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2�®áª®¢áª¨© ä¨§¨ª®-â¥å­¨ç¥áª¨© ¨­áâ¨âãâ (£®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â)

� à¥è¥­¨¨ ®¤­®© á¨­£ã«ïà­® ¢®§¬ãé¥­­®© ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨
¤«ï «¨­¥©­®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï*

�§ãç ¥âáï á¬¥è ­­ ï § ¤ ç  �®è¨ ¤«ï «¨­¥©­®£® á¨­£ã«ïà­® ¢®§¬ãé¥­­®£® ¯ à ¡®«¨ç¥á-
ª®£® ãà ¢­¥­¨ï á® á¯¥æ¨ «ì­ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨. �«ï ¬ «ëå §­ ç¥­¨© ¯ à ¬¥âà 
¯à¨¢¥¤¥­ë ¯à¨¡«¨¦¥­­ë¥ ¢ëà ¦¥­¨ï ¤«ï ­¥¨§¢¥áâ­ëå äã­ªæ¨©. �®ª § ­® áãé¥áâ¢®¢ ­¨¥
¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï, ¤«ï ª®â®à®£® ¯®áâà®¥­­®¥ ¯à¨¡«¨¦¥­¨¥ ï¢«ï¥âáï  á¨¬¯â®â¨ç¥á-
ª¨¬ ¯® ¬ «®¬ã ¯ à ¬¥âàã. � ª¨¥ § ¤ ç¨ ¢®§­¨ª îâ ¢ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«ïå § ¯®«­¥­¨ï
« §¥à­ëå ¬¨è¥­¥© £ §®®¡à §­ë¬ â¥à¬®ï¤¥à­ë¬ â®¯«¨¢®¬.

�«îç¥¢ë¥ á«®¢ : ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, á¨­£ã«ïà­®¥ ¢®§¬ãé¥­¨¥, ¯®£à ­á«®©­®¥
à¥è¥­¨¥, « §¥à­ ï ¬¨è¥­ì.

�¢¥¤¥­¨¥
� à ¡®â å [1, 2] ¡ë«¨ ¨§ãç¥­ë ¬ â¥¬ â¨ç¥áª¨¥

¬®¤¥«¨ § ¯®«­¥­¨ï â®­ª®áâ¥­­ëå ®¡®«®ç¥ª £ §®¬.
� ª¨¥ § ¤ ç¨ ¢®§­¨ª îâ ¯à¨ ¨áá«¥¤®¢ ­¨¨ â¥å­®-
«®£¨ç¥áª¨å ¯à®æ¥áá®¢ ¯à®¨§¢®¤áâ¢  « §¥à­ëå ¬¨-
è¥­¥© ¤«ï ¨­¥àæ¨ «ì­®£® â¥à¬®ï¤¥à­®£® á¨­â¥§ 
[3{5]. � áâ âì¥ [1] ¯®áâ ¢«¥­­ ï § ¤ ç  ¢ ¡¥§-
à §¬¥à­ëå ¯¥à¥¬¥­­ëå á¢®¤¨« áì ª à¥è¥­¨î á¨­-
£ã«ïà­® ¢®§¬ãé¥­­®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥-
­¨ï ¤«ï § ¤ ç¨ �®è¨ á® á¯¥æ¨ «ì­ë¬¨ ªà ¥¢ë¬¨
ãá«®¢¨ï¬¨. �¥è¥­¨¥ áâà®¨«®áì ¢ ¢¨¤¥  á¨¬¯â®â¨-
ç¥áª®£® àï¤ . �à¨ íâ®¬  ¢â®à ®£à ­¨ç¨¢ «áï «¨èì
¯¥à¢ë¬ ç«¥­®¬ àï¤  ¤«ï à¥£ã«ïà­®© á®áâ ¢«ïî-
é¥© à¥è¥­¨ï, ¯à¥­¥¡à¥£ ï ¯®£à ­á«®©­®© ç áâìî,
ãç¨âë¢ îé¥© ­ ç «ì­ë¥ ãá«®¢¨ï. �¯à ¢¤ ­¨¥¬
¯à¨¬¥­¨¬®áâ¨ â ª®£® ¬¥â®¤  ï¢«ï«áï â®â ä ªâ,
çâ® ¯®£à ­á«®©­ ï á®áâ ¢«ïîé ï ¡ëáâà® § âãå ¥â
¨ à¥è¥­¨¥ ý§ ¡ë¢ ¥âþ ­ ç «ì­ë¥ ãá«®¢¨ï. � ­ -
áâ®ïé¥© à ¡®â¥ ¤®ª § ­  â¥®à¥¬  ® áãé¥áâ¢®¢ -
­¨¨ ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¡®«¥¥ ®¡é¥© § -
¤ ç¨, ç¥¬ â , çâ® ¨áá«¥¤®¢ « áì ¢ [1,2]. �®áâà®¥­®
à¥è¥­¨¥ ¥¥ ­ã«¥¢®£® ¯à¨¡«¨¦¥­¨ï ¢ ¢¨¤¥ áã¬¬ë
à¥£ã«ïà­®© ¨ ¯®£à ­á«®©­®© á®áâ ¢«ïîé¥© ¨ ¤ ­ 
à ¢­®¬¥à­ ï ®æ¥­ª  ®áâ â®ç­ëå ç«¥­®¢  á¨¬¯â®-
â¨ç¥áª®£® àï¤ .

