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Examples
and History

Binary implicit equations

e Arnold’s seminar problem 1973-5: describe generic singularities
of implicit differential equations and their bifurcations
e Characteristic equation (=y-equation)

a(x,y)dy? — 2b(x, y)dzdy + c(z,y)dz? = 0
for the PDE equation
(1(27, y)uer?b(:v, y)u1y+c($a y)uyy - f(xv Y, U, Uy, uy), a, b, c e CkZO (IR

is defiened in hyperbolic domain D = b? — ac > 0 and is not

smoothly resolvable with respect to dy : dx at points with D = 0.
e Problem: reduce x-equation to a simple form by smooth change
of variables and multiplication by smooth non-vanishing function.

Local results:

x-equation title conditions
dy? +dz?> =0 Laplas | D <0 (elliptic point)
dy?> —dz?> =0 | wave D >0 (hyperbolic point)

dy? — xdxz? = 0 | Tricomi- | D =0,dD # 0,
Cibrario | aDZ 4 2bD, D, + ¢D; # 0




Problem of the Swedish-Norway King Oscar II

concur
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The formulation: to describe the curves defined by ODEs (cm.
Acta Matematica v.7 (1885), 1-6.)

Beginning of the theory: Laplas and Wave equation XVIII
century; Tricomi-Cibrario 1920-1932).
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MosepxHocTb

paBHeHMﬂ

forms of dydx
lin, nd
[& PDE Wusomiouna
C the pl cKNagbiBaHUA
A1l KPMMMHBHTE
\
Da 1 (x y,dy:dx)
D=0,dDi(L2 // CknaabiBaHue
D+ 2bD, D, + <0, =0 x )ypaBHeHMn

TNunna cmensl
Tana

Smooth family of y-equations with e € R™, m € N, near a point
(P, e0), where x-direction is tangent to the change type line and
|Dy(P)| + | Dy (P)| # 0 takes the form dy? = C(z,y,e)dz? (1) with
some smooth function C, C(P, o) = Cy(P,e0) = 0 # Cy(P,¢),
after an appropriate selection of smooth coordinates foliated over
the parameter with the beginning at this point and multiplication
by non-vanishing function.
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points

In the Proposition’s coordinates:

e (z,p = dy/dx) — local coordinates at the equation surface neasr
the origin;

o 2p: —(Cy +pCy)) uo: (x,p)— (z,—p) — equation direction
field and equation folding involution in the coordinates;

o v := (2p, —C, — pCy) — vector field defining the equation
direction field, and (0, 0) is its singular point;

e compatibility o and v : the determinant of |v  o,v| has exactly
second order zero at the criminant (= 4p>C,);

e Characteristic of folded singular points like eigenvalues,
resonability etc. are the respective characteristics of the field
(2p, —Cy — pCy) at the origin.

e an exponent « of (folded) singular point is defined as the ratio
of the eigenvalue having maximum modulo to the one with
minimum one for the saddle and node, and as the modulo of
ration the imaginary part to the real one for the focus.
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Classifications theorems

Teopema (daBbrmos’1984)

x—equation near its non-resonance folded singular point P of type
saddle and node, or else focus has the form dy? = (y — kz?)dz?
with k = a(a +1)72/4 and k = (1 + a?)/16), respectively, where
« is the exponent of the point, after an appropriate selection
C*>—coordinates with the origin at P and multiplication by
non-vanishing smooth function.

Teopema (A.JI., Yuub Txu 3uen JIunn)

For any r € N a germ of C*°-family of y—equations with a
parameter € € R™2! at its non-resonance folded singular point
(P, o) of type saddle and node, or else focus is the germ at the
origin of the equation dy? = (y — kx?)dz? with

k= a(e)(a(e) +1)72/4 and k = (1 + o?(¢))/16), respectively,
where «(e) is the respective deformation of the exponent «, after
an appropriate selection of an appropriate C"— coordinates x, y
foliated over the parameter and multiplication by non-vanishing
C"—function.



Comments and model equations

Reduction
theorem and

e folded focus and generic node are non-resonance, and the class
of transformation smoothness could be taken C°°;

e finitely smooth versal deformation of non-resonance point has
only one parameter k;

e topological smooth versal deformation of non-resonance point
has no parameter, namely, one could take k being equal to
—1,1/20 and 1 for the cases of saddles, nodes and foci<
respectively. The model equations are:

points

Upy — (2% 4+ Y)tyy = 0 folded saddle , k = —1
Uy + (27/20 — y)uy, = 0 | folded node , k = 1/20
Uy + (27 — Y)tyy = 0 folded focus, k =1
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Reduction Theorem

For a C! vector field (or direction) field v two germs of the same
nature are called C}— equivalent, r > 0, if they are carried out one
into another by C"-diffeomorphism preserving phase (or integral,
respectively) curves of v.

