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Symmetric quadratic dynamical systems



We will discuss the dynamical systems wich arise in classical
and modern problems of mathematics, mechanics, physics
and biology.

For such systems we introduce the notion of algebraical
integrability. We will describe a wide class of algebraically
integrable systems.

This class contains the Euler top, Kovalevskaya system,
Lotka-Volterra type systems, Darboux-Halphen systems and
modern generalizations of this systems.
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Quadratic dynamical systems.

In the space Cn (or Rn) with coordinates ξ = (ξ1, . . . , ξn)>

the general homogeneous quadratic dynamical system is

ξ′k(t) = Ai ,j
k ξi (t)ξj(t), Ai ,j

k = Aj ,i
k = const, k = 1, . . . , n. (1)

Here and below we use the Einstein summation convention.
We can identify the space of quadratic dynamical systems
with the 1

2 n2(n + 1)-dimensional linear space of tensors

A = (Ai ,j
k ).

Each A can be considered as a multiplication A : Cn ×Cn → Cn.
System (1) is homogeneous with

deg t = 4, deg ξi = −4, deg Ai ,j
k = 0.
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Classical examples.

The Euler top can be transformed into the system

ξ′1 = ξ2ξ3, ξ′2 = ξ3ξ1, ξ′3 = ξ1ξ2. (2)

This system has integrals α1ξ
2
1 + α2ξ

2
2 + α3ξ

2
3

where α1 + α2 + α3 = 0.

The generalization of system (2) for n > 3 is

ξ′1 = ξ2ξ3 + . . .+ ξiξj + . . .+ ξn−1ξn,

where 2 6 i < j 6 n and for ξ′2, . . . , ξ
′
n we have the cyclic

permutation of indexes.
This system has no quadratic integrals.
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The Darboux-Halphen system

ξ′1 = ξ2ξ3 − ξ1ξ2 − ξ1ξ3,

ξ′2 = ξ3ξ1 − ξ2ξ3 − ξ2ξ1,

ξ′3 = ξ1ξ2 − ξ3ξ1 − ξ3ξ2

appeared in Darboux’s analysis (1878) of triply
orthogonal surfaces.

This system was solved by Halphen (1881).
One can check that this system has no quadratic integrals.
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The generalized Darboux-Halphen system

ξ′1 = ξ2ξ3 − ξ1ξ2 − ξ1ξ3 + τ2,

ξ′2 = ξ3ξ1 − ξ2ξ3 − ξ2ξ1 + τ2,

ξ′3 = ξ1ξ2 − ξ3ξ1 − ξ3ξ2 + τ2,

where

τ2 = a2(ξ1 − ξ2)(ξ3 − ξ1)+

+ b2(ξ2 − ξ3)(ξ1 − ξ2) + c2(ξ3 − ξ1)(ξ2 − ξ3).

This system was solved by Halphen (1881).
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Modern examples

Let T1(z), T2(z), T3(z) be m ×m matrix-valued meromorphic
functions in a complex variable z .
The Nahm equations are a system of matrix differential
equations

T ′1 = [T2,T3],

T ′2 = [T3,T1],

T ′3 = [T1,T2].
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These equations admit Lax representation (Hitchin, 1983)

A′ = [A,M]

with

A = A−1ζ
−1 + A0 + A1ζ, M =

1

2
A0 + A1ζ

and

A−1 = T1 + ıT2, A0 = −2ıT3, A1 = T1 − ıT2

where ı =
√
−1 and ζ is a spectral parameter.
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In the special case m = 2

Tk(z) = − ı
2
ξk(z)σk

where σk are Pauli matrices

σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −ı
ı 0

]
, σ3 =

[
1 0
0 −1

]
and ξk(z) are functions in complex variable z .
The Lax representation leads to the Euler top dynamical system

ξ′1 = ξ2ξ3,

ξ′2 = ξ3ξ1,

ξ′3 = ξ1ξ2.
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A reduction of Self-Dual Yang–Mills equation.

Consider a vector bundle E → R4 with fiber isomorphic,
as linear space, to the gauge Lie algebra G
of the gauge Lie group G .

SDYM equation is
F = ∗F

where F = dA + A ∧ A is the curvature form of the connection A
and ∗ is the Hodge star-operator.

