Primal-Dual subgradient method

for Truss Topology Design

— Formulation of T'TD
— Primal-Dual method for huge LP problem

— Primal-Dual method for Conic Optimization



Truss Topology Design:

Goal: To design a truss of a given total weight best
able to withstand the given load

Assumptions:

e Nodal displacements are small and we neglect the sec-
ond order terms;

e Local topology.

Consider a particular bar AB:
elongation dl = (dB — dA)' (B — A)/||B — A,
dl X Syp  dl X tap
[B—A4] ~ "B AP
tension X elongation  7dl
2 2

1
= 2tAB[(dB —dA) Bap)?,
where Bap = i(B — A)| B — A2

tension 7 = K

energy =



L
me tbe the number of nodes, n - the number of bars,

t = (t1,..,t,) - volume vector,
f e R™ - load,
v € R™ - displacement.

Denote

Ba, v ="1"(i),
bZ[V] — _/BAZ'BZ'7 V= V’<i>7
0, otherwise

For every node v the component of the reaction forces
by the ¢th bar is

—t,(b?@)b, [V]
and the collection of the reaction forces at the nodes is

> t(bTv)b; = —[‘%1 tibibT v = — A(t),

_z 1
where A(t) = s, t;b;b) - bar-stiffness matriz of the

truss.



At equilibrium the reaction forces must compensate
the external ones:

A(t)v = f.

Compliance - the potential energy stored by the truss
at equilibrium 1s

1 n . | -
Qigl ti[?}[u”(@)] - U[V,@)DTﬁAZBZ']Q = 2i§1 tz'(UTbi)Z —
= LT Tl = LT Ay = 47

2° L= 9 5 :

Truss Topology Design Problem
Gien a local structure

m,n;{b; € R"}

a load f € R™, and a total bar volume w > 0, find a
truss t = (t1, .., tn):

n

'Zl tz =W

with the minimum possible compliance with respect to
the load f.



Formulation of TTD as LP problem

Let us consider a primal problem:

min{< f,u > A(w = f,w>0,<e,w>=T}, (1)

and a ”semi-primal”’ problem:
myax{< foy > mari<i<n| < ajy>| <1} (2)

Denote by u*, w* the optimal solution of (1)and by y*
the optimal solution of (2).

Then there exist multipliers x* € Rf :

f=% az;— ¥ ag;, z;=0, ¢J,NJ (3

1€Jy 1€

where J; = {1 < a;,y* >= 1}, J_ ={i < a;,y* >=
—1}.
Lemma 1 Let
T <e x>
* * * — Y >I<. 4
oY (4)

w' = x”, u
<ext>

Then the pair (w*,u*), defined by (4), is feasible and

optimal solution for (1).




Primal-dual subgradient method for LP

Consider the following primal-dual pair of Linear Pro-
gramming problems:

f*:m}%n{< c,x > Ar =05, x>0} = (5)

TER™
T
sEl%%%DE{Rm{< by> s=c— Ay >0},
where c € R", be R™, A € R™".

Assume that both problems in (5) are solvable.
Thus, there exist * > 0, y* € R™ :

Az*=b, s*=c—Aly*, <s*'2°>=0. (6)

For y =€ R™, denote

ily) : o =g(y) =
[ Aejiyll

< Aej,y > —d
max :
5T A

/ J(y) /
g(y) = , ()] =1L
HAej(y)H




The method generates the main minimization se-
quence in the dual space, constructing at the same
time an approrimation primal solution. In both cases,
the linear equality and inequality constraints can be
violated.

Scheme of SG(h):
Let yo = 0 € R™ and step h > 0.

For k>0 do:
if g(yr) < h, then (F): yro1 = yr+ by,
else (G): Y1 = yr — g(yr)g (yr). (7)

Let us define the approximations for the primal and
dual solutions as follows:

_ 10]] 9(yr)
IN = —— 2 € ,
th keGn HAej(y/{;)H 3 ()
1
YN > Yk, SN=C— AT?N— (8)

- ]Vf keFn



Motivation:

Denote by dy : d)y = || Ae;l|, j=1,..,n.
In view of (F), we have

ATy, < c+hdy, k€ Fy.

Then,
1
Sy=Cc— — ATyk > —hdy,

Nf keFyn

hNy g(yk)

YN+1 =Yoo+ 70— X A
! ]l keGy || Aejy, |

hN

= f(b — ACEN>

1o]

i) —



Theorem 1 Denote D = 2 <<xﬁé‘ﬁ“> + 1). For any
N > 0 we have:

1 ly*[I°
Ny> [N+1- .
f_D( " h?