C]—equivalence of two germs of families is C"— diffeomorphism
preserving the natural foliation over the family parameter and the
phase curves of the field (v, = 0); C’—equivalence is called
strong, if it preserves the parameter

A JI., Yunbs Txu 3uen Jluab

For a germ at the origin of smooth family v of vector or direction
field with a parameter € € R™, m € N, the germs at the origin of
two families of involutions with the same parameter and being
compatible with v are C;°— equivalent, if these families of
involutions have the same surface of fix points, which passes
through the origin, and the field (v, = 0) (or (v : 0), respectively)
is not tangent to this surface almost everywhere near the origin.
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Caejienne K TeopeMe peayKIiu: jemma 1,2

Jlemma 1

Ilis poctka B HyJe C''-BeKTOPHOTO TIOJIsSt ¥ ¢ TUTIEpOOTMIECKOit
0c000i1 TOUKOI B HyJIE, HE SIBJISIFOIIEINCS TUKPUTHIECKUM Y3JIOM,
JBa Pa3JINIHBIX HAIpABJIEHUS B HyJe IEPEBOIATCA OHO B JIpPyroe
muddeomopdramom (HazoBoOro MOTOKA MO ¥, €CJAN U TOJILKO
€CJIM UX MOXKHO COEMHUATH B IPOCTPAHCTBE HAIIPABJICHUI B HYyJIe
HEIPEPBIBHON KPUBOIl, HE IIPOXOJIAIIEH Yepe3 COOCTBEHHBIE
HAIIPABJIEHU TI0JIS U B HYJIE.

Jlemma 2

s pocTka B HyJe C'-cemeiicTna, v BEKTOPHBIX MOJEH C
mapaMerpoM € € R™ u ¢ runepboJsindeckoit 0coboit TOYKOl B HyJIe
npu € = 0, He SBJISIIOIIENCS] TUKPUTUIECKUM Y3JI0M, POCTKHU B
ayse (0,0,0) AByX IJIaJIKO BJIOXKEHHBIX IOBEPXHOCTEHH,
COJIepzKallfX OCh Iapamerpa, cuiabHo Co°— SKBUBAJIEHTHBI, €CJIA B
wIockocTu € = () B HyJIe CeYeHns ITUX [TOBEPXHOCTEHN KACAIOTCS
JAPYT APYra, HO HU OJHO M3 COOCTBEHHBIX HAIIPABJIEHUI IOJIS U HE
KacaeTcs ITUX CEeYEHUIl.
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JlokazaTe/ibCTBO TEOPEMbl O HOPMAaJIbHBIX (POPN

Brisox C"— HopmasibHO# hopmbr, 7 > 1 :

o [Ipu n >> r s nons ¢ nosydaem C™— DIAJKYI0 HOPMAJILHYTO
dopmy (¢, ale)n) msa cegia n y3na u (( — a(e)n, ale)C +n) mis
dokyca, npumensisi Teopemy WIbsIienko u HKOBeHKo U yMHOXKASsT
U Ha He 0DpAIAoNIUecs B HOJIb (DYHKIIHIO;

e B ciyuae cemia u y3ia, MeHsist 3HaK ( IIPU HEOOXOIMMOCTH,
MOXKHO PACIOJIOKUTH KPUMUHAHTY B JIIOOOM M3 CEKTOPOB MEXKTy
COOCTBEHHBIMU HATIPABJICHUSIMUT;

e 3aMeHOl npuBeseM mose K Buay (21, k(e)C + n);

o Cunras s ce/iUIa U y3/1a KPUMUHAHTY PACIOJIOXKEHHON B
cekTope ¢ ockio OC U UCIONIB3Ysl JIeMMBI 1 1 2, IepeBeieM
MOBEPXHOCTH KPUMUHAHT B 9Ty OCb;

o CemeiictBo unsostorwit (¢, 1n,€) — (¢, —n,€) COrIacoBaHo ¢
oJieM B HOpMaJIbHOU (opme = HpI/IMeHHH TeopeMy peyKIum,
[OJIyYaeM HyKHbIe HOPMAaJbHbIE (POPMBI KJIaCCa TJIAJIKOCTA > T.