M. J. Ablowitz, S. Chakravarty and R. Halburd obtained (1998)
the generalized Darboux–Halpen system as a reduction
of SDYM, where G is the Lie algebra of vector fields
on S3 = SU(2).
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This reduction gives the quadratic dynamical system

ξ′i = ξjξk − ξi (ξj + ξk) + τ2, (3)

τ ′i = −τi (ξj + ξk),

where 1 6 i 6= j 6= k 6 3 and τ2 = τ2
1 + τ2

2 + τ2
3 .

The system (3) has the integrals

τ2
i = α2

i (ξi − ξj)(ξk − ξi ), 1 6 i 6= j 6= k 6 3.

Hence the system (3) is the generalized Darboux–Halpen
system, where α2 = α2

1, β
2 = α2

2, γ
2 = α2

3.
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Lotka–Volterra type system.

ξ′k = ξk

(
n∑

l=1

ξl − 2ξk

)
, k = 1, . . . , n.

For n = 3 this system was considered by S. Kovalevskaya.
In this case the system has two independant quadratic integrals∑

i 6=j

akξiξj ,
∑

ak = 0.

For n = 4 this system has two independant quadratic integrals

(ξ1 − ξ3)(ξ2 − ξ4), (ξ1 − ξ2)(ξ3 − ξ4).

For n > 4 there are no quadratic integrals.
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Representation of GL(n,C)

The change of variables η = Bξ by a matrix B = (B j
i ) leads to

a representation of GL(n,C) on the space of tensors A = (Ai ,j
k ):

Ai ,j
k 7→ Aq,r

p Bp
k (B−1)iq(B−1)jr .

We identify the symmetric group Sn with the subgroup
in GL(n,C) corresponding to the action of Sn on Cn

as a permutation of coordinates (ξ1, . . . , ξn).

Definition (1)

A system (1) is called symmetric if any B ∈ Sn does not change
this system.
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The ring of symmetric polynomials.

On the space Mn = {ξ ∈ Cn : ξi 6= ξj ∀i , j : i 6= j}
there is a free action of the group Sn.
The projection on the space of orbits
is a covering induced by the universal algebraic map

S : Cn → Cn : (ξ1, . . . , ξn) 7→ (h1(ξ1, . . . , ξn), . . . hn(ξ1, . . . , ξn)).

Here hk is the kth elementary symmetric function in ξ1, . . . , ξn.

Denote by Sym the ring of symmetric polynomials in ξ1, . . . , ξn.
We have

Sym = C[h1, . . . , hn] ⊂ C[ξ1, . . . , ξn].
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Symmetric quadratic dynamical systems.

System (1) defines a linear operator

L = L(A) : C[ξ1, . . . , ξn]→ C[ξ1, . . . , ξn]

with deg L = −4 as

L = Ai ,j
k ξiξj

∂

∂ξk
.

Definition (2)

A system (1) is called symmetric if

Lh(ξ1, . . . , ξn) ∈ Sym for any h ∈ Sym.

Lemma

The definitions 1 and 2 are equivalent.
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Corollary

Each symmetric quadratic dynamical system has the form

ξ′k(t) = αξ2
k + βξk

∑
i 6=k

ξi + γ
∑
i 6=k

ξ2
i + δ

∑
i<j ,i 6=k,j 6=k

ξiξj

with k = 1, . . . , n.

Corollary

The system

ξ′k = ξk

(
αξk + β

n∑
l=1

ξl

)
, k = 1, . . . , n.

is symmetric for any α and β.
In the case α = −2, β = 1 this is the Lotka-Volterra type system.
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Generic symmetric quadratic dynamical systems.

Let a1, . . . , an be a homogeneous multiplicative basis in Sym
with deg ak = −4k. Set ak(t) = ak(ξ1(t), . . . , ξn(t)).
System (1) implies the system

a′k(t) = Lak(t), k = 1, . . . , n.

Thus we obtain in Cn with coordinates a1, . . . , an
the homogeneous polynomial dynamical system

a′k(t) = ckak+1(t) + gk+1(a1(t), . . . , ak(t)), k = 1, . . . , n, (4)

where cn = 0 and deg gk+1 = −4(k + 1).
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Definition

A symmetric system (1) is generic if in the system (4)
we have ck 6= 0 for k = 1, . . . , n − 1.

The property of a system being generic does not depend
on the choice of multiplicative basis.

