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1◦ Associative, commutative algebra A with unit and
a) splitting on �nite-dimensional subspaces A =

∏
α

Aα, such that Aα1Aα2 ⊂ δα1,α2Aα1 .

b)linear forms lα : A → C, such that lβ(A \ Aα) = 0 and the bilinear form
< a1, a2 >α= lα(a1a2) is non-degenerated on Aα.

2◦ Associative algebra B with unit and
a) splitting on �nite-dimensional subspaces B =

∏
β,γ

Bβ,γ such that

Bβ1,γ1Bβ2,γ2 ⊂ δγ1,β2Bβ1,γ2 ;
b)linear forms lβ,γ : B → C, such that lβ,γ(B \ Bβ,γ) = 0, the coupling

< b1, b2 >β,γ= lβ,γ(b1b2) is non-degenerated on Bβ,γ×Bγ,β and < b1, b2 >β,γ=< b2, b1 >γ,β;

3◦ Homomorphism of algebras Φ : A → B and homomorphism of vector spaces
Φ∗ : B → A such that

a) < Φ∗(b), a >α=< b,Φ(a) >β,γ for a ∈ Aα, b ∈ Bβ,γ;
b)
∑
α

< Φ∗(b1),Φ∗(b2) >α= trWb1,b2 , where the operator Wb1,b2 : B → B is
Wb1,b2(b) = b1bb2 and b1 ∈ Bβ,β, b2 ∈ Bγ,γ
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Operators from variables Xij{i, j = 1, 2, . . . }

Put D =: Da1b1 . . . Danbn :=
∞∑

e1,...,en=1

Xa1e1 . . . Xanen
∂

∂Xa1e1
. . . ∂

∂Xanen

Corresponding bipartite graph Γ(D) = (L,E,R), where

Left vertexes L = L(D) is the set of di�erent number, among {a1, . . . , an}
Right vertexes R = R(D) is the set of di�erent number, among {b1, . . . , bn}
Set of edges E = E(D).

Examples for a1 6= a2, b1 6= b2

Γ(: Dab1Dab2 :) = rr r
Γ(: Da1bDa2b :) = r rr
Γ(: DabDab :) = r r
Γ(: Da1b1Da2b2 :) = r rr r
Put: V [Γ] = {D|Γ(D) = Γ}
Graph (L,E,R) is called balanced if |L| = |R|
Gn is set of balanced graphs of degree |E| = n.

Algebra B

Consider vector space Bn generated by {V [Γ]|Γ ∈ Gn}

Lemma Formal in�nite sums b1 + b2 + . . . , where bn ∈ Bn, generate an associative
algebra B with unit.
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Algebra A

∆ = [µ1, . . . , µk] is the Young diagram with length row µ1, . . . , µk
Put mj = mj(∆) = |{i|mi = j}|.
Put κ(∆) = |Aut(∆)|−1 = 1Q

j
mj !jmj

.

Consider the in�nite matrix D = {Da,b}

Consider the vector space An, generated by W (∆) = κ(∆) :
∏
j

(tr(Dj))mj :,

where |∆| = n.

Lemma Formal in�nite sums a1 + a2 + . . . , where ai ∈ An, generate an associative,
commutative algebra A.

Any Γ(W (∆)) is a balancent graph and moreover
W (∆) = κ(∆)

∑
c1,...,c1∈N

: Dc1cg(1)
. . . Dcncg(n)

:, were g ∈ Sn with the cyclic type ∆.

Thus there exists a natural homomorphism Φ : A→ B.

Theorem There exists splittings A =
∏
α

Aα and B =
∏
β,γ

Bβ,γ, where α, β, γ � Young

diagrams and linear functions lα, lβ,γ, converting Φ : A → B to algebra of open-closed
topological strings theory.

For the prove we consider the �nite-dimensional algebras φn : An → Bn of degree n
Hurwitz numbers of foam coverings (A.Alekseevskii and S.Nat. 2007), endow it a structure
of algebra of open-closed topological strings theory and constrict an isomorphism between
Φ : A→ B and

∞∏
n=1

(φn : An → Bn).
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1. Classical Hurwitz numbers.
2. Algebra of classical Hurwitz numbers.
3. Foam surfaces
4. Disk Hurwitz numbers.
5. Algebra of disk Hurwitz numbers.
6. Algebra of foam Hurwitz numbers.
7. Spiling.
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