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BBenenue

OcHoBHas 3aj]ada HAYKN W PEATBHON YKU3HU — MOJyUeHUEe Mpa-
BMJIBHBIX Hpe,ZLCKaSaHI/Iﬁ (6] 6y,Z[yH.LeM IOBCACHUN CJIOKHBIX CUCTEM Ha
OCHOBaHWY WX TIPOILIOTO MOBEJICHUS.

Muorue 3a/1a49n, BOSHUKAIONINE B PEATHHON XKU3HU, HE MOTYT OBITH
PEITeHbBl 3apaHee U3BECTHRIMEI METOaMU WJIA AJITOPUTMAaMU. DTO MPO-
NCXOOUT 110 TOH IpUYHUHE, 9TO HaM 3apaHee He N3BECTHBI MEXaHU3MbI
MTOPOXKJIEHU ST UCXOTHBIX JIAHHBIX WK YK€ W3BECTHAsI HaM WHpbOopMalns
HEJOCTATOYHA [/ HTOCTPOCHUA MOJEIN MOCTYITAIOMUX K HaM JTaHHBIX.
Kax roBopsiT, MBI TOJTydaeM TaHHDLIE W3 «UE€PHOTO SIUKa». B 9THxX
yCI0BUAX HUYIECTO HE OCTACTCsA, KaK TOJIbKO U3y4aTb JOCTYIIHYIO HaM
TTOCJICAOBATEIBHOCTE MCXOAHBIX JAaHHBIX W TIHITATHCA CTPOUTH TIPEI-
CKa3aHWs, COBEPINEHCTBYSI HAILY CXEMY B IPOIECCe TPEICKA3AHUS.
[Moaxoma, mpu KOTOPOM TIPOIILIBIE JAHHBIE UJIN ITPUMEPBI UCITOIb3YIOT-
cd JJ1s IEPBOHAYABHOTO (DOPMUPOBAHUS U COBEPIIIEHCTBOBAHUS CXe-
MBI TTPEJICKA3AHNS, HA3BIBAETCA METOJOM MAWUHH020 00yywernua (Ma-
chine Learning).

OrMmeTuM [Ba THITA, METOIOB MAIMUHHOTO 00yuenus. [lpu mepBom
METO/Te 9aCTh COBOKYTTHOCTH JTAHHBIX — 06Y4a1ouiaa 6b60pka — BBITE-
JIAETCS TOJBLKO fiist obydenns. [locme Toro Kak MeTOn mMpeacKasanus
olipejiefisieTcs 1Mo obyuaroreii BhIOOpKe, HoJjiee OH HE U3MEHSIETCs U B
TAJTBHENIIIEM UCTIOMB3YETCS JIJIS PEIIEHUST 3a/IatU TIPEICKA3AHIA.

IIpm BTOpOM MeTOsie OOyUeHMe HUKOTIA He MPEKPAIAeTCT, Kak
TOBOPUTCS, OHO TMPOUWCKOJIUT B PEIKUME OH.AGTIH, T.€. TIPEJCKAZAHUS 1
obyIeHme TPONCXOIAT TOCTOSAHHO B TIPOIECCe TTOCTYILICHIS JAHHBIX.

MeTo b1 MAITHHHOTO 00YYEHHUST TEPBOTO THTIA, OYAYT PACCMOTPEHDI
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B r1aBe 1, KOTOpas MOCBAIIEHA CMATMUCTIUYECKOT, TEeOPUY, MAUUUHHO-
20 06YueHUA, METOIBI BTOPOTO THUIIA Oy1yT M3y9aThCs B IJiaBe 2 B T€O-
pun zopowo kasubpyemoir npenckasanuii (Calibration) u B rraBax 3
¥ 5, B KOTOPBIX TPEICTABIEHA TEOPHUs TOCIEIOBATENTbHBIX TPEICKa-
3aHMil ¢ MCIoIb30BaHNeM npedckasarud axenepmos (Prediction with
Expert Advice).

B rnaBe 4 uznmaraerca aaroputm ycumyieHud CAadbIx Kjaccuduka-
topos — Gyctunr (Boosting). Ilpusogurcs amropurm AdaBoost, pe-
HIaIui 3Ty 3a5a4y.

B pamkax cTaTHCTHYeCKOH TEOPUH MAITMHHOTO O0YUIEHNsT MBI pac-
cMaTpUBaeM 33291 Kaaccudpukaimu u perpeccun. Ilporece obyuenuns
3aKJ/I09aeTCd B BbIOope MYHKINN KIACCH(PUKAINN UIN PErPECCHU U3
3apaHee 33JIJaHHOTO [MIMPOKOTO KJIACCA TAKUX (DYHKITHIA.

[Tocste ToTO Kak cxema MpeaCKa3aHus OIMpeneaeHa, HaM HeoOX0m1-
MO OTIEHUTEH € BO3SMOYKHOCTH, T.€. KAUECTBO €€ MPeICKA3AHMIIA.

IlpenpapuresHO HATTOMHUM, KaK OIEHUBAIOTCS MOJIEJN TIPEACKa-
3aHUs B KJACCHIECKON CTaTUCTUIecKo Teopuu. B Kiraccmtieckoil cTa-
TUCTUYECKOM TeOPUH TIOCJICA0OBATEC/IHHOTO IPEACKA3aHUA MbI ITDEIITO-
JIAraeM, 9To TOCIeI0BATETFHOCTh HCXOMHBIX JaHHBIX (WIH 4cz0odos)
SIBJIAETCS peau3aIiueii HEKOTOPOro CTAMMOHAPHOTO CTOXaCTHUIECKO-
ro mporecca. [lapamMeTpsl 9TOT0 Tporecca ONEHUBAIOTCS HA OCHOBA-
HWW ITPOIILJIBIX Ha6ﬂIO/:[eHI/II>’I, d Ha OCHOBAHUUN YTOYHCEHHOTO CTOXaCTH-
YECKOTO TPOTIECCa CTPOUTCS TPABUIO MpecKa3anns. B sToMm caydae
PYnKYUA pUcKa TAHHOTO TIPABUJIA MPEICKA3AHUSA OMPEAEIIeTCT Kak
cpe/iHee 3HAUEHNE HEKOTOPOI (DYHKITNN TOTEPH, U3MEPSIIONIEH pas -
qne MeXIY MpeacKasanusaMn n uexomamu. CpejiHee 3HAUEHME BBIUHC-
JIIETCS 110 «UCTUHHOMY BEPOSITHOCTHOMY PaCIPEIEIeHUI0», KOTOPOe
JIEXKUT B OCHOBE MOJIEJIM TE€HEpAIWW JAaHHBIX. Pa3audHble TpaBuia
MpeCKa3anus CPABHUBAIOTCS 0 3HAYEHUSIM CBOUX (PYHKITUN PHCKA.

B cratuctudeckoit TeOpUN MAITHHHOTO OOYUIEHUST TAKKe WCTIOIhb-
3yeTcd CTOXaCTU4ecKad MOZEeJb I'eHepanud AAHHBIX, & UMEHHO, HC-
TOJTB3YeTCsT IPEJITONOKEHNE 0 TOM, 9TO TOCTYTAIONINE TaHHbIe He3a-
BUCHMO U OJUHAKOBO pacipeesiersl. [lepBoIii mar B CTOPOHY OT KJtac-
CHYECKON TIOCTAHOBKY 3aK/II0YAETCS B TOM, ITO PACIIPEIETeHNe, TeHe-
pupytoniee JaHHble, HaM MO2KET 6bITb HEU3BECCTHO 1 Mbl HE MOXKEM U
e byzieM OTEHHUBATEH €0 MapaMeTphl, TAK KaK OHU He UCIOJIb3YIOTCS



B orieHKax omubok kiaaccudpukanuu win perpeccuu. Oterku omubok
K.HaCCI/ICbI/IKaLH/H/I i perpecCumn ABJIAIOTCA PABHOMEPDHBIMHA 110 BCEM
TaKUM BEPOSITHOCTHBIM PACIIPE/IETIEHISIM.

JL7IsT OTIeHK Y KAaYeCTBa CXeMbl K/TACCU(DUKAIINN WU PECPECCHE CITY-
KUT Teopust 0bobuwenus. B paMKax 3Toil TEOPUH JAIOTCS OIEHKHU Be-
posTHOCTH OmMubKY KJjaccudukaum Oy IyIuX JaHHBIX MPU YCJIOBUM,
a0 00yUeHre IPOBENEHO HA CaydaitHo# obyuaromieit BHIOOpKe q0cTa-
TOYHO OOJIBIIOTO pa3Mepa U B ero pesyiabrare HyHKIMS K/jaaccudu-
KaIuu COorjiacoBana ¢ obyuaromeit Beibopkoit. Baxkueitmum mapamer-
POM TaKO# OIEHKU SIBJISETCS «CJOKHOCTbY — PA3MEPHOCTG KJIACCA
Pyukimii Kraccuduranun. ODBITHO B OMEHKE BEPOSTHOCTH OMIMOKH
KOHKYPUPYIOT JIJINHA BBIOOPKU U CJIOXKHOCTB KJIACCA MUIIOTE3 — IIPU 38~
IaHHOM BesmvuHe OmmOKM, 9em 00JIbINe JAnHa 00y datomneii BeioopKy,
TeM BOJIBINNI 10 CJ0YKHOCTH KJIACC T'UIIOTE3 MOXKHO UCIIOJIH30BATh.

Teopus mocie0BATEIBHOTO TPeICKa3anust (TaBa 2) UIeT HECKO/Ib-
ko gasbiie. Ona BOOOINE HE WCIOJB3YeT MUIOTE3 O CTOXACTHUECKUX
MEeXaHU3MaX, FeHepupyomux Janasie. HabsronaeMbie nCX0Abl MOTYT
TeHEePpUPOBATHCA COBEPIINEHHO HEU3BECTHBIM HaM MEXaHWU3MOM, KOTO-
phIit MOXKET OBITH KaK JETEPMUHUCTHYECKUM TaK U CTOXACTUYECKUM,
WM Ta2Ke, QJIANTUBHO «BPAXKIeOHBIM» K HAIIUM NPECKA3aHuAM (T.€.,
MOXKET HCIIOJIB30BATh HAIM MPOILIble NPEJCKA3AHNs DU T'eHePAIIHT
09ePETHOrO UCXOA).

IIpu sTOM BO3HHWKAeT €CTECTBEHHBIN BOIPOC — KaK B DTOM CJIy-
HYae OL0CHUBATHL Ka4deCTBO Hpe,HCKa3aHI/II>'I. B OTCyTCTBHE BEPDOATHOCT-
HO# Mojienu (DYHKIIMA PUCKA B BUJIE MATEMATHYECKOTO OXKUJIAHUS He
MOXKeT OBITH OTIpeiesieHa. e 3aMeHsTroT KOHKPETHBIE TeCThI, OTIeHIBA-
FOIIHEe PACCOTIACOBAHHOCTh MEXKTy TPEACKAZAHUSIMA U COOTBETCTBY-
oM ucxogamu. OQUH U3 BUJIOB TAKUX TECTOB — CepHs TECTOB HA
kaanbpyemocth. [lens amropurma — BBIZABATL TAKHUE MPEACKA3AHUSI,
KOTOPBIE BBIJEPXKUBAIOT BCE TECThI HA KAJINOPYEMOCTh.

OCHOBHBIE IPHHIUIIBI CPABHUTEILHON TEOPHUH IIPEACKA3AHIS Pac-
CMATpUBAOTCA B TJiaBe 3. DPGEKTUBHOCTD AJTOPUTMA MPEICKA3a-
HHdAd OOCHUBACTCA B (bOpMe CpaBHEeHUA C IPEACKASAHUAMMN HEKOTOPO-
ro nHabopa 3KCIEPTHBIX METOJ/IOB, WK IPOCTO 3KcrepTroB. B Teopuun
MPEJICKA3AHUIT C yIEeTOM YKCIIEPTOB, BBOIUTCS KJIACC IPeJACKa3aTes e
—9KcepToB. Kjrace skcreproB MoxKeT ObITh KOHEYHBIM UIU OECKOHEY-



HBIM, MOXKET UMEeTh MOIIHOCTh KOHTHHyyMa. B kKadecrTBe 3KCIepToB
MOT'YT PaCcCMaTPHUBATLCS PA3/IUYHBIE METOIbI MPEJICKA3aHUs, CTOXA-
CTUYECKUE TEOPUHU, METOJIbl PErPECCUU U T.Ji. DKCIIEPThI [PETOCTaB-
JISTEOT CBOM TIPOTHO3BI, TIPEXKIe UeM OVIeT MpPeICTABIeH COOTBETCTBY-
romwmit wexoz. Harm aaropurm npeacka3anusa MOKeT UCIOTB30BATH ITH
MPOTHO3BI, & TAKXKe KYMYJATUBHBIE TOTEPH 3KCIepToB. KauecTBo Ha-
Iero mMpejCcKa3aTe st OMEHUBAETCI B HAWXYAIIEM CIydae, & WMEHHO
B BUJIE PA3HOCTH MEXKJY KyMYJSITUBHBIMU [OTEPAMH IPEJICKA3ATE-
JisT U KyMYJISITUBHBIMHU TIOTepsiMi 9KcrepToB. Ommubka mpeIcKa3aHmst
(perper — regret) ompesensieTcss KaK MUHUMAJBHOE 3HAYCHHE TaKOi
pa3HOCTH.