I. �®áâ ­®¢ª  § ¤ ç¨
� áá¬®âà¨¬ æ¥­âà «ì­®-á¨¬¬¥âà¨ç­®¥ ¯ à ¡®-

«¨ç¥áª®¥ ãà ¢­¥­¨¥ á ¬ «ë¬ ¯ à ¬¥âà®¬ ε > 0:

ε
∂u

∂t
=

1
r2

∂

∂r

(
r2 ∂u

∂r

)
,

ε > 0, t > 0, 0 < r1 6 r 6 r0.

(1.1)

�à ­¨ç­ë¥ ãá«®¢¨ï ­¥®¤­®à®¤­ë¥:

u(r0, t) = f(t) + µ(t), u(r1, t) = µ(t). (1.2)

�ã­ªæ¨ï f(t) áç¨â ¥âáï ¨§¢¥áâ­®©,   äã­ªæ¨î
µ(t) á«¥¤ã¥â ®¯à¥¤¥«¨âì. �à ¢­¥­¨ï ¤«ï ®¯à¥¤¥-
«¥­¨ï äã­ªæ¨¨ µ(t) ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

dµ(t)
dt

= α
∂u(r1, t)

∂r
, µ(0) = b. (1.3)

� ç «ì­®¥ ãá«®¢¨¥

u(r, 0) = U(r). (1.4)

�ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«­¥­­ë¬¨ ãá«®¢¨ï
á®£« á®¢ ­¨ï

U(r1) = b, U(r0) = b + f(0). (1.5)

� ­ áâ®ïé¥© à ¡®â¥ ¤®ª §ë¢ ¥âáï á«¥¤ãîé ï
â¥®à¥¬ .

�¥®à¥¬ . �á«¨ äã­ªæ¨¨ f ′(t) ¨ U ′′(r) ­¥¯à¥-
àë¢­ë ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï (1.5), â®
­ ©¤¥âáï â ª®¥ ç¨á«® ε0 > 0, çâ® ¯à¨ 0 < ε < ε0 à¥-
è¥­¨¥ § ¤ ç¨ (1.1) { (1.4) áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­®
¨ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

u(r, t, ε) = u0(r, t) + u1(r, t, ε) + εu2(r, t, ε),
µ(t) = µ0(t) + εµ1(t, ε).

(1.6)

�ã­ªæ¨¨ µ0(t), u0(r, t) ï¢«ïîâáï à¥è¥­¨ï¬¨
¢ëà®¦¤¥­­®© § ¤ ç¨:

µ0(t) = b +
αr0

r0 − r1

t∫

0

f(s) ds, (1.7)

u0 (r, t) = µ0 (t) +
r0

r

r − r1

r0 − r1
f (t) . (1.8)

�®£à ­á«®©­ ï äã­ªæ¨ï u1(r, t, ε) ª®¬¯¥­á¨-
àã¥â ­¥¢ï§ªã ¢ ­ ç «ì­ëå ãá«®¢¨ïå:

u1(r, τ) =
2

r(r1 − r0)
×

*� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ���� ý� §¢¨â¨¥ ­ ãç­®£® ¯®â¥­æ¨ «  ¢ëáè¥© èª®«ëþ, ¯à®¥ªâ 2.1.1/12136.
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×
r1∫

r0

( ∞∑
n=1

e−λ2
nτ

λ2
n

sinλn(r1 − s) sin λn(r1 − r)

)
×

×(sU ′′(s) + 2U ′(s))ds. (1.9)

�ã­ªæ¨¨ u2(r, t, ε), µ1(t, ε) à ¢­®¬¥à­® ®£à ­¨-
ç¥­ë. ¤

�¯à®áâ¨¬ ¯®áâ ­®¢ªã § ¤ ç¨ ¯à¨ ¯®¬®é¨ § -
¬¥­ë § ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå:

v (r, t) = rµ (t) + r0
r1 − r

r1 − r0
f (t)− ru (r, t) . (1.10)

