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Ïðåäïîëîæåíèÿ ìîäåëè îïòèìàëüíîãîèíâåñòèðîâàíèÿ 1

• Èíâåñòèöèè � ðåàëèçàöèÿ èíâåñòèöèîííûõ ïðîåêòîâ

• Èíâåñòèöèîííûå ïðîåêòû ñòàöèîíàðíû è òèðàæèðóåìû (èõ ìîæíîèñïîëüçîâàòü íåîäíîêðàòíî)
• Äîñòóïåí îãðàíè÷åííûé íàáîð (ïóë) èíâåñòèöèîííûõ ïðîåêòîâ: âïóëå âñåãî M ïðîåêòîâ
• Èíâåñòèöèîííûé ïðîåêò ïîëíîñòüþ îïèñûâàåòñÿ ñâîèìè ïîòîêàìèïëàòåæåé: Φk(t) � �óíêöèÿ, îïèñûâàþùàÿ ñàëüäî ïîòîêîâ ïëàòåæåé

k-ãî ïðîåêòà, íåòòî ñóììó ïîëó÷åííóþ èëè óïëà÷åííóþ èíâåñòîðîìñïóñòÿ t ìîìåíòîâ âðåìåíè ïîñëå çàïóñêà èíâåñòèöèîííîãî ïðîåêòà

• Èíâåñòèöèîííûé ïðîåêò èìååò êîíå÷íîå âðåìÿ ðåàëèçàöèè: T k �âðåìÿ ðåàëèçàöèè k-ãî ïðîåêòà, T = max
k

T k � ãîðèçîíò, íà êîòîðîìëþáîé èç ïðîåêòîâ â ïóëå áóäåò çàâåðøåí



2'

&

$

%

Îïèñàíèå ïîòîêîâ ïëàòåæåé èíâåñòèöèîííîãîïðîåêòà

• χk � çàðÿä, çàäàííûé íà áîðåëåâñêîé σ-àëãåáðå B äëÿâåùåñòâåííûõ ÷èñåë ñ íîñèòåëåì, âûïóêëàÿ îáîëî÷êà êîòîðîãîÿâëÿåòñÿ ïîäìíîæåñòâîì îòðåçêà [0;T ], ïðè÷åì 0 ∈ supp(Φ)

• χk = χk
1 + χk

2 (ðàçëîæåíèå Æîðäàíà), [0;T ] = A−

k ∪A+
k (ðàçëîæåíèåÕàíà)

A−

k ∈ B è A+
k = [0;T ] \A− � ñîîòâåòñòâåííî îòðèöàòåëüíîå èïîëîæèòåëüíîå îòíîñèòåëüíî çàðÿäà χk ìíîæåòñâà, ò.å. ∀B ∈ B

χk(A−

k ∩B) ≤ 0, χk(A+
k ∩B) ≥ 0, à χk

1 = χk([0;T ] ∩A−

k ),

χk
2 = χk([0;T ] ∩A+

k )

• Φk(t) = χk((0; t)), Φk
i (t) = χk

i ((0; t)) � �óíêöèè ðàñïðåäåëåíèÿ
• Φk

1(t) � ìîíîòîííî íåâîçðàñòàþùàÿ, à Φk
2(t) � ìîíîòîííîíåóáûâàþùàÿ �óíêöèÿ è Φk

i (x) = 0 äëÿ x ≤ 0, Φk
i (x) = Φk

i (T ) äëÿ
x > T , i = 1, 2
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Ïðåäïîëîæåíèÿ ìîäåëè îïòèìàëüíîãîèíâåñòèðîâàíèÿ 2

• Âñå èíâåñòèöèîííûå ïðîåêòû â íà÷àëå ñâîåé ðåàëèçàöèèïîðîæäàþò îäíîðîäíûé ïîòîê ïëàòåæåé: ∀k ∈ [1;M ] ∃τk > 0 :

∀t ∈ [0; τk] èëè Φk
1(t) < Φk

1(0), èëè Φk
2(t) > Φk

2(0)

• Èíâåñòèöèîííûå ïðîåêòû â ïóëå ìàñøòàáèðóåìû, è èíâåñòîðóïðàâëÿåò èíòåíñèâíîñòüþ èõ ðåàëèçàöèè.
√

uk(t) � èíòåíñèâíîñòü ðåàëèçàöèè k-ãî ïðîåêòà, íà÷èíàåìîãî âìîìåíò âðåìåíè t, uk(t) ∈ L∞
√ Ïîòîê ïëàòåæåé â ìîìåíò âðåìåíè (t+ τ) äëÿ èíâåñòîðà,ñâÿçàííûé ñ ýòèì ðåøåíèåì, áóäåò ðàâåí uk(t) · dΦk(τ)
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Ïðåäïîëîæåíèÿ ìîäåëè îïòèìàëüíîãîèíâåñòèðîâàíèÿ 3