Example

Let ak = Nk =
∑
ξki be the Newton polynomials. The system

ξ′i (t) = ξ2
i , i = 1, . . . , n,

is generic. It implies the system (4)

N ′k = kNk+1, k = 1, . . . , n − 1, N ′n = ngn+1(N1, . . . ,Nn),

where gn+1(N1, . . . ,Nn) is the classical polynomial expressing Nn+1

in N1, . . . ,Nn.
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Any symmetric quadratic dynamical system in Cn

can be presented in the form

ξ′k(t) = aξ2
k + bξkN1 + cN2

1 + dN2 (5)

with k = 1, . . . , n.

It implies the system

N ′k = k(aNk+1 + bN1Nk + cN2
1 Nk−1 + dN2Nk−1),

with k = 1, . . . , n, where N0 = n and Nn+1 = gn+1(N1, . . . ,Nn).

We have N ′1 = (a + nd)N2 + (b + nc)N2
1 .

System (5) is generic if (a + nd) 6= 0 for n > 2
and additionally a 6= 0 for n > 3.
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Let B(λ, q) = λI + qee>, where λ and q are parameters,
I is the n × n identity matrix and
e is the n-dimensional vector-column e = (1, . . . , 1)>.

The set of matrices B(λ, q) is a commutative monoid
with multiplication

B(λ1, q1)B(λ2, q2) = B(λ1λ2, λ1q2 + λ2q1 + nq1q2).

We have detB(λ, q) = λn−1(λ+ nq).
Thus the set of matrices B(λ, q) with λ 6= 0 and λ+ nq 6= 0
form a subgroup in the monoid.

B(λ, q)−1 = B
(

1

λ
,− q

λ(λ+ nq)

)
.
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Lemma

The action η = B(λ, q)ξ brings each symmetric quadratic
dynamical system (5)

ξ′k(t) = aξ2
k + bξkN1(ξ) + cN1(ξ)2 + dN2(ξ)

into the symmetric quadratic dynamical system

η′k(t) = ãη2
k + b̃ηkN1(η) + c̃N1(η)2 + d̃N2(η),

where

ã =
a

λ
, b̃ =

λb − 2qa

λ(λ+ nq)
,

c̃ =
λ(λc − 2qd)− q2(a + nd)

λ2(λ+ nq)
, d̃ =

λd + q(a + nd)

λ2
.
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Corollary

The set of matrices B(λ, q) with λ 6= 0 and λ+ nq 6= 0
brings generic symmetric quadratic dynamical systems
into generic symmetric quadratic dynamical systems.

It follows from

ã + nd̃ =
1

λ2
(λ+ nq)(a + nd).

Further we will use the following fact:

N1(η) = (λ+ nq)N1(ξ). (6)
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Consider a generic symmetric quadratic dynamical system

ξ′k(t) = aξ2
k + bξkN1(ξ) + cN1(ξ)2 + dN2(ξ).

In the orbits of the action of B(λ, q) one can find a unique
system of the form

η′k(t) = η2
k + c̃N1(η)2 + d̃N2(η),

and a unique system of the form

η′k(t) = η2
k + b̂ηkN1(η) + ĉN1(η)2,

for some c̃ , d̃ , b̂, ĉ .
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Algebraic integrability.

Consider the equation

zn − h1zn−1 + · · ·+ (−1)nhn ≡ 0. (7)

Let ∆ ⊂ Cn be the discriminant variety of (7).
It is the image under the universal algebraic map S
of the configuration {ξ ∈ Cn : ∃i 6= j , ξi = ξj}.

Definition

System (1) is algebraically integrable in U ⊂ C by
a set of functions (h1(t), . . . , hn(t)) if (h1(t), . . . , hn(t)) /∈ ∆
for any t ∈ U and the set of roots (ξ1(t), . . . , ξn(t))
to the equation (7) is a solution to (1) for any t ∈ U.
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Problem

Find an ordinary differential equation of degree n for h
and differential polynomials h2, . . . , hn in h such that
in the neighbourhood U ⊂ C the set of functions
h1(t) = h(t), h2(t), . . . , hn(t) algebraically integrates system (1).

Theorem

For each generic symmetric system (1) with the initial data
ξ(t0) = (ξ1(t0), . . . , ξn(t0)) ∈Mn there is a solution to
the problem of algebraic integrability in the vicinity U ∈ C of ξ(t0).
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Consider system (4) with ak = hk being the elementary
symmetric functions.