If Ny > 1, then
1
<¢Iy > — <byny>< 2h||b||°
Finally, iof N +1 > Hyf;”z,

<z* 5y >+ < Ty, s >< h|b],

and the residual in the primal-dual system wvanishes
as N — oo:

LoD Il
—Ib— A < .
ol A= N




Implementable version of the method

Given accuracy parameters €, €g, €.
Goal: generate an approximate primal-dual solution

(Z,7,5) :
$>0, s=c—Alg>—¢,

< >—<by><er |[AT —b| < e,

Let

. 2 1
h = min ebeH,eg

maxi<j<n [|[Aejl|]
Stopping criterion:
|AZny — b]| < €.
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Solving Huge-Scale LP by the Method

Assumption: the data of the problem is uniformly
sparse:

Initial step:
e Compute the norm ||b]|  O(q) a.o.;
e Compute norms || Ae,||, 7 =1,..,n O(p(A)) a.o;
e Setyy=0, 20=0, ug = Alyy—c (m+2n) a.o.;

e Fill the binary table for computing the value g(y) by
vector uy  (n operations).

e Choose the step b~ O(n) a.o.
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k-th step: At the beginning the values g(yx),ur are
already computed.
e Update of y;, by a sparse direction ux: yri1 = yr+ ug;

b __ 9
1Ae;y,)

jlyp) T

— p(ug) < ¢ — O(q)a.o.;

e Compute the new residual uz; in parallel with up-
dating g(yry1). We start with v, = uy

For j € o(u), 1 € o(Al'e;) iterate:

1. Update u!, = u', + Ai,jui;

2. Update the value max; <<, v, by the binary table
— O(rqlogon)

In the end, we set yp11 = uy

and g(yr11) = maxi<i<p UZ+

e Update ||yps1]|? for the stopping criterion

e ll? < (

Since [yl = [lyell*+2 < yr, ur > +{ur]* — Olg)a.o.
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Primal-dual subgradient method for Linear
Conic LP

Assume:
e Space of primal variables F is partitioned as follows:

' €E;, j=1,..n (" . 12")€E,
where E; - are some finite-dimensional spaces. Thus,

dimFE = %1 dimE;
J:
<c o >= f:l <d,r’ > force E*
j:
e For linear operator A : E — R™

A= (A, .., A), Ar = ﬁl A, o) € E.
P=

e Lor conic constraint x € K,

K = él K.,

J

where all K; C E; are closed convex pointed cones.
Thus,

K= ® K.
j=1
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Primal Problem of Linear Conic Optimization
fe=infrexg<c,x > Ax =0b. (9)
Dual Problem of Linear Conic Optimization
Supyerm, sex*< b,y > s+ Ay =c. (10)

Assumptions:

’ .
c e intK”*

e The dual problem (10)is solvable.

Denote by y* one of its solution, and s, = c— A'y, € K*
the corresponding slack variables. Thus,

Duality Theorem:the primal problem (9) is solv-

able and for primal-dual pair (9)-(10) there is no du-
ality gap: < Sy, x, >= 0.
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Functional Form of the Dual Constraints

Constraints of the dual problem in a separable form.:
Supyepm sepr{< b,y >: s/ =¢ — Alye K3, j=1, N}
(11)
Consider the following function
@bj(uj):mTinT:ch—quK;. (12)

Lemma 2 Function v;(u’) is convex on E;. It has
the following representation:

(W) = max{< w2/ > < 1) >=1, 2/ € K;}.

xJ GE]'
(13)
Thus,

Oi(u!) = ATngLCijEEj{< ! > <d il >=1,2 €K

It is clear that ¢/ — Aty € Kiift fi(y) = ¢(Ajy) < 1.
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Normalizing subgradients of function f;

For each v/, denote by a/(u/) € K; an arbitrary opri-
mal solution to (13).
Then,

fily) = A2’ (Ay) € 0f;(y) C R™ (14)

[ Fjepll < max{[lAa’|l: <&, a? >=1} = M;. (15)
X J

Denote

M, = max M; and g;(y) =

1<j<n

Hf7< )H(j}< ) )

16



Dual problem: Representation in functional
form:

supyerm sep< {< b,y > g(y) = mazi<j<ng;(y) < (3}

Denote j(y) : gj(y) = g(y).
Then,
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Primal-Dual Subgradient Method

The method generates the main minimization se-
quence wn the dual space, constructing at the same
time an approrimation primal solution. In both cases,
the linear equality and inequality constraints can be
violated.

Scheme of SG(h):

Let yg =0 € R™ and step h > 0.

For k > 0 do:

it g(yr) < h, then (F): ypp1 = i + hllbl\’

else (G) : yrs1 = yr — 9(yi) 9 () (17)

Let us define approximations for the optimal primal-
dual solutions as follows:

N g<yk>l< e A h)) ¢
ANp ke (|2 0 (A5 )]
1
UN = X uk Sy =c— Algy,
Nf keFn

where vector I;(z7) :

i)y =T =g,
Ii(2!) { O otherwise, ' Ly
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Motivation:

1

sh=c —— S Aty =gr —hM;c

N Ny k:ezj:fN 3k =K 7
day = Ny 9 i) - A - Ly (2 (A u))

ol = ey (AW (AT, yyn)l

Theorem 2 Denote D = 2 (<CHZ:\|> - 1) < 2 <Hb\| < ¢, x> +1

where vector ¢ € K* . & = M;d?, j=1,..,n
For any N > 0 we have:
1 ly*|1”
N¢y> | N+1—"2].
f_D( " K2
If Ny > 1, then
1
<IN >— <byn>< 2h||b||-

Finally, if N +1 > Hyh2|\ ;
<a', 5y >+ < Iy, 8" >< b,

and the residual in the primal-dual system wvanishes
as N — oo:

Dy
b= Azy|| < |2+ W
HW Ny hNy
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