Byner paccmoTpen MeTon pacipeneneHus MOTEPh B PEKUME OH-
JiafiH, TPpUMEHUMBbIH B Haubojiee obreit curyarmu. OCHOBHOM MeTOI,
WCIIOJIL30BAHHBIN B TVIaBe 3, — 3TO MeTO/] SKCIOHEHITNAIBLHOTO CMEIIH-
BAHUST KCIIEPTHBIX TPOTHO30B.

B rmase 4 meTon pacmpemenennsa moTEPh B PEKUME OHJIANH OyaeT
NpUMEHEH JJis YCHJIeHUs cabbIxX anropuTMoB kiaaccudukaruu. Cia-
OBl ATOPUTM KIACCUMUKAINT TeTaeT JIUITh HE3HATUTETHHO MEHb-
Tmee 9ucIo OMuboK, IeM MPOCToe Caydaiinoe yragapiBanue. AnropurM
AdaBoost, npuBoguMbIii B 9T0i TyIaBe, yCHAUBAET CIAOBIA aaropuTm
kJraccuUKaIUU JI0 aArOPUTMAa, KOTOPBI C HEKOTOPOIO0 MOMEHTa B
mporiecce obyUeHUsT HAUNHALT JeaTh KaK YTOJHO MAaJioe UrCJ0 OIIU-
Hox.

IIpeackazanus B pexkume OHJIANH TECHO CBA3aHBI C TEOpPUEH urp.
Teopust urp paccmaTpuBaercd B IviaBe 9. MBI pacCMOTPUM MaTpUd-
HYIO UTPY JBYX JIUIL C HYJEBOM CYMMOW M JTOKayKeM IJIsd Hee MUHU-
makcHyio Teopemy JIxk. dou Heitmama. JlokazarebCcTBO MUHUMAKC-
HO# TEOpPEMBI IPOBEJEHO B CTHJIE TEOPUH MAITMHHOTO 0DYYIeHUs C UC-
MTOJIL30BAHUEM METOA HKCIOHEHITHAIHLHOTO CMEITHBAHNA.

Haee 6yayT paccMaTpuBaTbCs OECKOHEYHO MOBTOPSAIONINECST WUI-
PBI C HECKOJIBKUMU UTPOKAMU. BBIICHUIOCH, 9TO HAWOO0Ie€ MPOCTHIM 1
€CTECTBEHHBIM 00pa30M 3aja4a YHUBEPCAJIbHOrO IpejcKa3anus (op-
MyJaupyeTcd B pamkax Teopum urp. lIporecc mpeackazaHust MOXKET
paccMaTpUBATBhCA KaK HOBTOPSONIAsACS urpa Mexjay Ilpedcxasame-
aem u Ipupododi, reHepupyIOIel NCXOIbI; MOTYT CYIIECTBOBATEL TAK-
JKe JIpyrue yYaCTHUKM Urpbl. [IpaBuia urpbl peryiupyorcd npoToKO-
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JioM urpel. OCHOBHbBIE YYACTHUKHU UI'PhI BBIYUC/IAIOT CBOM BBIUIDBIIIL.
BbII/IFp])IBaeT TOT Y4aCTHUK, BbIATDBIIT KOTOPOTO HEOI'PDAHUYIECHHO BO3-
pacTaeT B IPOIECCe UT'PBI, JTUOO €ro crparerus He O3BOJISET JIPYTUM
YUIACTHUKAM UTPhI HEOTPDAHWMIEHHO HAPAIUBATH CBON BBIUTDBIIIL.

Crienua ibHBIN YIaCTHUK UTPHI 33JaeT eI urphl. [Ipucoennns-
sick K IIpupode, on MOxkKeT BBIHYXKIAThb [Ipedcrkasamens BbITABaTH
MPOTHO3bBI, YAOBIETBOPAIOIINE KPUTEPHUIO, KOTOPBIHN oH 3asa1. Hampu-
MED, ATOT yYaCTHUK MOXKET BBIHYXKJaTh [Ipedcxasamens BbIIABaThH
TaKWe MPOTHO3BI, KOTOPhIE 06PA3yIOT PACTpEeeeHns BEPOITHOCTEH,
VIOBJIETBOPSIIOIITIE BCEM TeCTaM Ha KaJaubpyeMOCTh IIPOTHO30B HA [10-
CJe0BATETbHOCTY UCXO0B, BhlmaBaeMoit Ilpupodoti. YruBepcaibHas
crparerus [Ipedckasamens 6yaeT CTPOUTHCH C UCIIOJIb30BAHUEM MU-
HUMAKCHOU T€OPEeMBbI.

B riaBe 5 Mbl BepHeMcH K 3a/1aue MPEJICKA3AHUS C UCIIOJIb30BAHM-
eM 3KCIIEPTHBIX cTpareruii. Byner paccMoTpeH arperupyoiumit aaro-
putm BoBKa, KOTOPBI WMeeT 3HAYNTETHLHO MEHBIIYIO OIMUOKY TPeI-
CKa3aHUst [Jist JJorapuMUIecKoil, KBaJpaTHIHOW U HEKOTODBIX JPY-
rux (DYHKIHH TOTEPh, YeM METOJ, SKCIOHEHIIMAJIHHOTO CMEITBAHMSI,
UCIIO/Th30BAHHLIN B TViaBe 3. ByjerT TakKe mOCTPOEH COOTBETCTBYIO-
iy aJropuTM MHOIOMEPHON PEerpecCuu B PerKuMe OHJIAMH, OCHOBAH-
HbI{l HA TPUMEHEHUHU arperupymoIiero ajJropurMa.

Jlamroe yuebHOe 1mocobme COCTABJIEHO HA OCHOBE KypPCa JIEKIIHIA,
npounTannoro apropoM B MOTU B pamkax creruaau3aruu «Mare-
MaTHUIecKne M MHMOPMANNOHHBIE TEXHOJOTHIY B MEPBOM CEMECTPE
2008 roma. Asrop 6Gsaromapen crymentam MOTU I1.J1. Epodeeny,
N.A. XKaposy, A.A. Kpemyky, A. . llumkuny 3a coeaaHHble MMI
3aMeYaHudd.

AsTop Takxke 6maronapen Baagnvupy Bosky n FOpwuio Kammurm-
KaHy 3a EeHHbIE 3aMEYaHUAd 1 COBETHI 11O TTOBOJY NU3JI02KECHUA MaTEepU-
aJ1a JAHHOTO y9IeOHOTO moCcobms.

TIpu cocraBienun roro yuebHOro 1mocobus ObLIN MCIIOIB30BAHbL
monorpacdun: B.H. Bamauk n A.¢l. Yepsonenkuc [2], Vladimir Vap-
nik [15], Nello Cristianini, John Shawe-Taylor [7], Gabor Lugosi, Ni-
colo Cesa-Bianchi [13], Glenn Shafer, Vladimir Vovk [14], a Tak:xke
yuebnoe nocobue E.B. ITukun, I'E. [MTukuna [4].
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I'maBa 1

DJIeMeHThI Teopun
KJiaccuuKaium
11 perpeccun

1.1. 3Bagaua kJaccudmrkamm

1.1.1. TTocTtanoBka 3amaun KJaccuuKamum

Kak 6b110 3amMevueno BO BBeLeHWN, TEOPHU MAITHHHOTO 00yYIeHUT pe-
IMaeT 3aJ1a9u IpecKa3aHus OYIyIIero MoBeJIeHus CJA0XKHBIX CHCTEM
B TOM CJIy9ae, KOTJIa OTCYTCTBYIOT TOYHBIE TUITOTE3bI O MEXAHU3MAX,
VIIPABJSIONINX MTOBEJEHUEM TAKUX CUCTEM.

Mpr paccMOTpPEM J1Ba OCHOBHBIX KJ1ACCa 33189 TEOPUU MAIUHHOT'O
obyueHns: 3adavu KAGCCUPURAUUU B 3a004U PE2PECCUU.

B aTom pazzgesne 6ymer paccMaTpuBaThCS 33,729 KJIACCU(DUKAIINN.
[Tycts 3a7aH0 MHOXKECTBO 00BEKTOB X 1 MHOXKECTBO ) KJ1aCCOB DTHX
06bekToB. B mampueiiem X C R"™, roe R — MHOXKECTBO BCeX AeHCTBHI-
TeAbHBIX YuCeT, & [ — KOHEUHOE MHOXKECTBO C HEOOJBITUM THCIOM
3JIeMeHTOB. Pa3zMepHOCTh 1 €BKJIMIOBOTO mpocTpancTBa R™ obbIraHO
BEJIMKA [0 CPABHEHUIO C TUCJOM KJIACCOB.

Hasmee smementer R™ GyseM Ha3bBaTh BEKTOpaMU (TOYKAME) U
0003HaYATH TOAUYEPKHYTBIMI CBEPXY OyKBamu: T,Y, ... € R"; B KO-
opaumHaTax — T = (21, ..., Tp). ByIyT paccMaTpuBaThCs Omeparium
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CJIOZKEHHA BEKTOPOB

1+
_ xo +
Trg= | Tt

Ty + Yn

YMHOXKEHNYI Ha BEIIECTBEHHOE YUCJIO

AT
_ AT
ar = ,
Ty
e Z=(r1, ..., zo) Wy = (y1, -, Yn) !

Ha BexTopax m3 R"™ TakKe ompeeeHO WX CKAJSIPHOE MTPOM3Be-
nenne (T -9) = x1y1 + - - - + Tnyn. Hopma (mmuna) BekTOpa T onpese-
JISIETCA KaK

[Ipu pemennn 3ama9n KaacCHUKAIAA Mbl HCXOIUM U3 06ywarouieti
svibopru S = ((T1,y1), ---, (T1,y1)), rme Ty € X — BEKTOP €BK/IH-
JIOBOTO TpoCTpaHcTBa R™ GosbInoit pasMepHOCTH N (HAIPUMED, STO
Mozker ObITh 1ubpPOBOi 00pa3 KAKOro-1mbo n306parKenus), y; — 3TO
9JIEMEHT KOHEYHOTO MHOXKecTBa [ ¢ HEGOJIBIIUM YUCIOM 3JIEMEHTOB
(MeTKa Kyacca), Hampumep, y; € {—1,1}. Dnementsr y; € D onpeje-
JISTIOT KJIACCHI 00HEeKTOB T;.

Ilpy pemenny 3a7a9M MHOIOMEPHOH DErpecCHH TAKXKE PacCMaT-
puBaerca obyuatomas eeibopka S = ((Z1,y1), ..., (ZT,y1)), upn
9TOM 3JIEMEHTHI ¥; OOBITHO SIBJSIOTCS BEIIECTBEHHBIME IUCJIAMHA, T.€.
D = R. 3amaqga perpeccun Oyjer paccMmorpena B pazgenax 1.5, 1.6,
1.6.2, a Takke B pasmene 6.9.

Mpeb1 npeanonaraem, uro seibopka S = ((Z1,y1), - .., (%, y)) rexe-
pupyercst (HOPOKIAETCsT) HEKOTOPBIM HUCTOYHUKOM. OCHOBHOE TIpeji-
MoJIOXKEeHne 00 NCTOYHUKE, TIOPOXKIAIONIEM BBIOOPKY S, 3aKar09aercs

1C nomompo mwrpuxa bl yroungeM (GOpMy LpPeACTABIECHUS BEKTOPA B BUJE
MATPHUIBI — IIPOCTYIO WM TPAHCIOHWPOBAHHYIO, HO TOJBKO B TeX CIIydadxX KOTIa
3TO MMeeT CyIleCTBeHHOe 3HadYeHHe.
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B TOM, 9TO Ha Tmapax (T,y), T.e. Ha mpocTpancTBe X X D 3a1aH0 pac-
upejenenue sepositaocreit P a mapbr (Z;, y;), 00pasyomue BoIOOPKY
S, OMMHAKOBO W HE3aBUCHMO PACIPEICTCHBI.

CootsercTBenno Ha MuOKecTBe (X x D)! 3amano pacnpenenenme
BepositrocTeit Pl = P x P--- x P.

Crporo ToBOpsi, Taphbl (T,y) SBISIOTCS PEATHIAIUSIME CJTydaii-
woit BemauEEl (X, Y), KoTopas mMeer pacipejieienne BeposTHOCTe
P. IlnorHocTs pacupejnesienust P 6ynaer o603HAYATHCS TaK YKe KAk
P(z,y).

Ipasuso wim dynryus rwraccudurayuu — 9T0 (QYHKIAA THIIA
h : X — D, xortopasa pa3buBaer 3jieMeHTHI T; € X Ha HECKOJBHKO
kJtaccoB. Ml Oy/ieM Tak:Ke Ha3bIBaTh PYHKIINO h KjaccuduKaTopoM,
i petraromuM IIPaBUJIOM.

B masmbreitiiem y Hac Bcerga OymeT paccMATpUBATHCS Caydail 6u-
HapHoii kinaccudukarumn D = {—1,1}, a dyakuus h : X — D Gyger
Ha3bIBATHCA I/IH,HI/IK&TOpHOﬁ.