Under the conditions of the theorem ck 6= 0, k = 1, . . . , n − 1.

Hence, hj(t) with j = 2, . . . , n can be expressed as polynomials
in h1(t), . . . , hj−1(t) and their derivatives from the (j − 1)th
equation of system (4).

Thus, the equation

a′n(t) = gn+1(a1(t), . . . , an(t)),

gives a homogeneous differential equation for h1(t):

h(n) + αhh(n−1) + · · ·+ γhn = 0 (8)

with constant coefficients α, . . . , γ.
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Therefore, (h1(t), . . . , hn(t)) algebraically integrates system (4).

The initial conditions in (8) are as follows:

h1(t0) = ξ1(t0) + · · ·+ ξn(t0)

and
h

(k)
1 (t0) = (Lkh1)(t0).
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Thus we have reduced the problem of integrability
of a symmetric quadratic dynamical system
to the question of solving an ordinary differential equation
of the form

h(n) + αhh(n−1) + · · ·+ γhn = 0 (9)

with constant coefficients α, . . . , γ.

Problem

Classify the non-linear ordinary differential equations (9) obtained
from generic quadratic dynamical systems.

By the construction we have:
all coefficients α, . . . , γ are rational functions of a, b, c , d
with denominators of the form ak1(a + nd)k2 .

The action of B(λ, q) on the symmetric quadratic dynamical
system induces the action h 7→ (λ+ nq)h on the equation (9).
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Quasi-symmetric dynamical systems

Definition

The system (1) is said to be quasi-symmetric with respect
to B ∈ GL(n,C) if this system in the coordinates η = Bξ
is symmetric.

A quasi-symmetric system is generic
if the symmetric system in the coordinates η = Bξ is generic.

Corollary

For each generic quasi-symmetric system (1) there is
a solution to the problem of algebraic integrability.
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Two-dimensional systems.

The general two-dimensional symmetric quadratic dynamical
system has the form

ξ′1 = αξ2
1 + βξ1ξ2 + γξ2

2 , (10)

ξ′2 = γξ2
1 + βξ1ξ2 + αξ2

2 .

It is generic for β 6= α + γ.

In the coordinates η = Bξ where B = 1
2

(
1 1
−1 1

)
we obtain

η′1 = (α + γ + β)η2
1 + (α + γ − β)η2

2, η′2 = (α− γ)η1η2.

Therefore, B establishes a one-to-one correspondence between
quasi-symmetric quadratic dynamical systems

η′1 = aη2
1 + bη2

2, η′2 = cη1η2 (11)

for constant a, b, c and symmetric quadratic dynamical systems.
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The normalizer of dynamical systems of the form (11)
is the diagonal torus in GL(2,C).

The conjugation by the matrix

B =
1

2

(
1 1
−1 1

)

takes this torus to the group of matrices of the form

(
a b
b a

)
.

This group brings the space of two-dimensional symmetric
quadratic dynamical systems into itself.
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In the generic case system (10) is algebraically integrable
by the set of functions (h1(t), h2(t)) where h1 is a solution
to the equation

h′′ − λ1h′h + λ2h3 = 0 (12)

with λ1 = (3α + β − γ), λ2 = (α− γ)(α + β + γ), and

h2 =
1

2(β − α− γ)
h′1 −

α + γ

2(β − α− γ)
h2

1.

The initial conditions for h1 in (12) corresponding
to the generic case are (h1(t0), h′1(t0)) where

(β + α + γ)h2
1(t0) 6= 2h′1(t0).
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Special cases.

The general solution to (12) is

For λ1 = 0 : h(t) = k2sn

((√
λ2

2
t + k1

)
k2, i

)
.

For λ2 = 0 : h(t) =

√
2k1√
λ1

tanh

(√
k1λ1

2
(t + k2)

)
.

For λ2
1 = 9λ2 : h(t) =

6(k1t + k2)

λ1(k1t2 + 2k2t + 2)
.

