, is the ring of germs at 0 of smooth functions of .

@ According to the preparation theorem:

EP = <17 P>R + I/\|7r—1(0)'

o (p?) C Inlz—1(0) is a criterion in one-dimensional case.
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Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
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Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).
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Examples:

Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).

Q@ fA={p=t,x=1t?/2,y = t3/3} then 7 is A-stable.

0
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Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).
Q@ fA={p=t,x=1t?/2,y = t3/3} then 7 is A-stable.
Indeed, In = (p? — 2x, p> — 3y), Inl 710y = (p?).
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Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).
Q@ fA={p=t,x=1t?/2,y = t3/3} then 7 is A-stable.
Indeed, In = (p? — 2x, p> — 3y), Inl 710y = (p?).
Q@ fA={p=t,x=1t3/3,y = t*/4} then 7 is not A-stable.
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Examples:

Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).

Q@ fA={p=t,x=1t?/2,y = t3/3} then 7 is A-stable.

Indeed, In = (p? — 2x, p> — 3y), Inl 710y = (p?).

Q@ fA={p=t,x=1t3/3,y = t*/4} then 7 is not A-stable.
Indeed, In = (p* = 3x,p* — 4y), Ial,-1(0) = (P*) 2 (P?)-

0
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Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).
Q@ fA={p=t,x=1t?/2,y = t3/3} then 7 is A-stable.
Indeed, In = (p? — 2x, p> — 3y), Inl 710y = (p?).
Q@ fA={p=t,x=1t3/3,y = t*/4} then 7 is not A-stable.
Indeed, In = (p* = 3x,p* — 4y), Ial,-1(0) = (P*) 2 (P?)-
QIfA={p=t,x=ty=t/2}U{p=—t,x=t,y=—t>/2} then
is A-stable.
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Stability of 7 : (p, x,y) — (x,y)
Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).
Q@ fA={p=t,x=1t?/2,y = t3/3} then 7 is A-stable.
Indeed, In = (p? — 2x, p — 3y), Inl 710y = (p?).
Q@ fA={p=t,x=1t3/3,y = t*/4} then 7 is not A-stable.
Indeed, In = (p* = 3x,p* — 4y), Ial,-1(0) = (P*) 2 (P?)-
QIfA={p=t,x=ty=t/2}U{p=—t,x=t,y=—t>/2} then
is A-stable.
Indeed, In = (p? — x2,y — px = 0), Inl 710y = (p?).
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Stability of 7 : (p, x,y) — (x,y)

Q@ fA={p=0,x=t,y =0} then 7 is A-stable.
Indeed, In = (p,y), IAlz—10) = (P) D (p?).

Q@ fA={p=t,x=1t?/2,y = t3/3} then 7 is A-stable.
Indeed, In = (p? — 2x, p> — 3y), Inl 710y = (p?).

Q@ fA={p=t,x=1t3/3,y = t*/4} then 7 is not A-stable.
Indeed, In = (p* = 3x,p* — 4y), Ial,-1(0) = (P*) 2 (P?)-

QIfA={p=t,x=ty=t/2}U{p=—t,x=t,y=—t>/2} then
is A-stable.
Indeed, In = (p? — x2,y — px = 0), Inl 710y = (p?).

@ If m(A) is the discriminant of a Coxeter group then 7 is A-stable.
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Main observations (B.):

@ Instead of a Legendre submanifold A we can take any two-dimensional
surface S in a contact space. The crucial place is T;qConts = /s.
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Main observations (B.):

@ Instead of a Legendre submanifold A we can take any two-dimensional
surface S in a contact space. The crucial place is T;qConts = Is.

@ In higher dimensional case we can take any coisotropic submanifold.

@ We can consider a family S. of surfaces and a family 7. of Legendre
fibrations: if 7o : (p, x,y) + (x,y) then (p?) C Is, is a stability
criterion.
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Main observations (B.):

@ Instead of a Legendre submanifold A we can take any two-dimensional
surface S in a contact space. The crucial place is T;qConts = Is.

@ In higher dimensional case we can take any coisotropic submanifold.

@ We can consider a family S. of surfaces and a family 7. of Legendre
fibrations: if 7o : (p, x,y) + (x,y) then (p?) C Is, is a stability
criterion.

| \

Application to an implicit ODE:

If w5 is a fold then 7 is S-stable. The contact structure can define any
direction field on S! (As degenerate as we want.)
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Proof of the main result:

O In the first case the germs of all Legendre fibrations are stable and
form one connected component. So all germs are equivalent.
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Proof of the main result:

O In the first case the germs of all Legendre fibrations are stable and
form one connected component. So all germs are equivalent.

@ In the second case the germs of all Legendre fibrations are stable and
form one connected component. So all germs are equivalent.
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Proof of the main result:

O In the first case the germs of all Legendre fibrations are stable and
form one connected component. So all germs are equivalent.

@ In the second case the germs of all Legendre fibrations are stable and
form one connected component. So all germs are equivalent.

© In the third case the stable germs form two connected components.
All germs from each connected component are equivalent.

¥ A

= 73 A A
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