B srom ciyaae Best BeibopKa S paszbuBaeTcs Ha JBE TOIBBIOOPKU:
ST = ((#;,y;) : yi = 1) — noJOKUTETLHBIE TPUMEPb (MU MepBbIit
kmace) u ST = ((Z4,¥:) : yi = —1) — oTpuUIaTebHBIE TPUMEDHI (HIH
BTOPOI KJ1aCC).

B HeKROTOPBIX ciydasx WHAXKATOPHAS PYHKIASA KIACCH(DUKATAN
h 3a712€TCs ¢ TOMOIIBIO HEKOTOPOI BEIECTBEHHOW (DYHKITUU f U dnCia
reR

h(z) — 1, echm f(x) >,
() = { —1 B mpoTUBHOM CIly4ae.

KauyectBo npoussosibHOl dyHKIMN Kiaaccudurarnuu h 6ymer oie-
HUBATLCS TI0 0WUOKe KAGCCUPUKRAUUL, KOTOPAS OTIPEJIETTETCI KaK Be-
POSITHOCTH HEMPABMJIBHOMN KJIacCrpuKaImm

errp(h) = P{h(X) # Y} = P{(Z.y) : h(@) # y}.

Baecs h(X) — dynkuus or cayvaiinoit Besmanabl X, TAKXKE SBIAETCS
CJIyHaiiHOHN BEeJIMYUHOM, II03TOMY MOXKHO PaCCMaTPUBATH BEPOATHOCTH
cobbirus {h(X) # Y},

Oyukius errp(h) Takke HAZBIBACTCA PUCK-PYHKUUOHAAOM.

OcHoBHAas 1Ie/Ib NP PEIEHUN 33,1a91 KJIACCU(DUKAIIUN — JIJIsT 3a-
mamHoTo Kjacca yHKIn kaaccudukaimmu H mocTpouTh OmTuMaIb-
HbIl KjTaccuUKaTop, T.e. Takyto GyHKINO Kiaccudukaiuu h € H,
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Ipu KOTOpOii ormmbKa Kiaaccudukanuu err p(h) aBisercs HanMeHbIIeit
B Kjacce H.

1.1.2. BaiiecoBckuii ki1accudukaTop

[TpeapapuTeabHO PACCMOTPUM OIMH TTPOCTEATITNI MeTO I KiaaccudruKar-
K. JIerko mocTpoOuTh ONTUMAJIBHBIN KIACCH(DUKATOP, CIH PACIpe-
JiesieHre BepositHocTeit P renepupytoriee napbi (Z;, Y;), W3BECTHO.

PaccMOTpEM TIaphl CIyHaiHBIX HepeMeHHBIX (X,Y), IpuHEMaIo-
mux 3Hadenus B MHoxkectse tuna X X {—1,1}. TIpeanonaraem, uro
Ha STHM [apaM COOTBETCTBYET pPaclpejeleHne BeposTHocTeld P u
COOTBETCTBYIOIAA TLIOTHOCTL BeposThocTu P(Z,y). [peanonaraem,
YTO CYIIECTBYIOT ycjoBHble ItorHocTn P(Z|Y = 1) — mmotHOCTB
pacrpejiesieHnst BEKTOPOB IEepPBOro kKjacca, a rakxke P(Z]Y = —1)
— IIOTHOCTb PACIpPE/IesIeHNs BEKTOPOB BTOPOTO KJacca. BeTuduHbl
P{Y =1} u P{Y = —1} onpenessitoT BEpOSITHOCTH MOSIBJICHUST BEK-
TOPOB TIEPBOTO W BTOPOTO KJIACCOB COOTBETCTBEHHO. Bee 3TH BeposiT-
HOCTH W TIJIOTHOCTH BEPOSTHOCTEH JIErKO BBIYUC/ISIIOTCS 1O TLJIOTHO-
ctrn Bepositioctn P(Z,y). Hanpumep, P{Y = 1} = [ P(z,1)dz, a

X

P|lY =1) = P(z,1)/P{Y = 1}. 2

Wcnonwb3ys 31u BepodaTHOCTH, MOXKHO 110 (popmyse Baiteca ompe-

JIEJIUTDH AIOCTEPUOPHbBIE BEPOSITHOCTY NPUHAJJIE2KHOCTH BEKTOPA, T K
TIepBOMY W BTOPOMY KJIACCY

P{Y =1|X =7} = cP(F|]Y = 1)P{Y = 1),
P{Y = —1|X = 3} = cP(

B
b<
I
L

=
b<
I
|

rue

1
“TPEY =1)P{Y =1} + PE[Y = —1)P{Y = -1}’

PaccmoTpum yeaoBHY10 BEPOATHOCTH TOTO, YTO BEKTOP T MTPUHAJ-
JIEYKUT TEPBOMY KJIACCY

n(z) = P{Y =1|X = z}.

*3neck u manee mMer npemosaraeM, uro P{Y =1} > 0u P{Y = -1} > 0, a
raxke P(Z]Y =1) > 0 n P(F]Y = —1) > 0.
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st npoussosbroro kinaccudukaropa g : X — {—1,1} BepoaTHOCTD
ommbku KyraccuuKaIuy PABHA

errp(h) = P{g(X) # Y.
Batiecoscruti Kaaccuduramop ompesensaeTcs Kak
1 T 1
hz) = { , ecm (L) > 3,
—1 B IPOTUBHOM CJIyUae,

Crenyromas JieMMa [TOKA3bIBAET, YTO 6aiieCOBCKUil KJacCHpUKATOP
MUHUMUZUPYET BEPOSATHOCTH OMIMOKH err p(h), KOTopasi B JAHHOM CJIy-
vae, HA3BIBAETCS baliecosckoti owubrod.

JIemma 1.1. Jlaa aroboz0 xaaccuduramopa g : X — {—1,1}

P{h(X) #Y} < P{g(X) £ Y}.

ZHoxazameavcmeo. st Tpon3BOILHOTO KJIACCUMHUKATOPA § YCIOB-
Hast BEPOSITHOCTH OMMMOKY Kiaaccudukaimn mpu X = T BRIPAKAECTCST
B BHUIE

Plg(X) #Y|X =1} =
=1-P{g(X)=Y|X =3} =
=1—-(P{Y =1,9(X)=1|X

+P{Y = -1,9(X) = -1|X = 7}

=1 (lym P{Y =1|X =1} +
+lym= P{Y = 0|X = z}) =
=1— (Lyaz)= 177( ) + Lg@)=—1(1 = n(Z))}),

e st oboro yenosust R(Z) 6yaer 1) (7) = 1, e R(Z) Boimo-
HeHo, n 1z (Z) = 0, B mpoTHBHOM cTyHae.
AmnanornuHoe HEPaBEHCTBO BBINOJIHEHO Jis Kaaccudukaropa h(T).
Bamernm, 910 lgz)——1 = 1 — 14— Ans moboit pynknum Kiaac-
cudmranmu g. Takum obpazom, A7 Kaxka0ro T € X

P{g(X) #Y|X =2} — P{h(X) #Y|X =7}
= n(Z)(Ln@z)=1 — 1g($) 1)+

+(1 = n(2))(Lp@)=—1 — 1) =

= (2n(z) = 1) (Ap@)=1 — 19(5;):1) >0
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1o onpesesienuto baiiecoBckoro kiaccudukaropa h.

Marerpupyem 0be gactu 31oro HepasencTsa 1o T. [losyanm nepa-
BEHCTBO JIEMMBI. /A

Henocrarkom 6aiiecOBCKOTO KIACCU(PUKATOPA SIBJISIETCS TO, UTO OH
MCIOJIb3YeT I BhIUMCIeHust 3Hadennii dynknnu h(Z) BeposTHOCT-
Hoe pacrpenesnerue P, renepupyoriee mapsl (Z,y). pexme uem mc-
OJIb30BATH OaifieCOBCKUi KIaCCU(PUKATOP, HAIO PEITUTh 33139y BOC-
CTAHOBJIEHUsI BEPOATHOCTHOI'O pacIipejiesienus P 1o ero peasin3aliu-
aM. Ha mpakTuke Takoe BEPOSTHOCTHOE PACIpeIeeHne JacTO HEen3-
BECTHO U €r'0 TPYIHO BOCCTAHOBUTH. OOBIYHO JJis TOJYyUYEHUS JOCTO-
BEPHOI'O pe3y/ibTaTa TpebyeTcs: JOBOJBHO MHOTO PEATU3AIMI CJTydaii-
noit pemamusl (X,Y).

OcHoBHbIe 1POOJIEMbI CTATUCTUYECKON Teopuu Kjaccuuaimu
CBSI3aHBI C T€M, YTO IIPU ITOCTPOCHUH KIACCHMUKATOPOB h(Z) MBI He
MOYKEM HCIIOJIb30BATH PACIPEIEICHIS BEPOATHOCTEH, TeHEPUPYIOIITHE
napsl (Z,y).

Taxum obpazoMm, B gajbHelneM OyIyT pacCMaTpPUBATHC KIACCH-
PUKATOPHI, HE 3ABUCAIIIE OT BEPOATHOCTHOTO PACIPEIE/TICHHUsI, TeHe-
PUPYIOIIETO JTaHHBIE.

1.1.3. JIuneiinble KjaaccudpUKaTOPhI: IEPCEIITPOH

[MepcenTpon mpeacrapager coboii HEKOTOPYIO TEXHUYECKYIO MOJIE/b
BoctipusiThsa. Momess mMmeeT aBa ciaos. [lepBuIit — perenTopHBIN coit
TMOIAeT CUTHAJI HA BXOBI TTOPOTOBBIX IJIEMEHTOB — HEHPOHOB mpeob-
Pa3yIOIIEro CJI0s.

MaremaTudeckas MOIETb nepcenmpona OYIeT 3aTaBaAThCA CIETY-
oM 06pazoM. 3a/1aH0 TPOCTPAHCTBO X HUCXOHBIX OMUCAHUH 06bEeK-
ta. [Ipeobpazosanue § = @(T), KOTOPOE B KOOPAMHATHOM BHJIE 3aIlU-

CBIBAETCS KaK Y; = @;(Z), 7 =1, ..., m, CTABAT UCXOAHOMY OITHCAHUIO
z=(z1, ..., Tm) € X 06beKTa TIPEOOPA3OBAHHOE OMHCAHNE 0ObEKTA
7= (y1, .-, yn) € Y. Ipeanonaraem, uro X C R™ u Y C R" aysi

HEKOTOPBIX 1M, N.
TlepcenTpon 3amaercs OAHOPOAHON JUHEHHON PyHKITHEH

L(x) = (A (7)) =Y Ais(®) = > \iws
i=1 =1

17



rJe JeficTBUTeNbHbIE YUCIa \; UHTEPIPETHPYIOTCS KAaK BeCa, IPUIIH-
CbIBaeMble PeoOPA30BAHHBIM NPU3HAKAM Y. 31ech (A - @(Z)) 0603Ha-
JaeT CKaJdpHOE Hpou3BeaeHne aByX BeKTOpoB A = (A1, ..., A\y) u
o(z) = (¢1(Z), ..., pn(T)) B eBKINITOBOM B TIpocTpaHcTBE R™.

B HEKOTOPBIX MEpcenTpOHax PACCMATPUBAIOTCS TPEOOPAZOBAHHBIE
MPU3HAKH, KOTOPbIE TPUHUMAIOT BCErO [Ba 3HaYeHus! (GUHAPHBIE TPH-
3HAKM), HALIPUMED, paccmarpusaercs ciaydain Y = {—1,1}.

78 IPOCTOTHI CYUTAEM, UTO TIEPCENTPOH DPA3/IUYaeT JBa MOHsI-
THs win Kjaacca 00bexkToB. IlepcenTpor OTHOCHT BEKTOP T K IEPBOMY
KJIACCy, eCJin

z": Aigi(Z) > 0,
=1

B TIPOTUBHOM CJIydae, TEPCENTPOH OTHOCUT BEKTOP T KO BTOPOMY
KJIaccy.

Teomerpuaecku 3T0 03HATAET, YTO B MPOCTPAHCTBE MPU3HAKOB X
3a/laHa TUIIEPIOBEPXHOCTD

Z)\Zg@l(i’) =0, (1.1)
=1

KOTOpag JeJUT TPOCTPAHCTBO X Ha [Ba noaynpocTpancTsa. O6heKTh
IIEPBOrO KJIACCA OTHOCATCA K OTHOMY IIOJYIPOCTPAHCTBY, OOBHEKTHI
BTOPOTO KJIACCA OTHOCATCS KO BTOPOMY moJrynpocrpancTsy. [Tomobuas
THIIEPIOBEPXHOCTH HA3LIBACTCA Pa3denstoued.

Kazx ot pazgenstomedi runepnosepxunoctu (1.1) coorsercrByer
pasaessaonas THIePILIOCKOCTh

n
> i =0
i=1

B mpocrpancTe npeobpazopanubix npusnaxkos ). IIpocrpancrso )
TaKKe HABBIBAETCS CNPAMAAIOULUM.

Ilycrs 3agana Geckomeunas 00ydaroiias BHIOOPKA B CIPAMIISIO-
IIIEM TIPOCTPAHCTBE

S = (41, 61), (B2, €2), --.),
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r7ie €; 0603HAYACT TIPUHAIIEKHOCTE 00beKTa ¥; = @(Z;) KIaccy
G ef{-1,1},i=12, ...