• Ñîñòîÿíèå èíâåñòîðà õàðàêòåðèçóåò åãî ðàñ÷åòíûé ñ÷åò

√
s(t) � îñòàòîê íà ð/
 â ìîìåíò âðåìåíè t

√
s(0) > 0

√
s(t) = s(0) +

M
∑

k=1

t
∫

0

Φk(t− x)uk(x)dx

• Íå äîïóñêàþòñÿ êàññîâûå ðàçðûâû, ò.å. îñòàòîê íà ðàñ÷åòíîì ñ÷åòåäîëæåí áûòü íåîòðèöàòåëüíûì
• Èíâåñòîð ïëàíèðóåò �èêñèðîâàòü äîõîäû îò èíâåñòèöèîííîéäåÿòåëüíîñòè ê ìîìåíòó âðåìåíè T̂

√
uk(t) = 0 ∀ k = 1, . . . ,M ïðè t ≥ T̂ − T
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Çàäà÷à îïòèìàëüíîãî èíâåñòèðîâàíèÿ, îïðåäåëåíèåäîõîäíîñòè
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

























s(t) = s(0) +
M
∑

k=1

t
∫

0

uk(x) · Φk(t− x)dx, 0 ≤ t ≤ T̂ ,

s(t) ≥ 0, uk(t) ≥ 0, uk(t) ∈ L∞, ∀t ≥ 0, ∀k = 1 . . .M,

uk(t) = 0, t ≥ T̂ − T, ∀k = 1 . . .M,

s(T̂ ) → sup .

(1)

• v(T̂ ) � îïòèìàëüíîå çíà÷åíèå �óíêöèîíàëà â çàäà÷å (1) ïðèâðåìåííîì ãîðèçîíòå T̂ , V (T̂ ) = v(T̂ )/s(0),

• lim
T̂→∞

lnV (T̂ )

T̂

� äîõîäíîñòü ïóëà èíâåñòèöèîííûõ ïðîåêòîâ
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Êëàññè�èêàöèÿ ïóëîâ èíâåñòèöèîííûõ ïðîåêòîâ

• φ̃k(p) =
T
∫

0

e−ptdΦk(t),
• F (p) = max

k

{

φ̃k(p)
},

• p∗ = min {p > 0|F (p) = 0}.Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïóë èíâåñòèöèîííûõ ïðîåêòîâèìååò àðáèòðàæíóþ ñòðóêòóðó ïëàòåæåé, åñëè ∀ p ≥ 0 F (p) > 0.Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî ïóë èíâåñòèöèîííûõ ïðîåêòîâèìååò óáûòî÷íóþ ñòðóêòóðó ïëàòåæåé, åñëè F (0) ≤ 0.Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî ïóë èíâåñòèöèîííûõ ïðîåêòîâèìååò ñòàíäàðòíóþ ñòðóêòóðó ïëàòåæåé, åñëè îí íå ÿâëÿåòñÿïóëîì ñ àðáèòðàæíîé èëè óáûòî÷íîé ñòðóêòóðîé ïëàòåæåé.
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ÏðèìåðûÏðèìåð 1. Ñòàíäàðòíûé ïðîåêò � ïðîåêò äåïîíèðîâàíèÿ ñðåäñòâ ïîäñòàâêó rd > 0: dΦ(t) = −1 · δ(t) + erdT · δ(t− T ), φ̃(p) = −1 + e(rd−p)T ,

F (p) = φ̃(p) è p∗ = rd.Ïðèìåð 2. Óáûòî÷íûé ïðîåêò � ïðîåêò çàéìà ïîä ñòàâêó rc > 0:

dΦ(t) = 1 · δ(t)− ercT · δ(t− T ), φ̃(p) = 1− e(rc−p)T , F (p) = φ̃(p) è

F (0) = 1− ercT < 0.Ïðèìåð 3. Àðáèòðàæíûé ïóë � êîìáèíàöèÿ èç ïðîåêòîâäåïîíèðîâàíèÿ ïîä ñòàâêó rd è çàéìà ïîä ñòàâêó rc ïðè óñëîâèè, ÷òî

rd > rc > 0.