Here k1, k2 are constants, sn is the Jacobi sine and i =
√
−1.
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Problem

For given equation

h′′ − λ1h′h + λ2h3 = 0

find a system of the form (10). We have

3α + β = λ1 + γ; α = λ2,1 + γ; α + β = λ2,2 − γ,

where λ2,1 λ2,2 = λ2. Thus λ2,2 + 2λ2,1 = λ1; λ2,1 λ2,2 = λ2.
Hence λ2,2 = λ2

λ2,1
if λ2 6= 0 and λ2,1 is a root to the equation

z2 − 1

2
λ1z +

1

2
λ2 = 0.

We obtain

α = λ2,1 + γ; β = λ2,2 − λ2,1 − 2γ.
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In the case λ2 = 0 we have

λ2,1 = 0, then λ2,2 = λ1 and α = γ, β = λ1 − 2γ,

or

λ2,2 = 0, then λ2,1 =
1

2
λ1 and α =

1

2
λ1 + γ, β = −1

2
λ1 − 2γ.

Let λ1 = 0 and λ2 6= 0. Then

λ2,1 =

√
−1

2
λ2 , λ2,2 = −2λ2,1;

or

λ2,1 = −
√
−1

2
λ2 , λ2,2 = −2λ2,1.

Hence
α = λ2,1 + γ, β = −3λ2,1 − 2γ,

where λ2
2,1 = −1

2 λ2.
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Let λ2 = 0 and λ1 6= 0. Then λ2,1

(
λ2,1 − 1

2 λ1

)
= 0.

In the case λ2,1 = 0 we obtain λ2,2 = λ1 and

α = γ; β = λ1 − 2γ.

Let λ2,1 6= 0 then λ2,2 = 1
2 λ1 and

α =
1

2
λ1 + γ; β = −3

2
λ1 − 2γ.
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Let λ2
1 = 9λ2 6= 0. Then

λ2
2,1 −

1

2
λ1λ2,1 +

1

18
λ2

1 = 0; λ2,2 = λ1 − 2λ2,1.

We obtain λ2,1 = 1
3 λ1 or λ2,1 = 1

6 λ1 and

α = λ2,1 + γ, β = λ1 − 3λ2,1 − 2γ.
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Let λ2,1 = 1
3 λ1, λ2,2 = 1

3 λ1. Then

α =
1

3
λ1 + γ; β = −2γ.

Let λ2,1 = 1
6 λ1, λ2,2 = 2

3 λ1. Then

α =
1

6
λ1 + γ; β =

1

2
λ1 − 2γ.

In the case γ = 0 we obtain the system

ξ′1 =
1

6
λ1(ξ2

1 + 3ξ1ξ2),

ξ′2 =
1

6
λ1(ξ2

2 + 3ξ1ξ2).
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Three-dimensional systems.

The general three-dimensional symmetric quadratic
dynamical system has the form

ξ′1 = αξ2
1 + βξ1(ξ2 + ξ3) + γ(ξ2

2 + ξ2
3) + δξ2ξ3,

ξ′2 = αξ2
2 + βξ2(ξ3 + ξ1) + γ(ξ2

3 + ξ2
1) + δξ3ξ1, (13)

ξ′3 = αξ2
3 + βξ3(ξ1 + ξ2) + γ(ξ2

1 + ξ2
2) + δξ1ξ2.

It is generic for 2α− 2β + 4γ − δ 6= 0 and α− β − γ + δ 6= 0.
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In the coordinates η = Bξ where

B =

 1 1 1
ε ε2 1
ε2 ε 1

 , ε3 = 1, ε 6= 1,

we obtain

η′1 = k1η
2
1 + k2η2η3,

η′2 = k3η
2
3 + k4η1η2, (14)

η′3 = k3η
2
2 + k4η1η3,

where

k1 =
1

3
(α + 2β + 2γ + δ), k2 =

1

3
(2α− 2β + 4γ − δ),

k3 =
1

3
(α− β − γ + δ), k4 =

1

3
(2α + β − 2γ − δ).

Therefore, the matrix B establishes a one-to-one correspondence
between systems of the form (13) and (14).
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The maximal subgroup of GL(3,C) that takes the space
of systems of the form (14) into itself is generated by matricesa 0 0

0 b 0
0 0 c

 , b3 = c3,

1 0 0
0 0 1
0 1 0

 .

Therefore, the subgroup of matrices in GL(3,C) obtained
from this subgroup by conjugation by the matrix 1 1 1

ε ε2 1
ε2 ε 1

 , ε3 = 1, ε 6= 1,

brings the space of three-dimensional symmetric quadratic
dynamical systems into itself.
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Darboux-Halphen system.