JomycTruM, 4TO CyMIECTBYET THMIEPILIOCKOCTD, PA3HAEIAIONAd Bhl-
Gopry S. Ilycts A = (A1, ..., A\p) — BeKTOp KO3DDUIMEHTOB ITOi
pasjessoneil runepniockocT. 110 onpeje/e o TUIepIoCKOCTh
pas3IeaserT BEIOOPKY, €CJIH BBLIIOTHEHB HEPABCHCTBA

JJI BCEX 1.
Jnst ynoberBa mpeobpasyeM 00yd9aroNiyi0 BbIOOPKY CJIELYIOITAM
obpazom. PaccMoTpuM 110CJ1€/10BATEIbHOCTD BEKTOPOB U1, Y2, - .. , TJIE

i = Ui, ecam €; = 1,
’ —7i, ecnma €; = —1,

s Beex . Torga ycnosue pasgenenns (1.2) sanwmercs B Buze

(A . ?jz) >0
I BCEX 1.
O6o3maganm
(A g)
p(A) = min = I,
i A
po = sup p(A), (1.3)
A0

n
> )\12 — ninHa BeKTopa A B mpocTpancTtee R™.
i=1

VeaoBue pasjgeuMocTi BbIOOpKH S MOXKeT ObITh 3aILUCAHO B BUJIE
po > 0.

Ilepexomum Tenepsb K omucaHuio ajaropurma Pozenbiarta mocTpo-
EHUSI Pa3/eAOIIeil THITIEPILIIOCKOCTH.

IlycTh 3ajana mpousBo/ibHas OeCKOHeUHAsT 00yUaroIas BRIOOpKa

e |A| =

(gla 61)5 (QZ, 62), e

U IyCTh CYIMECTBYET THIEPILIOCKOCTD, IPOXOIINAsa 9epe3 HAdaa0 KO-
opaunar (A* - g) = 0, pazgensomas 3Ty BbIOOPKY, T.€. TAKasi, YTO

(A*- ) >0 (1.4)
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i Beex 4. Cumraem, aro |A*| = 1. Yciosue (1.4) MOXKHO TakzKe
3a1UCATh C OMOIIBI0 Beuunbbl (1.3) B Buje

(A" i) > po (1.5)

Iuta Beex ¢. 'Takyke mpeamoiaraeM, 9T0 BEKTOPHI §J; PABHOMEPHO OTrpa-
HHUYEHBI 110 MOJLYJTIO
sup |gi| = D < 0.
i

Aaropurm Po3eunbiiarra nocrpoeHusi pasaesisiionieii
TUTIEPIIIIOCKOCTH

O6yueHne HepCenTpoHa 3aK/II0YaeTCs B U3MEHEHUU KOODIMHAT
BEKTOPa BECOB A Ha KaskJ0M Iare ajaropuTMa.

Ilycte Ay = (A1, -.., Apyt) — TeKymuit BeKTOp K03bQUIIHEHTOB
TUIIEPIIOCKOCTH, BBIYUCJIEHHBIN Ha 1are ¢ ajropurMa, t = 1,2, .. ..

AJropuT™M ICTIOIB3yeT MPeobpa30BAHHYIO MOCAEIOBATEIHHOCTD BEK-
TOPOB Y1, Y2,

IMonaraem Ag = (0, ..., 0).
FORt = 1, 2, ...
Ecau (Ay—1 - 9¢) > 0, To nonaraem Ay = Ay_;.
(T.e. ecn ovUepesHON BEKTOp KIACCH(MUITUPYETCsT TPABUIBHO, TO Te-
Kyliad T'InepIijioCKOCTb He I/I3M€HH€TCH).
Ecou (A¢—1 - ) < 0 (ouepennoii BeKTOp KIacCuUIUPyeTcss Hempa-
BUJIBHO), TO NPOM3BOANM KOPPEKTHUPOBKY BEKTOPA THIIEPILIOCKOCTH
Ay = Ay—1 + §¢, HA30BEM 3Ty ONEPAIHIO TAKKE UCTIPABACHUEM OULUO-
K.
ENDFOR

Cuenyromas TeopeMa, npunajaiexamas A.A. Hosukosy, yTsep-
JKJIAET, 9TO B TOM CIy9ae, KOTAA Pa3fesdionas THIIEPTLIIOCKOCTh Cy-
IecTBYyeT, aJroput™M PozenbiarTa mocjie MHOTOKPATHOTO MPEIbsBJIe-
HUsA 0By9alomei moCae0BATETHLHOCTH, COCTABAEHHON M3 3JIEMEHTOR
BLIGOPKH, MTOCTPOUT I'HIIEPIIOCKOCTD, PA3JIEISIONYI0 BCIO KOHEUHYTO
i DECKOHEYHYIO BHIOOPKY 33 KOHEYHOE YUC/IO IATOB.

Teopema 1.1. FEcau cywecmsyem 2unepniockocms, pa3oessouan
beckoneuHyo 6ubopKy

(T1,€1), (T, €1), -+
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mo 6 aAzopummme Posenbaramma ucnpasAcHue owubKU npouc:w@um

He 60./L€€ Hem
D2
}20

pa3. Omo 3navum, wmo nepasencmso Ny # N1 ewinoaneno daa we

2

boaee wem [%} pasaunnoz t. 3 Ilocae amozo pasdeasouiasn zunep-
0

nAOCKOCTIL cmabuiusupyemea u bydem 6e3owubouno Jdeautnsd 6Cio

DECKOHEUHYI0 OCNABWYIOCA HACMb NOCAEIOBAMEALHOCTNU.

,ﬂoﬁaSameﬂbcmSO. EC.HI/I Ha IT1are t HpOI/ICXO,HI/IT n3MeHeHue BEKTO-
pa As, To
2 2 ~ ~ 12
[Ae]" = [Ap—1 "+ 2(Ag1 - G2) + [5]°

Tak kak (Ai—1-9:) < 0 (kraccuduranus t-ro BeKTOpa HelpaBUIbHA )
u || < D, noxygaem

|A:? < |Aq? + D2

Eciu po mara T BKIOYATENBHO MPOU30ILIO k TAKUX HMCIPABJIECHUM,
TO MOy IaeM

|A]* < kD (1.6)

1o ycaosuro pazgemmvoctn (1.5) cymecTByeT euHUYIHBIN BeKTOp A*
TAKOM, 4TO

€i(A" - 7i) = po

I BCEX 1.
Ounennm Besmunny (At - A*). o onpenenenmo (Ag-A*) = 0. Ecom
Ha 1mare t AJITOPUTM ITPOU3BOJUT UCIIPABJICHUE, TO

(A - A") = (Mg - A") + (A" G) = (Ag—1 - A™) + po.
Ecsin Ha mare ¢ ncnpap/ieHust He NPOUMCXOINT, TO

(A A*) = (Ap_q - A).

3[r] - menas YacTH BEIECTBEHHOTO WHCTA 7.
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Takum obpazom, ecjin K mary t aaroput™ npoussest k ucrnpapsieHui,
TO

(A¢ - A") = kpo.

ITo HepapencTBy Komu-ByHsKoBCKOro
(A - A) <A - [AT] = A,
[TosToMy mMeeT MeECTO HEPABEHCTBO
[Adl = Epo. (1.7)

O6beaunsiem repaserctsa (1.6) u (1.7), monyuaaem

Takum obpazom, UNCIO WUCTTPABIEHNH HE TTPEBOCXOINT
2
k< [DQ] |
Po
Teopema nokazana. /A
Ilo Teopeme 1.1, kakoBa 6bl HU ObLIa DECKOHeUYHAs pa3euMasi
BeIOOPKA, anroputm Po3enbsiarTa, cireiaB KOHEIHOE YUC/IO UCIIPABIIE-
HUI, HE IPEBOCXOILIIEee [%}, HaiiTeT KaKyo-an00 TUIePILIOCKOCTD,
PAaBIEIONTYI0 BCIO BHIDOPKY.
B HeKOTOpBIX ciIyuasx B IEPCENTPOHE pPACCMATpUBaeTCsd bHApHOEe
CIPSIMJISIIOITEe [IPOCTPaHCTBO, T.e. Y = {—1,1}".
B stom cayuae scuo, uro D? < n. Torma omemka Teopemsr 1.1

k< {”2} ,
Po
T.e. YUCJI0 KOPPEKIUil aJropurMa 00y9eHns IepCcenTpoHa PacTeT JIu-
HEeHO ¢ PA3MEePHOCTHIO TTPOCTPAHCTBA.
B sToMm paszese ObLia paccMOTpeHa JIBYXYPOBHEBAA MOJE/b IIEP-

cenrrpona. Ha mepeomM yposHe ornpejesisiercst orobpaxkenne § = ¢(T)
HCXOTHOTO MOPOCTPAHCTBA OMUCAHUN OOBLEKTOB X B CIPSIMJISIONIEE

UMeeT BUJI
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npocrpaucrso V. Ha Bropom ypoBHe peanusyercsd ajaroputm obyde-
HUsI — TIOCTPOEHME PA3JIE/ISIONEel THIEPIJIOCKOCTH B TPOCTPAHCTEE )
Ha ocHOBe obyuaroreli mocjenoBaresbaocTu. JcHOBHOE TpeboBanme K
OTOGPAYKEHUIO ¢ JTUKTYET BTOpAs YACTb MOJEIN, & MMEHHO, MHOYKe-
CTBa BEKTOPOB — 06DPA30B ¥, TPUHAJIEIKAIINX K PASIUIHBIM KJIACCAM
JIOJI2KHBI OBITH Pa3/I€ UMbl THIIEPILIOCKOCTHIO.

Bozuukaer ecrecTBeHHBIN BOTPOC, BCETMA JIM CYIMIECTBYET TaKOe
oTobpazkenne §j = ¢(T), IpH KOTOPOM 06paskl JIIOOLIX ABYX Hemepece-
KaIoMUXCsl B MCXOJHOM IHPOCTPAHCTBE X MHOXKeCTB ObLin OBl pas;ie-
JIEHBI B CIIPSIMJISIIONIEM TPOCTPAHCTBE ) THIEPIIOCKOCTHIO.

Brito mokazamo, 9To ecnm MCXOAHOE TPOCTPAHCTBO X OWHApPHOE,
TO Takoe OoTobpazkeHwe CyIIecTByeT, 6ojee TOro, OHO MOMKET OBIThH
OCYLIECTBIICHO € IIOMOLIBIo JiuHeitnbix ¢yuxuuit (cm. [2]). Hemocrar-
KOM 9TOI'0 PE3Y/IbTATA SIBJILETCS TO, YTO PA3MEPHOCTH CIIPAMJIISIONIETO
TMPOCTPAHCTBA OKA3BIBACTCA OYEHD 6osawioii. s 6ombiuHcTBa AP

D

MHOXKECTB OTHOIIICHUE piQ CJIUIIIKOM BEJINKO 1 TTO3TOMY O6y‘{eHI/Ie mep-
0

CenTPOHA MOXKET MOTPebOBATH 3HAYNTENBHO OOIBITOTO BPEMEHN.
ITo sroit mpuanne, 06bIYHO OTOGpaXKeHue § = ¢(T) BHIOUpaETCs
Ha OCHOBAHWN 3HAHWS KOHKDPETHOW MpesMeTHOl 00,1acTu.

1.2. Teopus o0b60061IEHN A

1.2.1. BepxHue o1eHKN BEPOATHOCTH OIIMNOKN
KJaccuuKaImm

B Teopum 0600611IeHN ST BHIYUCISIOTCS BEPOATHOCTH OTITUOKY KIaCCH(PHU-
Kaln Ha mecmogol 6vbopke, TIOCIE TOTO KaK (pyHKIUS Kaaccudu-
KaIuu OMpeiesiena mo 06yuatou,eti 6uibopke, T.e. TPOBEAEHO 00yIeHne
AJITOPUTMA KJTACCH(DUKAIIAH.

B sToM pasmesie MbI pHUBeeM OCHOBHBIE TIOJTOXKEHHUS CTATHCTHYIE-
CKOli Teopuu 0600IIEeHMS.

Cratuctuueckast TeOpus MAITUHHOTO 00y YeHNs UCTOJIb3yeT TUIIO-
T€3y O TOM, 9TO Haphl (X;,y;) TEHEPUPYIOTCA HEKOTOPBIM HEU3EEC-
HOLM HAM DACIIPEIEJEHUEM BEPOSTHOCTEH, MPU 9TOM, KAK TPABUIO,
paccMaTpUBaeTCs OYeHb MINPOKWI KJace TakKux pacupeierenuii. Mc-
MOJIB3YETCST TOJBKO MPEJIITOJI0KEHUE O TOM, UTO JIAHHBIE HE3ABUCUMO
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U OJIMHAKOBO PACIIPE/IEJIEHBI.