�à ¢­¥­¨ï (1.1) { (1.5) ¯à¨­¨¬ îâ á«¥¤ãîé¨©
¢¨¤:

ε
∂v

∂t
=

∂2v

∂r2
+ εrµ′(t) + εr0

r1 − r

r1 − r0
f ′(t), (1.7′)

v(r0, t) = 0, v(r1, t) = 0, (1.8′)
dµ(t)

dt
=

= − α

r1

∂v(r1, t)
∂r

− αr0

r1(r1 − r0)
f(t), µ(0) = b, (1.9′)

v(r, 0) = −rU(r) + rb +
r1 − r

r1 − r0
f(0). (1.10′)

II. �¥è¥­¨¥ ¢ëà®¦¤¥­­®© § ¤ ç¨
¨ ãà ¢­¥­¨© ¯®£à ­á«®ï

�à¨ ε = 0 ¬ë ¯®«ãç ¥¬ ¢ëà®¦¤¥­­ãî § ¤ çã

∂2v0

∂r2
= 0, v0(r0, t) = 0, v0(r1, t) = 0,

dµ0

dt
= − αr0

r1(r1 − r0)
f(t), µ0(0) = b.

� ç «ì­®¥ ãá«®¢¨¥ (1.10) ¢ ®¡é¥¬ á«ãç ¥ ­¥ ¬®-
¦¥â ¡ëâì ã¤®¢«¥â¢®à¥­®. �¥è¥­¨¥ ¢ëà®¦¤¥­­®©
§ ¤ ç¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

v0(r, t) = 0, µ0(t) = b− αr0

r1(r1 − r0)

t∫

0

f(s)ds.

(2.1)
�®«®¦¨¬ ¢ ãà ¢­¥­¨ïå (1.7') { (1.10)

τ = t/ε, µ(t, ε) = µ0(t) + z(t, ε). (2.2)

�®£¤  á¨áâ¥¬  ãà ¢­¥­¨© (1.7') { (1.10') ¯à¨­¨-
¬ ¥â á«¥¤ãîé¨© ¢¨¤:

∂v

∂τ
=

∂2v

∂r2
+ εrz′(ετ) + εr0

r1 − r

r1 − r0
f ′(ετ), (2.3)

v(r0, τ) = 0, v(r1, τ) = 0, (2.4)
dz(τ)
dτ

=
εα

r1

∂v(r1, τ)
∂r

, z(0) = 0, (2.5)

v(r, 0) =

= −rU(r) + rµ(0) + r0
r1 − r

r1 − r0
f(0) = ψ(r). (2.6)

�á«¥¤áâ¢¨¥ ãá«®¢¨© á®£« á®¢ ­¨ï (1.5)

ψ(r0) = −r0(U(r0)− b− f(0)) = 0,

ψ(r1) = r1(U(r1)− b) = 0.
(2.7)

�®« £ ï ¢ á¨áâ¥¬¥ (2.3) { (2.6) ¯ à ¬¥âà ε =
= 0, ¯®«ãç ¥¬ á¨áâ¥¬ã ¤«ï ®¯à¥¤¥«¥­¨ï ¯®£à ­á-
«®©­ëå äã­ªæ¨©:

∂ṽ

∂τ
=

∂2ṽ

∂r2
, ṽ(r0, t) = 0,

ṽ(r1, t) = 0, ṽ(r, 0) = ψ(r),
(2.8)

dz0(τ)
dτ

= 0, z0(0) = 0. (2.9)

�§ ãà ¢­¥­¨© (2.9) á«¥¤ã¥â, çâ® z0(τ) = 0.
� áá¬®âà¨¬ ®àâ®£®­ «ì­ãî ­  ®âà¥§ª¥ [r0, r1]

á¨áâ¥¬ã äã­ªæ¨©

ϕn(r) = sin λn(r1 − r), λn =
nπ

r1 − r0
. (2.10)

�¥¬¬  2.1. �á«¨ äã­ªæ¨ï U(r) ¨¬¥¥â ­¥¯à¥-
àë¢­ãî ¯à®¨§¢®¤­ãî ¢â®à®£® ¯®àï¤ª , â® à¥è¥­¨¥
á¬¥è ­­®© § ¤ ç¨ (2.8) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

ṽ(r, τ) =
∞∑

n=1

γn

λ2
n

e−λ2
nτ sin λn(r1 − r),

γn =
2

r1 − r0

r1∫

r0

(sU ′′(s) + 2U ′(s)) sin λn(r1 − s) ds.