Teopema 0 HOpMATBHBIX (HOPMAX TOKAZAHA.
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JlokazaTe/IbCTBO TeOpEMbI PETyKITNN

Reduction ® 0] U 02 — ceMelicTBa MHBOJIIOINI; BO3bMEM PaCCJIOEHHBIE

JIOK. KOODAMHATHI, 4T0 07 : (z,y,&) — (z,—y,&) (ecomn
f=1(zy,e) n|fe(O) +[fy(O)] # 0, T0 MoxuO 2 = f + 01 % f 1
y=f—o1xf)

e CoryiacoBaHHOCTB CeMeicTB v = (U1, V2) U 01 = BeJUYHUHA
|’U 0'1*’U| =" (.T, Y, 5)”2(333 v, 6) — 0 (IZZ, v, 5)”2($a Y, E)

HMeeT HyJIb BTOPOro MOpsnka Ha Y = 0, B YaCTHOCTH V1Vz|y=o = 0.
e Ho v rpance. y = 0 nouyru Bcrogy = sekrop =(0, 1,0)
cobcTBennblit Ha Yy = 0 711 014 U 024 C COOCTB. uuCIOM —1 @ =

g9 . (Z‘,y,&‘) = (33+ygr(ﬂ%y,ﬁ),—y+y25(37ay75)75)
o= I (=x+y’R(z,y,¢), n =y +y?S(x,y,¢) ¢ R, S € C>, uro

Reduction

Theorem

02! (Ca m, E) = (C7 -, E)

o Bozbmém medopm. vt i (Cey ey €) — (Cey —Mt, €) CeMelicTB 01 B 02
¢ G =x+ty*R(z,y,€), ne = y + ty>S(z,y,¢); 70 = 01, 71 = 02.
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Reduction CkopocTthb jiecbopMaluy MHBOJIIOIUKE — 3TO CKOPOCTh JIBUYKEHUST
theorem and

obpasa Touku. Ckopocrh Halell pedopmamyu Vi uMeeT HyJIb
Broporo nopsiika Ha y = 0 (n; = 0) = (ungekc t BComy omyckaem)

V= 772(h(C,77a5)a7”(C777, 5)) C h,?" e C™® (1)

JlemMma

Hedopm. id co ckop. (s,0) maér nedopm. v : (¢,n,e) — ({,—n,¢)
co ckop. V = (8 — 74s8,0), 7.V = =V.

e YunreiBas v,V = —V u Buj (1), nosygaem
h(Cv _7778) = _h’(C7n7€) = h(()”ag) = 77P(Cﬂ7275)
Reduction (¢, —n,e) =r(¢,m,¢) r(¢,m.€) = q(¢, %, €)

Theorem

€ HEKOTOPBIMU IVIQIKUMH D, g.
e Jlecdbopm. id co ckopocreio (s,0) = (fv,0) ¢ dyukuueii f € C*
naér cunpHyo C5°— S5KBUBAJIEHTHOCTb = JIOCTATOYHO DEIINTD
TOMOJIOTHYECKOE yPaBHEHHE

V= fo— (") (2)
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JlokazaTe/IbCTBO TeOpEMbI PETyKITNN

o Hoxcrapmss B (2) v = (nl(¢,n,€),m(¢,n,€)) n
f=u(¢,n% ¢e) +nw(¢,n? e) c nexoropeivu I, m, u, w € C*°, u
IIpUpaBHUBas YETHYIO U HEUYETHYIO II0 1) YACTHU, IIOJIyIUM
JIMHEIHYIO CUCTEeMY ypaBHEHUI Ha U, W :

{ u(l+1-) +wn(l —1-) = °p . { I =1(¢,—n,¢)

u(m+m_) +wn(m—m~) =n’q m_ =m(¢,—n,€)

o OHpe;LeJII/ITeJIb 9TON CUCTEMBI UMeEeT BU/JL
772 [L + h(C7 n, 5)] cL= 2[1(07 Oa O)mn (Oa 07 0) - l77 (07 Oa O)m(ov 07 0)]

uh e C>® h(0)=0. Umeem L # 0 B cujty COrIacOBAaHHOCTU
cemetiictB v u . Cire10BATEILHO, TIOCIEIHSIS CHCTEMA U YPABHEHUE
(2) razKo paspenmo.