B crarucruyeckoit reopuy MmammHHOTO 00yUeHMUST UCXOIAT U3 00Y-
yaroweld ewvbopku, 10 KOTOPOW ompejensercsd (pyHKIud Kjaccudu-
KAl UM PErPEeCcCuu, HAMIYUIIIM 00pa30M OTMUCHIBAIOIIAA ITY BBI-
bopky. Kiacc dyukimit kraccudukanuum MOXKeT ObITh OUEHDb THPOK
— OT pa3e/AIIAX TUIEPILIOCKOCTER B N-MEPHOM ITPOCTPAHCTBE JI0
MTPOM3BOJBHBIX MHOTO0Opa3uil, KOTOPBIE 0TOOPAKAOTCH C TIOMOIIHEO
SIIEPHBIX METOJ0B B I'MIEPILIOCKOCTH, PACIOJIOXKEHHBIE B IIPOCTPAH-
cTBax DOJIBIIEl pazMepHOCTH M > n. Hukakue pacipeesieHnst Bepo-
SITHOCTEl He UCIIOJIB3YIOTCA B AJITOPUTMAaX, BRIYUCISONINX 3HATEHUS
dbyukimn KaaccuduKanmm.

OyuKIus KiaaccupUuKalu IPOBEPSIeTCS Ha mecmosoll 6ubopke.
Sagtageil reopun 0000IIEHUS IBISETCH OLEHUTH BEPOSITHOCTD OIIUMOKM
kJtaccupuKaIuu Ha IIPOU3BOJIbHON TECTOBON BBHIOODKE.

Teopus obobieruss Bamunka—YepBoHeHKNCA MO3BOJISIET BBIUUC-
JIUTH BEPOATHOCTH OMUOKY KJACCH(PUKAIMY WU perpeccuu (OTHOCH-
TeJIbHO, BO3MOXKHO HEM3BECTHOTO HAM, PACIIpee/IeHNsT BEPOATHOCTEIH,
TeHEPUPYIONIETO JAHHbIE) [IT COTJIACOBAHHOMN 10 00ydJaromeii Br6op-
ke PYHKIUN KiaaccuUKAIUU Wik PErPECCU Ha JIFOObIX OYIyIINX J1aH-
HBIX.

Taxast BEPOATHOCTb 3aBUCUT OT pa3Mepa obydaroreil BEIOOPKU U
Pa3MEPHOCTH WJIM eMKOCTH KJ1acca (PYHKINI, ONUCHIBAOIINX JTaHHBIE.
DT0 MO3BOJITET KOHTPOJIUPOBATE 3aBUCUMOCTE I1APAMETPOB 0Oy ueHus
1 BEPOATHOCTH OLIMOKM B Oy lylieM.

Emkoctb Knacca pyHKIINY He 3aBUCAT OT YUCJIA APAMETPOB ITHUX
QYHKIMNE WK 0T AHATUTUYIECKOTO crtocoba ux 3ananus. OHa 3aBUCHT
OT TEOMETPUIECKUX CBONCTB KJIacca — MaKCUMAaJJILHOTO pa3Mepa mpo-
eKInii (PYHKIIHH 9TOr0 KJIACCA Ha BHIOOPKH 33 JaHHON IJIHHBI.

B stom paszmene O6yayT maHbl paBHOMEDHDBIE BEPXHUE OIEHKU Be-
POSITHOCTH OIMUOKK B 3aBUCUMOCTH OT JJIHHBI 00yuarorieil BoIOOpKU
¥ pa3MepHOCTH KJacca QYHKINN KIacCHPUKAIINN.

Kpurepnit Beibopa dynkinn kjiaccudukaium OCHOBAH HA MWHU-
MM3AIMHA BEPXHEH OMEHKHW BEPOSITHOCTH OIMMUOKHI 0000ITeHMS.

Ilycrs S = ((Z1,y1), ..., (Z1,y1)) — obyvaromas BEIGOPKa. 3/1€Ch
Z; € Xmy; € {—1,1} npu 1 < i < . B nanbueiimem X C R™ —
N-MEpPHOe €BKJIM/I0BO BEKTOPHOE IIPOCTPAHCTBO.
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B nannoM pasjiesie Ipu BEpOITHOCTHOM aHAJIN3e MBI [IPeJIIo/ara-
eM, 4TO BbIOOpKA S — 9T0 CjydaiiHasi BeJUYUHA, COCTOANIAA U3 CJLy-
qaifiHbIX Besmaud (T, y;), ¢ = 1, ... [. Jag ynobersa (B oriimaune ot
pasnena 1.1.2) Mb1 0603HAUAEM CIyUaiiHbIe BETUIUHB (T, Y;) MATCHb-
KUMW OYKBaMH.

Ilycrs 3amano mpasmio (wm ¢ysknusa) h : X — {—1,1}. Puck
dbyukumonan (nnm ommbKa KIACCH(MUKAIN) OTIPENETAETCH KAk

errp(h) = P{(Z,y) : h(Z) # y}.

DTa BeJNYUNHA PABHA BEPOATHOCTH HEIPABUJIBbHON KjacCupUKaInum.
Tunoresa xiraccudukanyy h corsacoBaHa ¢ BbIDOPKOD

S = (('Tlvyl)’ ceey (jbyl))?
ecu h(Z;) = y; nna Beex 1 < i < 1. O6ozraunm

1. _ .
errs(h) = 7l{i h(z) # 91,1 < i <1}
— OTHOCHUTEJIbHOE YHUC/IO0 OmUbOK Kjaaccuduranuu h Ha BbIGOPKE S.
Baech |A| — ancio ssnementos mMuokectBa A. Torma runoresa kiac-
cudmranmu h cormacopana ¢ Beibopkoit S, ecau errg(h) = 0.
Jist mpom3BOJIBHOMN TUTTOTE3HI Kiaaccudukanmm h u € > 0 nmeem

PYS : errg(h) = 0&errp(h) > €} = (1 —errp(h)) <e7'c. (1.8)

[Iycte H — mekoropbiil kKjaacc rumnore3 Kaaccudukanuu. Ecau kinace
H koneunsrit, To n3 (1.8) nosydaem oneHky

PYS : (3h € H)(errg(h) = 0&errp(h) > €)} < |H|e . (1.9)

Nureprnperanms (1.9) 3akI09a6TCA B CI€YIOIIEM.

Ilycro 3aman kpurudeckuit ypopeHb § > 0 OIpHHATHSI OMIHO0Y-
HOI rumoTe3w! Kaaccudukanum h € H, cormacoBanubiit ¢ obydaroreit
BeIGOpKOit S. Torma mo (1.9) MBI MOYKEM yTBEpPXKJIATb, UTO C BEpO-
ATHOCTBIO > 1 — § runoresa kiaccudukauuu hg € H, nocrpoennas
10 cay4aiinoit obydatoreit BeIOOpKe S U corsiacoBaHHasd C Hell, Oyser

h) <e=31mld
umers omubKy knaccuduxanun errp(h) <e = ;ln 5.
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pyrumu ciioBamu, BCsgKas TUIOTe3a KJjaccudukanuu h, MMero-
mag ommbky errp(h) > €, ¢ BeposTHoCTBIO = 1 — |H|e ¢
COIIACOBAHA CO CIYyJaMHON BLIOOPKOMH JINHBI (.

B cnayuae 6eckomeunoro cemeiictBa dyukimit H aHaJIoTUYHBIE
OTIEHKY HA OIMMOKY KJIACCU(PUKAINN TAET Teopusi 0000IeHnst
Banuuka—Yepsonenkuca. CnoxHocTh Kjaacca H olleHuBaeTcs ¢ 1o-
MOTIBIO (DYHKITUH POCTA

By(l) = max  |{(h(z1),h(Z2), ..., h(Z})) : h € H}|.

(1,22, ..., Ty

e Oyzaer

Ceroiicta sroit DyHKITHE OYIYT U3yIaThCs TaJIee.
Nwmeer mecto Teopema — amagor cootnorrerus (1.9) s 6ecko-
Heqnoro H.

Teopema 1.2. Ilpu l > 2/e umeem mecmo ouenxa
PY{S: (3 h e H)(errg(h) = 0&errp(h) > €)} < 2By (21)e” ™.

Jloxazameavcmeo meopemoi

IMycts 14(Z) = 1, ecim & € A, u 14(Z) = 0, ecim T & A.
Ananornano 1p,z)., (7, y) ecTh coyJaiinas BeIMIuHa, papHad 1, ecam
h(Z) # y u pasnag 0, B nporusHom ciryuae. Toraa

Elh(a’:);ﬁy = errp(h),

rae B — matemaTrndeckoe oxuganne mo mepe P. TTo onpemenenuro

l
1
errs(h) = 7 > Tna) 2
=1

— 9acToTa OMmubOK KIacCuUKAINN Ha, BEIOOpKE S.
YTBepKIeHNEe TeopeMbl OyAeT CIeI0BaTh W3 CJAEIYIOIINX JBYX
JIEMM.

Jlemma 1.2. Ilyemo 3adan kaace H pynxuyud xaaccudurauuu. Pac-
cmampusaromes dse cayuatinve ewbopru S, S’ daunw |. Tozda das
mobozo € > 0 npu | > 2/€ umeem mecmo HePageHcmMeo

PYS: (3 he H)(errg(h) = 0&errp(h) > €)} <

< 2P2{SS : (3h € H)(errs(h) = O&errg/(h) > %e)}. (1.10)
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Aokasameawvcmeo. Jlerko Bugers, aro mepasencrso (1.10) sxsu-
BaJICHTHO HEPABEHCTBY

Pl{S: sup errp(h) > €} <

h:errg(h)=0
1
< 2P?{SS':  sup errg/(h) > e} (1.11)
h:errg(h)=0 2

Hoxkazkem (1.11). s xazkmoit BEIGOPKH S 0003HAUNM TTOCPEICTBOM
hs Ty dyukimo u3 kiaacca H, A9 KOTOPOW BBITTOJHIETCS HEPABEH-
crBo B jesoit sactu (1.11), a umenno, errg(hg) = 0 u errp(hg) > €.
D10 cayvaiiHas BEJIMYMHA, 3ABUCAIIAA OT BLIOOPKU.

Mmeer MecTo cieyiomiee HEPABEHCTBO MEXK Y CJIYIANHBIMHI BEJTH-

YUHaMN 4

1errs(h5) = 0&errp(hg) > €1errp(hs) - errs/(hs) <
<1

1
2

(1.12)

errg(hs) = 0&errg, (hs)>%e'

BosbMeM MaTeMaTHIecKoe 0XKUIaHIe 10 BTopoit Beibopke S’ or obenx

gacreil HepasercTBa (1.12). IlogyunM HEepaBeHCTBO it CITydaliHBIX
BEJIMYWH, 3aBUCAIIUX OT IEPBOil BHIOOpKHU S :

Lerrg(hg) = 0&errp(hg) > P {S" t errp(hg) — errg/(hs) < e} <
< PYS' :errg(hg) = O&errg (hg) > %e} (1.13)
cnosbayst cBOfiCTBAa GUHOMUAIBHOTO PACTIPEJIE/ICHUS Oy 9aeM
PYS" :errp(hg) — errg(hg) < %e} =

1
= PY{S" : errg/(hg) = errp(hg) — 56} =

— Z <li>p’f(1 —p)"F > % (1.14)

(ki /1>p—e/2}

13nech Lerrg (hg)=0&errp (hg)>e(S) = 1, ecnm errg(hs) = 0&errp(hs) > €, B mpo-
TUBHOM CJjiy4ae 310 3nadenue pasho 0. Taxxke
1
1ens(hs>:0&errs,(,LS)>%€(SS’) =1, eciu errs(hs) = 0&errg: (hs) > 5¢€, B mpoTHB-
HOM CJIydae 3TO 3Hadenue pasHo 0.
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upu [ > 2/e. 3necy p = errp(hg).

HeticrBurenbro, npu | > 2/€ 6yner p — €/2 < p — 1/1. Tlosromy

JIOCTaTOYHO JTI0KA3aTh, ITO

> <,i>p'“(1 —p)nh= <,i>p'“(1 —p)" > %

{k:k/I2p—1/1} {k:k2lp—1}

DT0 HEPABEHCTBO IKBUBAJEHTHO HEPABEHCTBY
l 1
k n—=k
p(1—p < —.
> (k (1-p <3
{k:k<lp—1}
Jlemaem 3aMeny TepEMEHHBIX B 9TOH CymMMe:

> (,i)pk(l —p)" =

{k:k<lp—1}

= > <,i>p’“(1 —p)"F =

{k:l—k>1(1—p)+1}

= > <]i>p’“(1 -p)"

{k:k>lp+1}

(1.15)

Cymma mepBoit u Tperbeit cymm u3 (1.15) menbime 1. [lostomy Kaxkgas

U3 HUX MeHblie 1/2.
Ioncrasngas nepasencrso (1.14) B (1.13), momy<anm

Lerrg(hg)=0&errp(hs)>e S
< 2PY S : errg(hg) = O&errg (hg) > %6}
BospmeM cpemnee o S U oIy UM
PYS : errg(hs) = 0&errp(hg) > €} <
< 2P%{SS" : errg(hg) = 0&errg (hg) > %e} <

1
<2P?{SS": sup errg/(h) > =€}

h:errg(h)=0 2

Orcroga noryaaem (1.11). Jlemma moxasaxa. A
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Jlemma 1.3. Bepoammocms mozo, wmo Ha 08Yx CAY4atUHbL 6b160p-
xax S u S" daunve | nexomopas Pynxyus xaaccudpurayuu h € H co-
2A0C08AHA ¢ NEPBOTL U3 HUL U cosepuaem boaee €l owubor Ha 6Mopot
6bI60PKE 02PAHUMEHA GEAUNUHOT

P2I{SS/ : (Elh S H)(errs(h) = O&errs,(h) > 6)} < BH(QZ)G*EZ/Q.

