1 Some inequalities for Gaussian random variables

Lemma 1 Let 5 ~ N(0,1). Then, for allx >0,
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Proof. Inequality (1) follows from the fact that
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The proof of (2) is similar :
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Lemma 2 Let ..., M = 2, be N(0,1) random variables. Then
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Proof. Using the union bound we get
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We now apply Lemma 1 for & = ty/Tog M > /2Tog A7 > /ZTog 2. This gives the bound
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Similarly, for any u > 0,

M ; i eui 2
i S Tom AT + < & =/ 2log M+u)?/2 - :
ﬁ?ﬁ%ﬂ [} = valag e S :v S Valog i T Jrlog M

Lemma 3 Lel o >0,M > 2 and Y1, ..., Yy be randam variables such that
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Then
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If, in addition, B{e %) < e*"7°/2 then
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Proof. We first use Jensen’

nequality for the convex function =+ exp(sz):
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This implies
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Putting here s = m.|_wﬂ we get the first ‘inequality. The proof of the second one is
analogous.
In parlicular, the res

s of Lemma 3 hold for ¥; ~ A(0,4?%). Note that in Leninas 2
and 3 we do not assume independence of gy, ... 585 or of ¥p,..., Y.

2 Oracle properties of hard thresholding

Theorem 4 Consider the bnear regression model wnder Assumption (ORT). Then the
Sollowmyg holds

(1) (Sparsity oracle inequality) If r = q,\u_'_uw_k. then
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then, with probabilily et least 1 - M=B2 e have:
J = 0(0%),
where J(@*) = {5 : 0] # 0} and J = (i : 6 £ 0}

Proof.
(). WO =0, then
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while for ¢ # 0 we have the bound
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Therefore,
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Since E(n7) = 1 and E|mpy| = 2/7,
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By Lemma 1

Elnii(m| > v2logM)] =
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Plugging (4) and (5) in (3) and using that 1+ Qa__:q < 4y _hnrk for all A > 2 and the

inerqualily 6/ < 4, we obtain the result.
(#i). Consider the random event

A={ly -8 27j=1,.. M}

By Lemma 2, the prohability of the complementary event
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A” satisfies
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Let us show that J C J(#") on the event A.  Let .m_,..,.m_ # 0. In this case,

0 =y &

yil > T |0 +enj| > T,

which implies |#]| > 7 — [en;]| > 7 — 7 = 0 on the event, A. Therefore, 7 # 0.
Let us show that J(*) C J on the cvent A, Let 83 # 0. Then |67 > 27, which yields
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on the event .4. On the other hand, by definition of §7,
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Thus, __N_W 2 0 with probability 1.



Definition 1 The trigonometric basis in L3|0,1] is defined by

pilz) = 1,
wae(w) = V2eos(2mk),
porprfr) = VIZsin(@nkz), k=1,2,...,

forz e [0,1].

Suppose that function f is sufficiently regular, namely it belongs to the following class
of functions.

Definition 2 Let & € {1,2,...}, L > 0. The functional class of Sobolev W ([, L) is
defined by

W(s, L) = T. e [0,1] = R: [0 s absolutely continuous and
1 5
[ @< 12 (90 = O, j=01...6-1}

Any function f &€ W (3, L) is periodic (for f € [0,1] = R it means f(0) = f(1)) and
admits the representation
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The next proposition proved in the Appendix of the book Tsybakov (2008) shows under
which conditions on # the function f belongs Lo the class W(3, L).

Proposition 3 Let 8 ¢ {1,2,...}, L >0, and {9132, the trigonometric basis. The the
function [ = Y3216y belongs to the class W (3, L) if and only if the vector o of its
eucfficients of Fourier belongs to the Uellipsoid in 2(N) defined by

o, Q) = {rel(N): Y o (2

i=1

where (@ = L2 /7% and aj 4s given in (1).

Proposition 3 deals only with integer 4. It can be extended to all 7 > 0 by generalising
the definition de W(d, L):

Definition 4 For >0, L > 0, the class of Sobolen W(3, L) is defined by
W3, L) = {f € La0,1] : ¢ = {0;} € ©(d,1Q)),

where 8; = __.am fo; and Tnl.wmﬂ s the trigonometric busts. Here O3, Q) 15 the Sobolev
ellipsoid (2) with @ = L* /=" and with cocfficients o; defined in (1).

We will use the following property of the trigonometric basis.

Lemma 5 .
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where d;y is the Kronecker symbal.

Proof. Consider the case: y;(x) = V2 cos(2mma), ge(z) = V2 sin(2nlz). where j = 2m,
k=2A+1,ij<n-1,k<n—-1n>2 mare integers. Other cases are treated similarly.
Set

a = exp{i2rm/n}, b= exp{i2ni/n},
where i = +/=1. Then

1 & 2= (a* + a7 b - b7
N
1< ] LY £ Kl

= ﬁm_?s = (a/B)" + (bfa)* = (ab) *].

Since (ab)” = 1,
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For the same reason, Y (ab)™ = 0 and (for m # 1) Y0 (a/b)* = ¥ (bfa)* = 0. If

m = { we have }_;(afb)* = 3_(b/a)® = n. This implies that T = (0.
Proposition 6 Let f € W(3,L),8 = 1,L > 0. Let {i;} be the trigonometric basis and
Xi=ifm i=1,...,n Then, foranyn>1, M =1,
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where C(3, L) > 0 s a constant depending only on & and L.



Prool. Let 8; = ) fwj g = 1,2,.... Tar any X;, we can write
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where the sum converges since W |85] < co for f € W(3,L) et 3> 1/2. Indecd,
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This sum is finite for g > 1/2 sinee a; = (7 — 1), Define 8 = (A;,...,6a). Then
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Denoting n, = max(M + 1,n) and adopting the convention 3 t.ﬂt =0for M+12mn,
we get
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where we have used Lemma 5. In the last e
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where C(3.L) is a constant depending only on 3,L. For n. = 2 analogous boumd is
immediate from (4).

Theorem 7 Let 3> 1, L >0, n > 1 and M = ?E:.I for o > 0. Let mp be random

variables satisfying E(G) = 0, B(€7) < o, B(&E) =0 for i # §, . Let {pi}
be the trigonometric bosts and Xy =i/n. i=1,..., n. Then,
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o C >0 is a constant depending only on o, 8, L, «.

Proof. Using Proposition 6,
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