The classical Darboux-Halphen system

ξ′1 = ξ2ξ3 − ξ1ξ2 − ξ1ξ3,

ξ′2 = ξ3ξ1 − ξ2ξ3 − ξ2ξ1,

ξ′3 = ξ1ξ2 − ξ3ξ1 − ξ3ξ2

is symmetric and generic.

It implies the system (4) of the form

h′1 = −h2,

h′2 = −6h3,

h′3 = −4h1h3 + h2
2.
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Theorem

The Darboux-Halphen system
is algebraically integrable by (h1, h2, h3),
where −2h1 is a solution to the Chazy-3 equation

y ′′′ − 2yy ′′ + 3(y ′)2 = 0,

and

h2 = −h′1,

h3 = −1

6
h′2 =

1

6
h′′1 .

V. M. Buchstaber joint work with E. Yu. Netay (Bunkova)

Symmetric quadratic dynamical systems



The Darboux-Halphen system can be presented in the form

ξ′k(t) = 2ξ2
k − 2ξkN1 +

1

2
N2

1 −
1

2
N2

with k = 1, 2, 3.

The matrix B(λ, q) brings the Darboux-Halphen system into
the symmetric quadratic dynamical system

η′k(t) = ãη2
k + b̃ηkN1(η) + c̃N1(η)2 + d̃N2(η),

where

ã =
2

λ
, b̃ = −2

λ+ 2q

λ(λ+ 3q)
,

c̃ =
λ2 + 2λq − q2

2λ2(λ+ 3q)
, d̃ =

q − λ
2λ2

.
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For the system
ξ′k(t) = ξ2

k .

In the orbits of the action of B(λ, q) are the systems

η′k(t) = ãη2
k + b̃ηkN1(η) + c̃N1(η)2 + d̃N2(η),

with

ã =
1

λ
, b̃ =

−2q

λ(λ+ nq)
,

c̃ =
−q2

λ2(λ+ nq)
, d̃ =

q

λ2
.
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General Darboux-Halphen system.

ξ′1 = a (ξ2ξ3 − ξ1ξ2 − ξ1ξ3) + bξ2
1 ,

ξ′2 = a (ξ3ξ1 − ξ2ξ3 − ξ2ξ1) + bξ2
2 ,

ξ′3 = a (ξ1ξ2 − ξ3ξ1 − ξ3ξ2) + bξ2
3 .

This system is symmetric and generic for a 6= −2b, 2a 6= b.
For a 6= b the function

y = −2(a− b)(ξ1 + ξ2 + ξ3)

is a solution to the equation

y ′′′ = 2yy ′′ − 3(y ′)2 + c(6y ′ − y 2)2 with c =
−b2

4(a + 2b)(a− b)
.

For c = 0 this is the Chazy-3 equation.
For c = − 4

k2−36
, for integer k > 1, k 6= 6 this is the Chazy-12

equation.
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The generalized Darboux-Halphen system

η′1 = η2η3 − η1η2 − η1η3 + τ2,

η′2 = η3η1 − η2η1 − η2η3 + τ2,

η′3 = η1η2 − η3η1 − η3η2 + τ2,

where

τ2 = α2(η1−η2)(η3−η1)+β2(η2−η3)(η1−η2)+γ2(η3−η1)(η2−η3)

is symmetric if and only if α2 = β2 = γ2 and in this case
generic for α2 6= 1

4 and 1
9 .

It is the case b = a− 1 of the general Darboux-Halphen system
in coordinates

ηi = aξi −
1

2
(a− 1)(ξj + ξk), i 6= j 6= k

with α2 = (a− 1)2/(3a− 1)2.
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The general Darboux-Halphen system implies the system (4)
of the form

h′1 = −(a + 2b)h2 + bh2
1,

h′2 = −3(2a + b)h3 + bh1h2,

h′3 = −(4a− b)h1h3 + ah2
2.
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Four-dimensional systems.