Hoxaszameavemeo. OnpenenvM QYHKIUIO 1), KOTOpas MO TPOU3-
BosIbHO# BBIGOPKE SS' = ((Z1,91), ..., (T2, y2r)) AMUHBL 2] BBITAET
ee coctag Y, T.e. MHOXKECTBO IIap €e COCTABJAIONIMX BMECTe C KPAaT-
HOCTSIMU

n(S8") =T ={((Z1,y1), k1), ..., (ZL,yL), kr)},

rie k; — anucsio Bxoxaenuit maps (I, y;) B BBIGOpKY SS' i =1, ..., L,
L — gucyo pazmuuubix nap (Z;,y;) B Beibopke SS’; o onpeenenuio
ki+---+kp =2l

B orniuune o BEIGOPKY ee cOCTAB — HEYTIOPSIIOUEHHOE MHOXKECTBO.
Mepa P? na Beibopkax jmHbl 2] HHIYIHPYET MEPY P na ux cocra-
Bax:

P(2) = P2{SS" : n(8S') € E},
rie Z — MHOXKECTBO, COCTOSIIEEe K3 COCTABOB THIa Y.

Qukcupyem HEKOTOPHIH coctaB Y st BeIbopok jguubl 2. [Ipes-
BApUTEILHO TaKXKe (PUKCUPYeM HEKOTOPYo (MYHKITHIO Kiaaccuduka-
muu h.

Hns kaxgoi asoitnoit seibopku SS' = ((Z1,v1), .-, (To, y21))
olpejie/iuM ODMHAPHYIO MOCE10BATENbHOCTD €], . .., €9 OIIMOOK KJIacC-
cuduKaum, rie

| 1, ecrm h(z;)
€ = :

# Yi,
—1, ecu h(Z;) = y;,
rmet =1, ..., 2L
IlockonbKy ommubku KaaccupuKaliuu OMUCHIBAIOTCS DEPHYJILINEB-
CKHMM pacrpejiesienneM ¢ BeposTHocTbio omubku P{h(Z) # y}, aobbie
aBa HAbOpa OmMOOK €1, ..., € U €], ..., €y HA JABYX BLIOOPKAX C

OJHHUM K1 TEM 2K€ COCTaBOM T PaBHOBCPDOATHDI. 5

®DrH BEPOATHOCTH ONPEIEAIOTCH GHHOMUATHHBIM PACIPE/ICTCHIEM U DABHDI
(il)pk(l — )27 e p = P{h(Z) # y} u k — wmcno emumm (w0 OMEUGOK) B
BBIOODKE.
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ITosTOMY BEPOATHOCTD TOTO, 9TO JIJIsi HEKOTOPOTO (DUKCHPOBAHHO-
ro cocrasa T Ha HEKOTOPOIi 1BOIHOI BLIOOPKe S, uMeroleit cocras
T (r.e. rakoii, uto n(SS") = T), dynxma h nenaer m ommbOK u BCe
OHH COCPEIOTOUYEHBI Ha BTOPOI MTOJIOBUHE 3TOM BLIGOPKH, OIEHUBAETC S
cBepxy mpu m = €l

l
() l! (21 — m)!m!

m

()

T U—mm! @)
@ —m)...(l—m+1)
20...(1+1) h

m\! e\! e
<(1-=) <(1-= €l/2,
<(1 2z) <(1 3) <¢

[Iycts Temepns dyukims xiaccudpukanmu h npuaHEMaeT J1000e 3Ha-
uenne u3 Kjaacca H. Hucjao Bcex dyHKIMi, KOTOPBIE IOJIYYA0T-
cg orpanmuenweMm objacTu oupenesenud Gyuknuit m3 H wa MHO-
JKECTBO BCeX O0bEKTOB {I1,...,Tg} u3 BbIOOpOK SS’ manHoro co-
craBa 7)(SS’) = T, He TPEBOCXOAUT UUCTA IJTEMEHTOB MHOXKECTBA
{(h(Z1), M (Z2),...,h(Zg) : h € H}, cocrosimiero 3 GUHAPHBIX 10~
caemoBaTebHOCTER AauHBL 2.

Ornerky umcaa Takux QYHKIAN TaeT GYHKUUA POCMA CeMeCTBa
WHJIUKATOPHBIX (pyHKIWMH H

By(l) = max  [{(h(@1), h(z2), . ha) s h € .

(Z1,Z2,...,T

deno, uro By (l) < 2. Tounsie onenkn byHKIMM POCTa PABTHIHbIX
CeMelcTB KIaCCH(PUKATOPOB OYIAYT JAHBI B CIETYIONEM pas3iese.

W3 ompesenenns pyHKIME POCTA CJIEIYET, ITO YUCTIO BCEX OTPa-
HuveHnii gpyHKIMi Kaaccuduranuu u3z H Ha BbibopKax juinHbl 2] He
upesocxoaut B (21).

ITosTomy ycoBHAS BEPOSITHOCTH TOTO, 9TO HEKOTOpad (PyHKIIWS
Kiraccudukarmy u3 kjaacca H penaer 6osiee €l ommbOK Ha JABOMHOM
BBIOOPKE ¢ TaHHBIM cOCTaBOM | W BCe OHU COCPEOTOYEHBI Ha BTOPOH
TTOJIOBUHE 9TOH BBHIGOPKM, OTPAHUYEHA CBEPXY

PA{SS": (3 h e H)(errg(h) = 0&errg/ (h) > €|n(SS") = T} <
< By (2)e~ /2.
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JleBasg 9acTh 3TOr0 HEPABEHCTBA IIPEICTABIAET CODOM Caydaiinyio Be-
muunny (dynkuuio or cocrasa Y). [Ipasasg dacTh HepaBeHCTBA HE
3aBHCHT OT cocTraBa 1.

VHTerpupys 5T0 HEPABEHCTBO 10 Mepe P na cocrapax Y, oIy <nm
6e3ycI0BHOE HEPABEHCTBO

P?{SS": (3 h e H)(errg(h) = 0&errg (h) > €} <
< By (20)e™ /2,

Jlemma 1.3 gokazana. A

Teopema 1.2 HemocpesicTBEHHO caenyer u3 jeMMm 1.2 m 1.3.

W3 teopembr 1.2 cegyer, 9To BesiKast TUTIOTE3a Kiaccudukanuu h,
nmeromast oKy errp(h) > €, ¢ BeposTrOCTHIO > 1 — 2Bp (21)e /4
He OyJIeT COryiacoBaHa €O CJyYailHOi BBIGOPKOI JTMHEL | > 2/€, T.e.
Oyser oTBepruyTa Kak ommnbouHas.

O6o3nauum 0 = QBH(Ql)e_ElM. Torma mpu 0 < § < 1 Hymer BoI-
TTOJTHEHO € > 2, T.e. ycaoBue Teopembl 1.2 BeimoHero. OTCoOa moy-
JaeM CJIeIyIoIee CIeJICTBUE

Caencteue 1.1. Jlonycmum, wmo xaacc H pynruyul xiaccudura-
yuu umeem xoneunyro VCO-pasmeprocms d. 8

Hycmoy 3adan xpumuyeckud yposens 0 < § < 1 npunamusa owu-
bournot eunomesan, Kaaccupurayuu h € H, coesacosannotl ¢ obywaro-
weti euboprot S.

Tozda ¢ P'-sepoammocmvio > 1 — § eunomesa waaccuduranuu
hs € H, nocmpoennas no cayuatinot obyuarouets swbopre S u co-
2aaco8annaa ¢ net, 6ydem umems OWUOKY KAGCCUPUKAUUU

4 2el 2
< — P —

npu | > d.

Bee 911 pesyibrarsl MOXKHO YCUIUTH HA CJIy4ail 0Dy4deHus ¢ o1nb-
KaMu. AHATOTHYHBIM 00Pa3oM MOKA3BIBAIOTCS CJIEIYIONINE JBE JIEM-
MBI 1.4 m 1.5, a TakKe nx ciaeacTsue — Teopema 1.3.

5Oupenenerne VC-pasmepHocT JaHo B ciepyiomeM pasgene 1.2.2. Tam xe
el

nony4ena onenka By (l) < (U)d npu [ > d.
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JlemMma 1.4. Ilycmo sadan xaacce H dynxyut xaaccudurayuu. Pac-
emampusaromes dse cayuatinve ewbopru S, S’ daunw |. Tozda Oas
mobozo € > 0 npu | > 2/e umeem mecmo Hepasercmeo

PYS: (3 he H)(errp(h) —errg(h) > €)} <

1
< 2P%{SS": (3 h € H)(errg:(h) — errg(h) > 39}
Jlemma 1.5. Bepoammuocms mozo, 4mo Ha 08YL CAYHaUHBT 6bb0p-
kax S u S daunv | wacmomu owubor Hexomopol GYHKUUY KAGC-
cupurauuy h € H pasauvaromea 6oaee wem wa € > 0, o2panuveHa
B8EAUNUHOT

P?{SS": (3h € H)(errg/(h) — errg(h) > €)} < 23}[(2[)6_2621.

JlokazaTeabCTBO 3TOH JIeMMbI aHAJOIMIHO JOKA3ATEIbCTBY JIEM-
mbl 1.3. TIpu rom yno6HO ucnosb3oBarh HepaBeHCTBa, UepHoBa (CM.
crencreue 3.4 u3 pasnena 3.6 auke).

3amaua. IIposectu mosHoe moKa3aTeabLCTBO jqeMM 1.4 m 1.5.

Crenyromast TeopeMa JaeT OIEHKY BEPOSTHOCTH OTKJIOHEHWS PUCK
dYHKIMOHAIA OT CPEIHEro YnC/Ia OMMOOK Ha obydaloieil BEIOOpKe.

Teopema 1.3. Hmeem mecmo ouerka
PZ{S : (3 he H)(errp(h) —errg(h) >¢€)} < 4BH(2l)e_621/2
npu | > 2/e.

OTcrofa moaydaeM CIeayIolee CaeICTBAE, CBA3BIBAIOIIEe BEPOIT-
HOCTH OmmOKM 0000IIeHNS U CpeiHee 9uCa0 OMmubOK Ha 00yJaroreit
BBIOOPKE.

Caencteue 1.2. Jlonycmum, wmo waacc H pynruyul xiaccudura-
yuu umeem xoueunyro VCO-pasmeprocms d, 0 < 6 < 1. Tozda dan
h € H ¢ sepoamnocmuio > 1 — 0 6binoaneno

2 2el 4
errp(h) <errg(h) + (/= dln == +1n =
l d 0
npu l > d.
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Crenyer ormeruth, uTO oleHku Teopem 1.2 u 1.3, a Takxe ciej-
creuit 1.1 u 1.2, uMeIOT B OCHOBHOM TEOPETUYECKOE 3HAYEHUE, TAK KAK
Ha npakTuke V(-pazMepHOCTb d MOXKET OBITH CPABHUMON C JTHHON
BBIOOpKY [. [ TpakTUUIeCKuX 1esiell NCIoIb3yITCsS OIEHKU He 3a-
BUCSIIIIIE OT PA3MEPHOCTH npocTpancTsa (cm. reopembr 1.9, 1.14, 1.18,
crencreue 1.7 masee).

1.2.2. V(-pa3smepHOCTH

B sToM pasmene Mbl PaCCMOTPHUM ONpPEEIEHNE U CBOWCTBA Pa3Mep-
voctu Bamuuka—Yepsonenkuca — VO-pazMepHOCTH, KOTOpas XapakK-
TEPU3YET «CJIOKHOCTHY GECKOHETHOTO Kaacca hyHKImil Kaaccnduka-
T,

Ilycrs H — npownsBosibHbIN Kaacc hyHKIH Kaaccunduramm, QyHK-
g h € H. Bunapserit sabop (h(Z1), ..., h(Z;)), cocrosmmii u3
ssieMeHToB MHOXKecrBa {—1,1}, onpejessier pasjeneHue MHOXKECTBA
{Z1, ..., T} wa aBa nogmuoxkectsa {Z; : h(Z;) = 1} — monoxuTe L
Hble npumepst u {Z; : h(Z;) = —1} — orpunarenbHbIE IPUMEDDI.

MuoxectBo {Z1, ..., &} moaHOCTHIO pas3jeneHo GYHKIUAMEI U3
H (shattered by H), ecom

((h(z1), ..., h(@)):he HY ={-1,1}"

Oyuknua pocrta cemeiicTBa kaccudpukaropos H ompenensgerca kak
MaKCUMAaJIbHOE YHMCJIO PA3JINYHBIX pasbuenuii BIOOPOK JIMHBI | HA
JIBA ITOJMHOXKECTBA, KOTOPbIE MOXKHO OCYIIECTBUTH C IIOMOIIBIO (DYHK-
miit u3 Kiaacca H

Bu(l)= max  |{(h(Z1),(Z2), ..., h(Z)) : h € H}|.
(Z1,Z2, vy T1)
deno, uro By (l) < 2!, a ecm cymecTByer MoIHOCTBIO PaseInMoe
(bysrmmamm n3 kimacca H) MHOXKecTBO (BRIOOpKA) U3 | 3/IEMEHTOB,
10 By (1) = 2.
OcnosHast Teopema teopuu VC-pazmeprocru (jlemma Cayspa):

Teopema 1.4. /Jlas a106020 kaacea unduxamopuus dynkyut H pea-
AUBYEMCA 001G U3 ISYT BO3MONCHOCTETL:
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1) Br(l) = 2! dan ecex 1, m.e. das ao60z0 | cywecmeyem noano-
cmwio paddesuman 6ubopka pasmepa l.