(2.11)

�ã­ªæ¨ï ṽ(r, τ) ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤-
­ãî ∂ṽ

∂r , ¯à¨ç¥¬

∂ṽ(r1, τ)
∂r

= −
∞∑

n=1

γn

λn
e−λ2

nτ . ¤ (2.12)

�®ª § â¥«ìáâ¢®. � §«®¦¨¬ äã­ªæ¨î ψ(r)
¯® ®àâ®£®­ «ì­®© á¨áâ¥¬¥ (2.10). � ª ª ª ψ(r0) =
= ψ(r1) = 0 ¢ á¨«ã (2.7),   ¢ á¨«ã à ¢¥­áâ¢  (2.6)
ψ′′(r) = −rU ′′(r)− 2U ′(r), â®

ψ(r) =
∞∑

k=1

bkϕk(r),

bk =
2

r1 − r0

r1∫

r0

ψ(s) sin λk(r1 − s) ds =

= − 2
(r1 − r0)λk

r1∫

r0

ψ′(s) cos λk(r1 − s) ds =

= − 2
(r1 − r0)λ2

k

r1∫

r0

ψ′′(s) sin λk(r1 − s) ds =
1
λ2

k

γk,
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γn =
2

r1 − r0

r1∫

r0

(sU ′′(s) + 2U ′(s)) sin λn(r1 − s) ds.

�¥è¥­¨¥ á¬¥è ­­®© § ¤ ç¨ (2.8) ¨¬¥¥â ¢¨¤

ṽ(r, τ) =
∞∑

n=1

γn

λ2
n

e−λ2
nτ sin λn(r1 − r). (2.13)

� á¨«ã ­¥à ¢¥­áâ¢  �¥áá¥«ï
∞∑

n=1
γ2

n < +∞,   ¢

á¨«ã ­¥à ¢¥­áâ¢  �®è¨
∞∑

n=1

γn

λn
< +∞. �«¥¤®¢ -

â¥«ì­®, àï¤ë (2.13) ¨ (2.12) áå®¤ïâáï à ¢­®¬¥à­®
¨ á¯à ¢¥¤«¨¢  ä®à¬ã«  (2.12). �¥®à¥¬  ¤®ª § ­ .

III. �®ª § â¥«ìáâ¢® â¥®à¥¬ë
áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨

à¥è¥­¨ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï
¤«ï äã­ªæ¨¨ z(τ, ε)

�®«®¦¨¬

v(r, τ) = ṽ(r, τ) + w(r, τ), w(r, 0) = 0,

w(r0, τ) = 0, w1(r, τ) = 0.
(3.1)

�®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥­¨ï ¢ ãà ¢­¥­¨ï (2.3) {
(2.6), ¯®«ãç ¥¬ ãà ¢­¥­¨ï ¤«ï äã­ªæ¨© w ¨ z:

Lw =
∂w

∂τ
− ∂2w

∂r2
=

= −εrz′(τ)− εr0
r1 − r

r1 − r0
f ′(ετ), (3.2)

w(r0, τ) = 0, w(r1, τ) = 0, w(r, 0) = 0, (3.3)

dz(τ)
dτ

=
εα

r1

∂w(r1, τ)
∂r

− εα

r1

∂v0(r1, τ)
∂r

. (3.4)

�¢¥¤¥¬ § ¤ çã ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ z(τ) ª à¥-
è¥­¨î ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï. �«ï íâ®£® ¢®á-
¯®«ì§ã¥¬áï à §«®¦¥­¨ï¬¨

r = (r1 − r0)
∞∑

n=1

an

λn
sin λn(r − r1),

an = 2((−1)nr0 − r1),

r − r1 =
∞∑

n=1

sin λn(r − r1)
λn

.

(3.5)

� ¯¨è¥¬ ãà ¢­¥­¨¥ (3.2) ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

∂w

∂τ
− ∂2w

∂r2
=

= −ε(r1 − r0)z′(τ)
∞∑

n=1

an

λn
sin λn(r − r1)−

− εr0

r1 − r0
f ′(ετ)

∞∑
n=1

sin λn(r − r1)
λn

.