The general four-dimensional symmetric quadratic dynamical
system has the form

ξ′1 = αξ2
1 + βξ1(ξ2 + ξ3 + ξ4) + γ(ξ2

2 + ξ2
3 + ξ2

4) + δ(ξ2ξ3 + ξ2ξ4 + ξ3ξ4),

ξ′2 = αξ2
2 + βξ2(ξ3 + ξ4 + ξ1) + γ(ξ2

3 + ξ2
4 + ξ2

1) + δ(ξ3ξ4 + ξ3ξ1 + ξ4ξ1),

ξ′3 = αξ2
3 + βξ3(ξ4 + ξ1 + ξ2) + γ(ξ2

4 + ξ2
1 + ξ2

2) + δ(ξ4ξ1 + ξ4ξ2 + ξ1ξ2),

ξ′4 = αξ2
4 + βξ4(ξ1 + ξ2 + ξ3) + γ(ξ2

1 + ξ2
2 + ξ2

3) + δ(ξ1ξ2 + ξ1ξ3 + ξ2ξ3).
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In the case of four-dimensional Lotka-Volterra type system

ξ′k = ξk

(
4∑

l=1

ξl − 2ξk

)
, k = 1, . . . , 4,

we obtain the equation

h′′′′ − h′′′h + 5h′′h′ − 4h′′h2 − 8(h′)2h + 4h′h3 = 0

and differential polynomials

h2 =
1

4
(h′ + h2),

h3 =
1

24
(h′′ + 2h′h),

h4 =
1

192
(h′′′ + h′′h + 2(h′)2 − 2h′h2).
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The system

ξ′i = a(ξjξk + ξjξl + ξkξl)− 2aξi (ξj + ξk + ξl) + bξ2
i (15)

where the indices (i , j , k , l) run over the four cyclic permutations
of (1, 2, 3, 4) is symmetric and generic for 3a 6= b, a 6= −b.

The function

h =
3a− b

4
(ξ1 + ξ2 + ξ3 + ξ4)

is a solution to the equation

h′′′′ + 20hh′′′ − 24h′h′′ + 96h2h′′ − 144h(h′)2+

+ c(h′ + h2)(h′′ + 6hh′ + 4h3) = 0 (16)

with c = −64b2

(a+b)(3a−b) .

For c = 64 this equation possesses the Painlevé property.
This corresponds to the cases a = 0 or 3a + 2b = 0.
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In the case a = 0 and b = 1 system (15) becomes the system

ξ′k(t) = ξ2
k , k = 1, . . . , n,

considered above.

Therefore the general solution to (16) in this case has the form

h(t) =
1

4

(
1

t − a1
+

1

t − a2
+

1

t − a3
+

1

t − a4

)
.
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In the case a = 2, b = −3 system (15) becomes

ξ′i = 2(ξjξk + ξjξl + ξkξl)− 4ξi (ξj + ξk + ξl)− 3ξ2
i .

The linear change ηi = −3(ξj + ξk + ξl), i 6= j 6= k 6= l brings
this system to the system

η′k(t) = η2
k , k = 1, . . . , n,

of the previous case.
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ADDENDUM
Fuchs–Poincaré problem.

Definition

A point is called a singularity of a function if this function
is not analytic (possibly not defined) in that point.

For example, the point t = 0 is singularity for

f1(t) =
1

t
and f2(t) =

√
t.

Definition

A singularity of a function is called a critical singularity
if going around this singularity changes the value of the function.

A point t = 0 is not a critical singularity for 1
t , but is a critical

singularity for
√

t.
V. M. Buchstaber joint work with E. Yu. Netay (Bunkova)

Symmetric quadratic dynamical systems



L. Fuchs remarked that differential equation solutions
can have movable singularities, that is singularities
whose location depends on the initial conditions of the solution.

In 1884 L. Fuchs and H. Poincaré have considered the problem
of integrating differential equations and came to the conclusion
that it is closely connected to the problem of defining new
functions by means of non-linear ordinary differential equations.
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Consider the first-order explicit differential equation

y ′ = F (t, y)

with F being a rational function of y and a locally-analytical
function of t.

L. Fuchs proved that among such equations
only the Riccati equation

y ′ = P0(t) + P1(t)y + P2(t)y 2

does not have movable critical singularities.
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All first-order algebraic differential equations with such
property can be transformed into the Riccati equation or
the Weierstrass equation

(y ′)2 = 4y 3 − g2y − g3.

Both this equations are integrable in terms of
previously known special functions.
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In 1888 S. Kovalevskaya solved the classical precession of a top
under the influence of gravity problem.