2) Cywecmeyem noanocmsvio pa3leaumasn 6v00pKa MAKCUMANL-
nozo pasmepa d; 6 amom caywae Br (1) =2 npul < d u

B <3 ;) < (dl)d (118)

npu l > d.

Apyeumu caosamu, gynkyus Gr(l) = In By (l) — aunetinas uau,
HAYUHAA C HEKOMOPO20 3HAMEHUA, 0ZPAHUNEHA A02aPUPMUECKOT PYyriK-
yueti O(dInl) (Hanpumep, ona ne mooicem umems sud O(V1)).

Queao d nasweaemes pasmeprocmovto Bannuxa—depsonenkuca uan
VC-pasmeprocmovio kaacca dynkyut H. Ecau peaausyemes nepevid
caysat, mo VC-pasmepnocmsv kaacca H Geckonennan.

Hoxasameavcmeo. Homycrum, uro VC-pa3MepHOCTb HEKOTOPOTO
KJIacca HANKATOpHbIX dyHkimit H papHa d. Torma 1o onpeie/ieHut0o
Br (1) = 2" npn neex [ < d.

Mub1 mokazkem HepaseHcTBo (1.18) MaTeMaTHIecKoil MHIYKIHEH O
peanunne | + d. JIast [ = d = 1 970 HepaBeHCTBO BEPHO, TaK KaK 00e
€r0 JaCTH PaBHBI 2.

JlomycTuM, 9TO 9TO HEPABEHCTBO BEPHO s 000 cyMmMbl < [+d,
B uactHocTH, Jyisi | — 1 u d, a Takxke st | — 1 u d — 1. Hokaxem ero
i ciygas [ m d.

Beenem obo3nauenue

Md) =3 @

1=0

TOF;L& HaIllle TIPpEeANnOJI02KEHNE MHAYKIIUN MOZKET 6bITb 3aIlI1CaHO B BU-
ne: nas roboro kiacca gyuknnit H ¢ VO-pasmeprocthio < d Oyier
By(l) < h(l,d) nns Beex .

W3 cBoiicTBa 6HHOMIAMBHBIX KO3(DMUITEHTOB

() =()+ ()
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IIOJIYyIaeM COOTBETCTBYIOIIEE CBOMCTRBO, CBA3BIBAIOLIEE SHATCHU (DYHK-
uuu h
h(l,d) =h(l—1,d) +h(l—1,d—1).

[Iycte H — npousBosibHblil Kiace dyuknuii ¢ VC-pasmepHocTbio d 1
nycrb X1 = {z1,%2,..., T;} — IPOU3BOIBLHOE MHOXKECTBO OOBLEKTOB
momrprocTH [, Xo = {x9,..., x;} — OHO ke, HO 6€3 TIEPBOTO YJIEMEHTA.

Pacemorpum orpanmaenua Hy = H x, dynknmit n3 knacca H ma
MuOX)KecTBO X1 u Hoy = H, |X, — OpaHuYeHust dbyukumit n3 kracca H
Ha MHOXKeCTBa Xo.

Ilycts Takxke kiaace ¢yukiuit Hy cocronr dpyuxnmii f u3 Kaacca
Hs, nng xaxmoi 3 KoTopbix Haiinerca dpynkung f' € H takas, 9To
f(z1) = —f(21).

Bamernm, aro |Hi| = |Ha|+|Hs| mockoneky kracc Hy orimrdgaercs
or kaacca Hi Tem, 4To ABYyM MHJIMKATOPHbIM pyHkuuaMm f u f' us
kiracca Hi, paznuuaronmMcsa #Ha obbekre xp (ecan Takue DyHKIIUH
CYIIECTBYIOT), COOTBETCTBYET TOJILKO OHA (PyHKIMs U3 Kaacca Ho.

Taxxke 3amerum, uro VC-paszmepHocTs Kiaacca Hy He ipeBocxoauT
d, TTOCKOJIBKY 3TO TOJIKJIace Kiaacca Hy.

VC-pasmepuocts kjaacca Hs He mpepocxomuT d — 1, TOCKOJIBKY,
ecu Kjace (OYHKIUI MOJHOCTBIO pPa3JielisieT HEKOTOPOEe MHOXKECTBO
00bEKTOB, TO OH TMOJHOCTHIO PA3IEIUT ITO K€ MHOXKECTBO C A00aB-
JIEHHBIM K HEMY 3JIeMEHTOM ] (Tak Kak /st o] HaimxyTcs e hyHK-
oK U3 KJjacCa H3 IIPUHUMAIOIINE IIPDOTUBOIIOJIOXKHBIC SHAYEHUA 9TOM
semente). B aTo ciyuae, kiace H TakzKe MOTHOCTHIO PA3JIe/IseT STO
PACIIMPEHHOE MHOXKECTBO, & €r0 pa3MepHOCTh paBHa d.

Ilo mpeanosnokeHU0 WHIYKIUK

|Ho| < h(l—1,d) u |Hs| < h(l —1,d —1).
[TosTomy
|Hy| = |Ha| + |Hs| < h(l—1,d) + h(l —1,d — 1) = h(l,d).
Tax muOXK)ECcTBO X TPOU3BOIBLHOE, TTOIYIAEM
e
By () < h(l,d) = z; <Z>
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Hepagsencrso (1.18) noxazaxo. Ounenka

m <3 (1) < ()’

=0

npu | > d, cienyer U3 CaeayIONiei MernoYKn HEPABEHCTB:

S ()< (S0
HOPNUIOE
S () (@) -G aw

Teopema nokazama A

N

Mpur npuBesiem onenky VC-paszMepHocTu Jid Kiaacca L BcexX Jii-
HelHbIX KjaaccuduraropoB na R", T.e. BCeX WHIMKATOPHBIX (DYHK-
it Buga h(z) = sign(L(Z)), tae L(Z) — nuneiinas yHKIms. 31ech
sign(r) = 1, ecoim 7 > 0, sign(r) = —1, B nporusHom ciaydae. Muo-
rma KaaccuuKaTopoM OyaeM Ha3bIBATH COOTBETCTBYIOMIYIO (DYHK-
nuto L(T).

Juneitras dbynkunsg — sto Gynknns suga L(Z) = (a-2) + b, tae
T € R™ — nepemvennas, a € R™ — BeKTOp BecoB, b — KOHCTaHTA.

Ecan b = 0, vo smueitnsiii kiaaccudurarop sign(L(Z)) = sign(a-z)
Ha3bIBAETCS OJHOPOIHBIM.

Teopema 1.5. 1) VC-pasmeprocmo kaacca 6cex aunetnos Gynruud
raaccudpurauuu nad R™ paena n + 1.

2) VC-pasmeprocmsv Kaacca 6CET AUHETHBIT 00HOPOOHBLL KAACCU-
Ppuramopos 1ad R™ paena n.

3) Aaa waacca 6cex AUHETHBEL 00HOPOOHBIT PYHKUUT KAaCCUPU-
rKayuu 1ad R"™ evinoaneno

n—1
Ge(l) =InHg(l) =1In (22 <l _Z 1>> <

i=0
<(n—-1)(n(l—1)—In(n—1)+1)+1n2 (1.20)
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npu l > n.

Joxazameavcmeo. llpenpapureibHo HOKAXKEM BTOPOE YTBEPIKIe-
uwe. Habop n Bekropos é; = (1,0, ..., 0), ..., &, = (0,0, ..., 1)
SIBJIIETCS TIOJIHOCTBIO PA3IEUMBIM, TaK KaK JJTsd JTFOHOTO TOIMHOKE-
CTBa €j, ..., € 3TOTO HabOpa CyIIeCTByeT JIMHEHHBIN OTHOPOIHBIH
knaccudukarop h(z) = sign(L(z)), rne L(Z) = ajx1+ - - - + anp, KO-
TOPLII OTHEISIeT BEKTOPEI 3TOr0 HOAMHOKECTBA, OT OCTAJILHLIX BEKTO-
pos Habopa. Onpenennm kodddunmenTs runepriockocru L(Z), mpo-
Xo/IsImell Yepes Haua/I0 KOOPJIMHAT, Clelylomum obpasoM: a;; = 1 npu

1< j<kuna = —1 gna Bcex ocranbHLIX 4. Torma L(éij) =1 upn
1<j<kulL(é;)=—1 a1 BceX OCTATBHBIX j.

JomycTtuM, ITO HEKOTOPBIE N + 1 BEKTOPOB U1, ..., Up, Upt1 MO-
IyT GBITH MOJHOCTLIO padiaemumbiMi. Torga cymecrryior 27! Beco-
BBIX BEKTOPOB 41, ..., Ggn+l TAKUX, YTO B MaTpuile Z, 06pa3oBaHHON
wucnamu z;; = (@ - 4;), i =1,...,n+1,j=1, ..., 2"

B11y »ovy Z1jy «vvy 2172n+1
Z = Zily vy Zi7j7 ey Zi72n+1
Zn+1,15 - - Zn+1,ja ceey Zn+1’2n+l

3HAKHU HJIEMEHTOB j-TO CTOJIONA (BBIIEICHHBIX Y€PHBIM IIBETOM) COOT-
BETCTBYIOT j-MYy KJIACCU(DPUKAMMOHHOMY KJACCY, IT09TOMY 3HAKHU JIe-
MEHTOB CTOJIONOB 06pazyior Bce 2" GUHAPHLIX HOC/IEI0BATEILHO-
cTeil nauHEBL N + 1.

Bekropsr Uy, ..., Up,Unt+1 PACIOJIOKEHBI B N-MEPHOM ITPOCTPAH-
CTBE U MO3TOMY JIMHEHHO 3aBUCUMBI, T.€. JJIs HEKOTOPOU X HETPUBHU-
anbHOM (\; # 0 XOTs JyIs1 OTHOTO 4) TMHEHHOH KoMOuHATIN

)\lﬂl +--+ )\nﬁn + An—‘,—lﬂn—l-l =0.

JloMHOXKaeM 9TO paBeHCTBO Ha dj, J = 1, ..., 2"+l mosyuaem
PAaBEHCTBO HYJIIO JIMHEIHON KOMOWHAIIMY C BEIIECTBEHHBIMU KO3 Du-
IIMEHTAMHU A1, ..., Apq] JIEMEHTOB ITPOU3BOJILHOTO j-T'O CTOJIONA,

A(aj-ar) 4+ -+ Ag1(@j - pg1) = 0.
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Cpean cronbioB nMeeTca Xo0Td Obl OOWH, 3HAKN DJIEMEHTOB KOTO-
POTO COBIIAIAIOT CO 3HAKAMM HAOOPA A1, ..., Apt1. OJHO U3 gmces
A; He paBHO Hymto. [losToMy cyMMa MMOIApHBIX OPOU3BEIEHMH JJIs
OJIHOTO M3 CTOJIOLOB MOJ0KUTEIbHA. [loayuennoe mporusopeune mao-
Ka3bIBaeT BTOPOE YTBEPXKIEHNE TEOPEMBI.

JokaxkeM mepBoe yTBEPK IeHIe TEOPEMEI. 3aMeTHM, 9T0 Habop 13
n + 1 BekTOpOB

eo = (0,0, ..., 0),e;1 = (1,0, ..., 0), ..., &, = (0,0, ..., 1)

ABJIACTCA IIOJIHOCTBIO Pa3JC/IMMbIM C IIOMOIIBIO JIMHEHHBIX KJIACCU-
dbuxaropos. [Ing moxkazaTennCTBa 9TOTO YTBEPXKIAEHUS, I JTEOOOTO
MOJIMHOXKECTBA {€;, , , €, } JAHHOTO HAbOpa PACCMOTPUM JIHHE! -
HbIil Kaaccudukarop h(z) = sign(L(Z)), rue

L(z) =a1z1 + -+ apzy +b, T= (21, ..., Zp).

KosddunmenTsl rumepiocKoCTi, OTAEIAIONIEH 9TO MOIMHOXKECTBO
OT BCEX OCTAJILHBIX BEKTOPOB HAOOPA OIPEIessIOTC CAeAYIONuM 00-
pasom: a;; = 1l upn 1 < j < k, u a; = —1 118 Bcex OCTa/IbHbBIX 17,
b= %, eC/I BEKTOP €y BXOAWT B TIOAMHOYKECTBO 1 b = —% B TIPOTUB-
rom caywae. Torga semommeno L(e;;) > 0mpu 1 < j < km L(e;) <0
JIg BCEX OCTAJbHBIX j.