Teopema pemgykun goKa3aHa.
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JlokazaTeibcTBO JIeMMbI 1

Reduction e Heobxonumocts: nmuddeomopdusm, coxpanaonuit
theorem and
normal daz0BbIe KPUBBIE TOJIST U, IEPEBOIUT B ceOsT KarXKIbIi 13
forms o
ISl  OTKPBLITHIX CEKTOPOB, Ha KOTOPbIE IIPOCTPAHCTBO HAIIPABJICHUH B
D

SRS [y (97O OJHOMEPHOE [IPOEKTUBHOE [IPOCTPAHCTBO) Pa3buBaeTcs
N COOCTBEHHBIMH HAIIPABJICHUAMH TIOJIA U B HyJIE.

- e JToCTATOYHOCTD: JBa HAIIPABJICHUS U3 OJHOIO CEKTOPA ITOJIS

U = AT + ..., UMEIOIIEro B HyJle HEBLIPOXKJICHHYIO 0COOYIO TOUKY,

IEPEBOISTCST OJIHO B IPyroe oToGpazkenmeM et mpu moaxossimem

t, 9TO HeTPYAHO BUAETH => IpeobpasoBanue g' OCyIIeCTBIIAeT

Takoil ke mepesos. Jlemma okasaHa.

o
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JlokazaTeibcTBO JIEMMBbI2

Fadhntior e ITycrs (0, = 0) 3amaér (v : 0) u umeer npu € = 0 HEBBIP.
theorem and

normal OC. T. B HyJIe: = IPHU MaJIbIX £ ecTh Oam3Kast oc. T. (x = X (&),
tinear sccond [IRTRS Y(e),e), X, Y € C*). BameHoii x,y CIABUHEM €6 B HOJIb.

RSN o [Ipu MaJIbIX € CJIeIaeM o—TIPONECC MO T, Y C NEeHTPOM B HyJIe; T
N U Ty CTAHYT TJIAJKO BJIO?KEHHBIMHA MOBEPXHOCTAMH, MTPOXOIAIIAMA
- pu € = 0 gepe3 OJHY U Ty K€ TOUYKY BKJIEEHHOU IIPOEKTUBHOMN

IpsAMOil TpaHCBepCaJbHO 3Toi npsamoii. Ilose ¥ — pojoKaercsa B
3Ty TOUYKY PEryJIspHO W KaCaeTCsl BKJICEHHON IMPAMOIi;
e = BpeMms aBuKenus ¢ nosieM (0,0) or mp 10 my - C°°— dyukuus
7 ma 1. Hyxayio C°— skusanentaocts maér g7 () (), tne T —
TJIa/IKoe TIPOJIoJIKeHne (byHKINE T B OKPECTHOCTD HyJId, a gb —
orobpazkenne dhazosoro noroka noss (0, = 0). Jlemma nokasaHa.

Theorem Y

T()

(j xg'li

) X

//
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Onpenenenne

Ompenenenme

Ocobast TouKa 10JIsI HAIIPABICHUN YPaBHEHUsI HA3bIBACTCS
CJIOZKEHHOM, €CJIA 9Ta TOYKA— KPUTHIECKAs TOUKA, CKJIAJIKa Y UTHU
CKJIQ/IBIBAHUS ypaBHeHusi. [lojie HATpaBIeHNN TUITHTIHOTO
YDABHEHUSI MMEET JIUIIb HEBBIPOXKIEHHBIE 0COObIe TOYKN (THUITOB
cez1o, y3ea u (POKYC), U KaxKJasi U3 HUX sIBJISIETCS CJIOKEHHOI.

Teopema(Yurun)

OrobpazkeHne JIByMEPHOIO MHOI0O0OOpa3ust B IBYMEPHOE
YCTOWYMBO B TOYKE TOTJ/IA U TOJBKO TOIJIA, KOTJA B IOIXOISIIUX
JIOKAJIbHBIX KOOpjmHaTax (&1,Z2) B npoobpase u (yi,ys) B
00pa3eoToOparKeHne 3alNChIBAETCS B OJHOM U3 TPEX BUIOB:

1) y1 = 21,y2 = T2 (peryssipHas TOUKA);

2) y1 = 22, y2 = T2 (cKIaaKa);

3) y1 = 22 + 2172, Y2 = T2 (cOopKa)

(paccmarpuBaeMas TOYKA UMEET KOOPIUHATHL £ = X2 = 0).