F (p) =







− 1 + e(rd−p)T , p ≤ p̃,

1− e(rc−p)T , p > p̃,ãäå p̃ =
ln (erdT+ercT )−ln 2

T , rc < p̃ < rd. Ìîæíî çàìåòèòü, ÷òî F (p) > 0äëÿ ∀p > 0.
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Òåîðåìà 1. Â çàäà÷å (1)1. Äëÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ ñî ñòàíäàðòíîé ñòðóêòóðîéïëàòåæåé ∃p∗ = min {p > 0 |F (p) = 0} è lim
T̂→∞

lnV (T̂ )

T̂
= p∗.2. Äëÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ ñ óáûòî÷íîé ñòðóêòóðîéïëàòåæåé lim

T̂→∞

lnV (T̂ )

T̂
= 0.3. Äëÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ ñ àðáèòðàæíîé ñòðóêòóðîéïëàòåæåé ∃T̂0 > T : V (T̂0) = +∞.Â ñîîòâåòñòâèè ñ òåîðåìîé äëÿ ñëó÷àÿ àðáèòðàæíîé ñòðóêòóðûïëàòåæåé äîõîäíîñòü ïóëà ìîæíî îïðåäåëèòü êàê lim

T̂→∞

lnV (T̂ )

T̂
= +∞.
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Ñóùåñòâîâàíèå ¾ïóçûðåé¿Çàäà÷à îïòèìàëüíîãî èíâåñòèðîâàíèÿ áåç ó÷åòà ëèêâèäíîñòè�èíàëüíîãî ñîñòîÿíèÿ:

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
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













s(t) = s(0) +
M
∑

k=1

t
∫

0

uk(x) · Φk(t− x)dx, 0 ≤ t ≤ T̂ ,

s(t) ≥ 0, uk(t) ≥ 0, uk(t) ∈ L∞, ∀t ≥ 0, ∀k = 1 . . .M,

s(T̂ ) → sup .

(2)

Òåîðåìà 2. Äëÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ ñî ñòàíäàðòíîéñòðóêòóðîé ïëàòåæåé äëÿ ëþáûõ p : F (p) > 0, s(0) > 0, T̂ > Tñóùåñòâóþò uk(t), äîïóñòèìûå äëÿ çàäà÷è 2, òàêèå, ÷òî
lim

T̂→∞





ln
(

s(T̂ )/s(0)
)

T̂



 = p.
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�èñ. 1.
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Èçìåíåíèå òåìïîâ ðîñòà � äèíàìèêà èíäåêñîâ àêöèé,ïîëó÷åííûõ ÎÍÏ
�èñ. 4.
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Ñîñòîÿíèå ñåêòîðà �èíàíñîâ

�èñ. 5.
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�èñ. 6. Èñòî÷íèê � ÌÂÔ
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�èñ. 7. Èñòî÷íèê � ÌÂÔ
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Îöåíêà ñâåðõóÓòâåðæäåíèå 1. Äëÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ ñîñòàíäàðòíîé ñòðóêòóðîé ïëàòåæåé ∃p∗ = min {p > 0 |F (p) = 0}.Óòâåðæäåíèå 2. Äëÿ ñëó÷àÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ ñîñòàíäàðòíîé ñòðóêòóðîé ïëàòåæåé äëÿ ëþáîãî äîïóñòèìîãîðåøåíèÿ çàäà÷è (1) ñïðàâåäëèâî íåðàâåíñòâî s(T̂ ) ≤ s(0)ep
∗T̂ .Ñõåìà äîêàçàòåëüñòâà.

T
∫

0

e−p∗tdΦk(t) ≤ 0 ∀k = 1, . . . , N.

+∞
∫

0

e−p∗tdΦk(t) = p∗ ·
+∞
∫

0

Φk(t)e−p∗tdt

+∞
∫

0

s(t)e−p∗tdt =

s(0)
+∞
∫

0

e−p∗tdt+
M
∑

k=1

(

+∞
∫

0

e−p∗xuk(x)dx ·
+∞
∫

0

Φk(t̃)e−p∗ t̃dt̃

)
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Èäåÿ äîêàçàòåëüñòâà îöåíêè ñíèçó 1Äèñêðåòèçàöèÿ ñèñòåìû (1):
h(n) = T/n � øàã ñåòêè äëÿ îòðåçêà [0;T ]

~ak,h(n) =
{

a
k,h(n)
0 , a

k,h(n)
1 , . . . , a

k,h(n)
n

}, ãäå

a
k,h(n)
j = Φk

1 ((j + 1)h(n))− Φk
1(jh(n)) + Φk

2(jh(n))− Φk
2 ((j − 1)h(n)) , j > 0

a
k,h(n)
0 = Φk

1(h(n))− Φk
1(0).
























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























s
h(n)(j · h(n)) = s(0) +

M
∑

k=1

j
∑

l=0

u
k,h(n)
l

(

j−l
∑

j=0

a
k,h(n)
j

)

, j = 0, 1, . . . ,
T̂

h(n)
,

s
h(n)(j · h(n)) ≥ 0, u

k,h(n)
l ≥ 0,

u
k,h(n)
l = 0, l ≥

T̂

h(n)
−

[

T

h(n)

]

,

s
h(n)(T̂ ) → max . (3)
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Èäåÿ äîêàçàòåëüñòâà îöåíêè ñíèçó 2

ãk,h(n)(p) =
n
∑

j=0

a
k,h(n)
j e−jh(n)p, Ah(n)(p) = max

k
ãk,h(n)(p),

p∗h(n) = min
{

p > 0|Ah(n)(p) = 0
}.