�«¥¤®¢ â¥«ì­®,

w = −ε(r1 − r0)
∞∑

n=1

an

λn
sinλn(r − r1)×

×
τ∫

0

e−λ2
n(τ−ξ)z′(ξ) dξ − εr0

r1 − r0

∞∑
n=1

sinλn(r − r1)
λn

×

×
τ∫

0

e−λ2
n(τ−ξ)f ′(εξ) dξ, (3.6)

∂w(r1, τ)
∂r

= −ε(r1 − r0)
∞∑

n=1

an

τ∫

0

e−λ2
n(τ−ξ)z′(ξ) dξ−

− εr0

r1 − r0

∞∑
n=1

τ∫

0

e−λ2
n(τ−ξ)f ′(εξ) dξ. (3.7)

� ª ª ª
∣∣∣∣∣∣

τ∫

0

e−λ2
n(τ−ξ)z′(ξ) dξ

∣∣∣∣∣∣
6 1

λ2
n

‖z′‖,

∣∣∣∣∣∣

τ∫

0

e−λ2
n(τ−ξ)f ′(εξ) dξ

∣∣∣∣∣∣
6 1

λ2
n

‖f ′‖,

(3.8)

â® àï¤ë ¢ ä®à¬ã« å (3.6) ¨ (3.7) à ¢­®¬¥à­® áå®-
¤ïé¨¥áï.

�®¤áâ ¢«ïï (3.7) ¨ (2.12) ¢ ä®à¬ã«ã (3.4), ¯®-
«ãç ¥¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï
äã­ªæ¨¨ z(τ):

z′(τ) = − ε2α(r1 − r0)
r1

∞∑
n=1

an

τ∫

0

e−λ2
n(τ−ξ)z′(ξ) dξ−

− ε2r0α0

r1 − r0

∞∑
n=1

τ∫

0

e−λ2
n(τ−ξ)f ′(εξ) dξ−

− εα

r1

∞∑
n=1

γn

λn
e−λ2

nτ . (3.9)

� ©¤¥¬ ãà ¢­¥­¨¥ ¤«ï z(τ). � ª ª ª z(0) = 0,
â®

τ∫

0

ds

s∫

0

e−λ2
n(s−ξ)z′(ξ) dξ =

τ∫

0

z′(ξ)

τ∫

ξ

e−λ2
n(s−ξ)ds =

=
1
λ2

n

τ∫

0

z′(ξ)
(
1− e−λ2

n(τ−ξ)
)

dξ =

=
1
λ2

n

(
z(ξ)

(
1− e−λ2

n(τ−ξ)
))∣∣∣∣

τ

0

+

+

τ∫

0

z(ξ)e−λ2
n(τ−ξ)dξ =

τ∫

0

z(ξ)e−λ2
n(τ−ξ)dξ,
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τ∫

0

ds

τ∫

0

e−λ2
n(s−ξ)f ′(εξ) dξ =

=
1

ελ2
n

f(0)
(
1− e−λ2

nτ
)

+
1
ε

τ∫

0

f(εξ)e−λ2
n(τ−ξ)dξ.

�á¯®«ì§ãï íâ¨ à ¢¥­áâ¢ , ¯®«ãç ¥¬ ¢ëà ¦¥­¨¥
¤«ï z(τ):

z(τ) = − ε2α(r1 − r0)
r1

∞∑
n=1

αn

τ∫

0

z(ξ)e−λ2
n(τ−ξ)dξ−

− εαr0f(0)
r1(r1 − r0)

∞∑
n=1

1− e−λ2
nτ

λ2
n

−

− εαr0

r1(r1 − r0)

τ∫

0

f(εξ)e−λ2
n(τ−ξ)dξ−

− εα

r1

∞∑
n=1

γn

λ3
n

(1− e−λ2
nτ ). (3.10)

� ª ª ª ¢ á¨«ã (3.5) |an| 6 2(r0 + r1), â®
∣∣∣∣∣∣
ε2α(r1 − r0)

r1

∞∑
n=1

αn

τ∫

0

z(ξ)e−λ2
n(τ−ξ)dξ

∣∣∣∣∣∣
6

6 ε2α(r1 − r0)(r0 + r1)
r1

‖z‖
∞∑

n=1

τ∫

0

e−λ2
n(τ−ξ)dξ 6

6 ε2C‖z‖,

C =
ε2α(r2

1 − r2
0)

r1

∞∑
n=1

1
λ2

n

.

�âáî¤  á«¥¤ã¥â, çâ® ¨­â¥£à «ì­®¥ ãà ¢­¥-
­¨¥ (3.10) ¯à¨ 0 < ε 6 ε0 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ z(τ, ε), ¯à¨ç¥¬ ‖z‖ < C1ε. �­ «®£¨ç­®¥
ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¨ ¤«ï ãà ¢­¥­¨ï (3.9). �«¥¤®-
¢ â¥«ì­® ‖z′‖ 6 C2ε

2.
�§ ä®à¬ã« (1.10), (2.11), (3.1) ¨ à¥§ã«ìâ â  ¯. 3

á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ ®á­®¢­®© â¥®à¥¬ë ¯. 1.
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