S. Kovalevskaya’s approach to the problem is based on finding
solutions with no movable critical singularities.

She proved that there exists only three cases with such
solutions.
Two of them are the famous Euler and Lagrange tops.

In the third case (now named Kovalevskaya top) she found
new solutions and thus was first to discover the advantages
of solving differential equations whose solutions have
no movable critical singularities.
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Painlevé property.

The property of a differential equation that its solutions
have no movable critical singularities is well known now
as the Painlevé property.

The general solution to equations with Painlevé property
lead to the single-valued function.

All linear ordinary differential equations have
the Painlevé property, but it turns out that this property
is rare for non-linear differential equations.
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Around 1900, P. Painlevé studied second order explicit
non-linear differential equations

y ′′ = F (t, y , y ′)

with F being a rational function of y and y ′ and
a locally-analytical function of t.

It turned out that among such equations up to certain
transformations only fifty equations have the Painlevé property,
and among them six are not integrable in terms of previously
known functions.

P. Painlevé and B. Gambier have introduced
new special functions, now known as Painlevé transcendents,
as the general solutions to this equations.
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Chazy equations.

In 1910 J. Chazy considered the problem of classification
of all third-order differential equations of the form

y ′′′ = F (t, y , y ′, y ′′),

where F is a polynomial in y , y ′, and y ′′ and locally analytic in
t, having the Painlevé property.

The most known autonomous Chazy equations are

Chazy-3 equation: y ′′′ = 2yy ′′ − 3(y ′)2,

Chazy-12 equation: y ′′′ = 2yy ′′ − 3(y ′)2 − 4

k2 − 36
(6y ′ − y 2)2,

where k ∈ N, k > 1, k 6= 6.
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ADDENDUM:
The motion of a rigid body in an ideal fluid.

p′1 = p2
∂H
∂l3
− p3

∂H
∂l2
,

p′2 = p3
∂H
∂l1
− p1

∂H
∂l3
,

p′3 = p1
∂H
∂l2
− p2

∂H
∂l1
,

l ′1 = p2
∂H
∂p3
− p3

∂H
∂p2

+ l2
∂H
∂l3
− l3

∂H
∂l2
,

l ′2 = p3
∂H
∂p1
− p1

∂H
∂p3

+ l3
∂H
∂l1
− l1

∂H
∂l3
,

l ′3 = p1
∂H
∂p2
− p2

∂H
∂p1

+ l1
∂H
∂l2
− l2

∂H
∂l1
,

where H is the Hamiltonian.
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This equations have the integrals

I1 = H,

I2 = p2
1 + p2

2 + p2
3 ,

I3 = p1l1 + p2l2 + p3l3.

In the case when the Hamiltonian H is a quadratic form

2H =
∑
i ,j

(ajk lj lk + 2bjk ljpk + cjkpjpk)

the system is a quadratic dynamical system.
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ADDENDUM:
Algebraic ansatz for solutions of the heat equation

For given n set x = (x2, . . . , xn+1), deg xq = −4q, deg z = 2, and

Φ(z ;x) = zδ +
∑
k>2

Φk(x)
z2k+δ

(2k + δ)!
, δ = 0, 1, (17)

where Φk(x) are homogeneous polynomials, deg Φk(x) = −4k .

We search for solutions of the heat equation

∂

∂t
ψ(z , t) =

1

2

∂2

∂z2
ψ(z , t)

in the n-ansatz, that is for solutions of the form

ψ(z , t) = e−
1
2
h(t)z2+r(t)Φ(z ;x(t)) (18)

for series Φ(z ;x) of the form (17).

An n-ansatz is called generic if ∂Φk (x)
∂xk

6= 0 for k = 2, . . . , n + 1.
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Heat equation and dynamical systems

Consider a set of homogeneous polynomials pq(x),
x = (x2, . . . , xn+1), q = 3, . . . , n + 2, deg pq = −4q.

Theorem

There exists a one-to-one correspondence between the set
of solutions to homogeneous polynomial dynamical systems

d

dt
r = −

(
1

2
+ δ

)
h,

d

dt
h = −h2 − c

2(1 + 2δ)
x2,

d

dt
xk = pk+1(x)− 2khxk , k = 2, . . . , n + 1, (19)

where ∂pk+1(x)
∂xk+1

6= 0 for k = 2, . . . , n, and the set of generic
n-ansatz solutions of the heat equation.
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