�èñ. 8.
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Îöåíêà ñíèçó 1Ëåììà 1. Äëÿ ëþáîãî �èêñèðîâàííîãî P>0 �óíêöèîíàëüíàÿïîñëåäîâàòåëüíîñòü Ah(n)(p) ñõîäèòñÿ ðàâíîìåðíî ïî íîðìå â C[0;P ] ê�óíêöèè F (p) íà îòðåçêå [0;P ].Ëåììà 2. Äëÿ ëþáîãî p ∈ [0; +∞) ñïðàâåäëèâî, ÷òî F (p) ≥ Ah(n)(p).Ëåììà 3. Äëÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ {

Φk(t)
}M

k=1

ñàðáèòðàæíîé ñòðóêòóðîé ïëàòåæåé ∃ k ∈ [1;M ], τa > 0 : ∀t ∈ [0; τa]

Φk
2(t) > Φk

2(0).Ëåììà 4. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.1. Åñëè {

Φk(t)
}M

k=1

� ïóë èíâåñòèöèîííûõ ïðîåêòîâ ñî ñòàíäàðòíîéñòðóêòóðîé ïëàòåæåé, òî ∃N òàêîå, ÷òî äëÿ ∀ n > N âåðíî, ÷òî

∃ph(n)∗ ∈ (0; p∗] Ah(n)(p
h(n)
∗ ) = 0.2. Åñëè {

Φk(t)
}M

k=1

� ïóë èíâåñòèöèîííûõ ïðîåêòîâ ñàðáèòðàæíûìè ñòðóêòóðîé ïëàòåæåé, òî ∃N òàêîå, ÷òî äëÿ
∀ n > N âåðíî, ÷òî Ah(n)(p) > 0 ∀p > 0.
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Îöåíêà ñíèçó 2Òåîðåìà Êàíòîðà�Ëèïìàíà [4℄ óòâåðæäàåò, ÷òî1. Äëÿ ñëó÷àÿ ñòàíäàðòíûõ ïîòîêîâ ïëàòåæåé ∃ λ > 0 :

sh(n)(T̂ ) ≥ λs(0)ep
∗

h(n)T̂ , ãäå p∗h(n) = min
{

p > 0
∣

∣

∣Ãh(n)(p) = 0
} �âíóòðåííÿÿ íîðìà äîõîäíîñòè ïóëà èíâåñòèöèîííîãî ïðîåêòà ñäèñêðåòíûìè ïîòîêîìàìè ïëàòåæåé {

~ak,h(n)
}N

k=1

.2. Äëÿ ñëó÷àÿ àðáèòðàæíîãî ïîòîêà ïëàòåæåé sh(T̂ ) = +∞.Ñòðàòåãèÿ, ðåàëèçóþùàÿ òðåáóåìûé òåìï ðîñòà:
uk,h(n)(t) =

T̂ /h(n)
∑

l=0

u
k,h(n)
l δ(t− lh(n)).

u
k,h(n)
ε (t) =

T̂ /h(n)
∑

l=0

u
k,h(n)
l ωε(t− lh(n)), ãäå

ωε(t) =















4

ε
−
(

4

ε

)2
∣

∣

∣
x− ε

4

∣

∣

∣
, 0 ≤ t ≤ ε

2
,

0, t ∈ (−∞; 0) ∪ (
ε

2
;+∞),

ε = h(n)/100.



22'

&

$

%

Îöåíêà ñíèçó 3Ëåììà 5. Íàáîð ñòðàòåãèé u
k,h(n)
ε (t) ÿâëÿåòñÿ äîïóñòèìûì äëÿçàäà÷è (1) è ïðè åå ïðèìåíåíèè s(T̂ ) = sh(n)(T̂ ) .Óòâåðæäåíèå 3. Äëÿ ñëó÷àÿ ïóëà èíâåñòèöèîííûõ ïðîåêòîâ ñîñòàíäàðòíàìè ïîòîêàìè ïëàòåæåé âíóòðåííÿÿ íîðìà äîõîäíîñòèïóëà äèñêðåòíûõ ïðîåêòîâ {

~ak,h(n)
} ñòðåìèòñÿ ê âíóòðåííåé íîðìåäîõîäíîñòè ïóëà ïðîåêòîâ ñ ïîòîêàìè ïëàòåæåé {

dΦk
}N

k=1

ïðè

n → ∞, ò.å. lim
n→∞

p∗h(n) = p∗.
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