JomycTuM, 9TO CYIIECTBYET BBIOOPKA 13 11+ 2 BEKTOPOB N-MEPHOT0
MPOCTPAHCTBA, MMOJHOCTHIO Pa3Ie/uMasd JTUHEAHBIMEU KJIACCHDUKATO-

pamu. IIycTh 3TO BEKTODEHI

T = (1'1’1, RN mlvn),, civy Tpgo = (.%‘n+2’1, e xn+2,n),-

[Tokaxkem, 9TO COOTBETCTBYIONIAS BHIOOPKA, COCTOSAIIAA U3 N + 2 BEK-
TOPOB

—/ ! —/ !
T = (.1'1’1, ey xl,na 1) g eeey $n+2 = (.’En+2’1, ey .’L'n_‘_Qm, 1) s

JIeXKaIuX B n+1-MepHOM IPOCTPAHCTBE, TIOIHOCTHIO Pa3Ae nMa OTHO-
poaabiMu KJraccudukaropaMu. PaccMoTpuM mpoOu3BOIbHOE TOIMHO-

=/ =/
JKECTBO BBIOOPKU Ty -+, Ty, & TAKIKE COOTBETCTBYIOMICE MOJMHO-
JKECTBO Tjy, ..., &4, HCcxomHON BRIOOpKH. IlycTh HekoTOpas rumep-
TJIOCKOCT

L(z)=ajz1+ -+ apzy, + 0
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OTJEIeT MMOAMHOXKECTBO Tjy, ..., &, OT OCTAJILHLIX BEKTOPOB MC-
xoynoro nabopa, r.e. L(Z;;) > 0upu j =1, ..., ku L(Z;) <0 pna
OCTAJIBHBIX 1.

PaccmoTpum coorBeTCTBYIOMTMI JTMHEHHBIN OTHOPOIHBIN KJIACCH-
¢dukaTop B n + 1-MepHOM IPOCTPAHCTBE

L'(Z) = a1z1 + -+ + anp + by

Torma L'(z}) = L(Z;) mpu @ = 1, ..., n+ 2. Tosromy snneiinbrit
onHOPOAHLIN Kiaaccudurarop L' (T') oTaenser cooTBeTCTBYIOINIEe mojI-
MHOKECTBO Ty, ..., f;k 0T BCEX OCTAJIbHBLIX 3JIEMEHTOB BBIOOPKU

_r / _/ /

T = (.1'1’1, ey an, 1) y eeey $n+2 = (.’I}n+271, ey xn+27n, 1) .

Taxwum obpazom, HEKOTOpPad BeIOOPKA N + 1-MEPHOTO MPOCTPAHCTBA,
COCTOSAIIAS U3 N+ 2 BEKTOPOB, 0KA3aJ1aCh TMOJHOCTBI) Pa3Ae uMON OJI-
HOPOJHBIMU KJIACCU(PUKATOPAMU. DTO TPOTHBOPEIUT BTOPOMY YTBED-
JKJIEHUI0 TeopeMbl. JlaHHoe mpoTuBOpedre JIOKA3bIBAET IIEPBOE YTBED-
JKJICHIE TEOPEMBI.

HoxaxeMm TperTbe yTBep:KieHue TeopeMbl. Ilycrs nanbl [ BEKTOPOB
Z1, ..., T;. MBI paccMaTpuBaeM BCe BO3MOXKHBIE pa30MeHusT 9TUX BEK-
TOPOB Ha JIBa ojKaacca. Takue pazbueHust MPON3BOILATC C TIOMOIIBEO
runepiockocreii L(a) = (4 - ), rie 4 — BECOBOH BEKTOD, 3aJa0Iuii
TUTIEPIIJIOCKOCTD, & T — TTEPEMEHHBINT BEKTOP.

ITo ompenemennto R"(u) = R™(z) = R"™. Jaa ynobcTBa MBI BBI-
JeTIgeM TIePEMEHHYT0, TTPOBETaIONIyI0 IO STOMY MHOXKECTBY.

Kaxmomy BekTopy @ € R™(u) COOTBETCTBYET THIEPILIOCKOCTH
L(z)=(ua-z) B R"(x).

3aMernM, YTO MOXKHO PACCMOTPETH /IBOMCTBEHHBIN BapuaHT. Bek-
Topy T € R"™(x) coorBercTByer rumnepriockocts L(w) = (T - ) B
R"™(u), a | BekTOpaM Z1, ..., T; u3 R"(z) coorBercTBYIOT | THIEp-
niockocreit Xq, ..., X; B npocrpancte R™(u), NpOXOaAImMx vepes
HAa49aJ10 KOOD/IUHAT.

ITycrs @ € R™(u) — BEKTOP, COOTBETCTBYIONIMI HEKOTOPOH rumnep-
wrockoctu L(u) = (u - Z) B R™(z), pazpendmomeit T1, ..., Zj.

Ecyin HeTpepBIBHO JIBUTATH ITY MUIEPILIOCKOCTL B R™ (), Tak 94To0
pas3peneHue BEeKTOPOB T, ..., Ij HE HAPYLIACTCA, COOTBETCTBYOIINAN
BEKTOD U 3aMeTaeT KOMIOHEHTY B mpocrpancTee R™(u). KommonenTa
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— 9TO MHOXKECTBO BEKTOPOB (TOUeK) mpocTpancTsa R (u), orpaHudeH-
HOE runepjIockocTsimu X1, ..., X;, oopasosanubivu B R"™(u) BekTO-
pamu Ty, ..., Z;, KOTOPbIE B JIJAHHOM CJIy4ae PacCMaTPUBAIOTCA KaK
BECOBBIE. 3aMeTHM, UTO TaKUM 00pa3oM KaykKJasl TaKas KOMIIOHEHTa
COOTBETCTBYET OJHOMY BAPUAHTY pa3bueHus BEKTOPOB T1, ..., XLy HA
JIBa KJ1acca.

Torma MakCHMaIBHOE YUCTIO BAPUAHTOR Pa3OMEHns BEKTOPOB
Z1, ..., T HA JBa KJIACCA TUIEPIIOCKOCTIMHU, MTPOXOIANMMU Yepes
HaJuaI0 KoopauHat B R™(z), paBHO MAKCHUMAILHOMY YHCJY KOMIIO-
HEHT, Ha KOTOPbIE | THIEpPIIocKocTel Xi, ..., X; J€IaT n-MepHOe
npocrpancreo R™(u).

IIycte ®(n,l) — MakCHMaJbHOE YHCIO KOMIOHEHT, HA KOTODBIE
I runeprutockocreit Xi,. .., X; pa3gaeadior n-MEpPHOE IPOCTPAHCTBO

Nmeem ®(1,1) = 2, Tak Kak Ha MPAMON MOXKHO PA3IEIUTH TOJBKO
nse roukn. Takxe ®(n, 1) = 2, Tak Kak ojHA TUTEPILIIOCKOCTL MOYKET
paseuTh TOYKHM TOJBLKO Ha JBE KOMIOHEHTDI.

ITIycts Teneps 3amaner [ — 1 BEKTOPOB X1, ..., Tj_1 B IPOCTPAH-
cree R"(x). Im coorsercrBytor [ — 1 runepruiockocreit X, ..., X;_1
B npocrpancree R™(u), KOTOPbIE Pa3iessifoT 9TO IPOCTPAHCTBO KaK
makcumyM Ha $(n,l — 1) KoMOOHEHT.

JlobaBuM HOBBIN BEKTOD I; K pPaHEe PACCMOTPEHHBIM BEKTOPAM
Zi, ..., Tj—1 B mpocrpancree R"(x). EMy coorBercTByeT HOBasi TH-
nepiiockoctb X; B npocrpancree R™(u).

Ecau sTa runepiiockocTb X mepecekaer oJTHy U3 KOMIIOHEHT, OHA
JIEJIAT ee Ha JBe YacTu. [1osaBasgeTcs HoBask KOMIIOHEHTA.

B T0 ke Bpems 3Ta HOBast KOMITOHEHTa J0OABIAET HOBOE Pa3Iee-
HUe THIEPILIOCKOCTH X; — HOBYIO KOMIIOHEHTY BHYTPH T'HUIEPILIOCKO-
ctm Xj.

Takum 06pazoM, YHCJI0 HOBBIX KOMIIOHEHT, KOTOpble 00pa3yeT I'-
MEPILIOCKOCTh X, PABHO YHCIY HOBBIX YacTeld, HA KOTOPbLIe THIep-
IocKocTn X1, ..., Xj_1 JEJSAT THIIEPIJIOCKOCTE X.

Tak xkak pasmepHoCcTb X; paBHA N — 1, YNCJO ITUX AETEHUN He
mpesocxomut ®(n — 1,1 —1).

Orcroa noyuaeM pekyppenTHOE COOTHOIIEHNE HA, MAKCUMYM 9HC-
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JIa. KOMITOHEHT
®(n,l) =2(n,l—-1)+P(n—-1,1-1)

¢ HagaapHbIME yeaoBusavn ®(1,1) =2, &(n, 1) = 2.
3anmava. /lokazars, 910

2 ecm I < n

®(n,1) = 2ni1 (l_il) ecau [ > n.
i=1
st nonydenus nocaeanero HepaBeHcTsa n3 (1.20) (a Taxke n3
HepaseHcTBa (1.18)) MBI MCIIOJIB3YEM OIEHKY Zn: (i) < (%l)n, KOTODast
nMeeT MecTo mpu JboMm n < [ DTa ouengo(;ﬂegLyeT U3 ILEI0YKHI

nepasercts (1.19). TokazareabCrBo TeopeMbl 3aKOHIEHO. A\
3amada. Ilycts Z — HekoTOpoe GECKOHETHOe MHOXKECTBO,

Pe(Z) = {A: AC Z&|A| < k}

— MHOXKECTBO BCEX €ro IOIMHOXKECTB, coAepXKalnux He Oomee k aite-
MEHTOB, f4 — XapakTepuCTHUYeCKas (DYHKIH MOAMHOXKeCTBA A, T.e.
dyuknus, papuasg 1 na sgemenTax A, u 0 Ha saeMeHTax €ro J0IOJI-
wenusd. [lycte Hz — kiracc Bcex xapakrepucruyueckux dyaximit. Jlo-
Ka3aThb, YT0 QyHKIHA pocta By, (1) ya0BI€TBOPSET COOTHOIIEHHSIM

By, (1) = 2!
mpu l < k, n
Ny
B0 =3 ()
i=0
mpu [ > k.
3agada. Haiitu By (3), By(4), Bu(5), ..., rae

a) H — xJracc BCeX OIHOPOJIHBIX KIacCH(DUKATOPOB;

b) H — knacc Beex JIMHEHHBIX KIACCH(DUKATOPOB;

¢) H — knacc Bcex KAacCcubUKATOPOB, TTOPOKIEHHBIX MHOTOMIE-
HaM® 2-T0 TOPIAKA, 3-TO MOpaaKa 1 T.7.
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3amaqa. [lpuBectn npumepsbl KaaccoB yHKINN — Kaaccuduka-
TOPOB, Jjist KOTOpbIX V C-pasMepHocTb paBHa 00. PaceMoTpers kiace
dbyukumit F = {sign(sin(tx)) : t € R}.

Bamaua. [loxyunrs onenky 3) u3 Teopembl 1.5 mas Kjiacca Beex
JUHEHHBIX (DYHKIINM KIaCCuUKAIIAN.

1.3. Teopusa obobiieHNs AJd 3aaa4 KJaccudu-
KAl C IIOMOMIBI0 MOPOTOBBLIX PEMIAIOIINAX
MIPaBUJI

B npenbiyiiem paszeste nokasano, uro VC-pazMepHOCTb KJ1acca BCex
JIMHERHBIX (DYHKINN KIaccuOUKAINN 3aBUCUT OT PA3MEPHOCTHU TPO-
crpaucTBa 00bekToB. Ha mpaxTwke mymHa BBHIOOPKM MOXKET OBITH
MEHBIIIE YEM PA3MEpPHOCTh MPOCTPAHCTBA, TMOSTOMY OIEHKU Teope-
Mbl 1.2 u cnencreua 1.1, 3aBucanime or VO-pa3zMepHOCTH, UMEIOT B
OCHOBHOM TEODETHYECKOEe 3HAUECHUE.

ITogobubie Hemocrarku VC-pasMepHOCTH IIPOUCTEKAIOT M3 TOIO,
YTO [PHU Pa3/iejieHuu BEIOOPKU C TIOMOIIBIO BENIECTBEHHBIX (PYHKITHH
BEKTOPBI, TPUHAJIEKAINE PAZTMIHBIM KJIaCCaM, MOTYT OBITEH passe-
JIEHBI C KAK YIOJHO MaJjbIM roporoM. Kpome roro, Mbl HE OrpaHuyu-
BaeM PAaCIIPE/Ie/IEHNE TAKUX BEKTOPOB B IIPOCTPAHCTBE.

B stom pazgene 6yunem 1peboBaTh, 4TOOBI BEKTOPHI M3 pPa3IUY-
HBIX KJIACCOB PA3MEIINCh (PYHKIUIMU C 3apaHee 3aJaHHBIM T0JIO-
JKUATENBHBIM TOPOTOM. MBI TakKe OrpaHu<nM 06/1aCTh OTPeIesIeH st
JIMHENHBIX KJraccuuKAIMoOHHbIX (pyHKIHH. Byner paccMorpeHo mo-
HATHE PA3MEPHOCTH Kjaacca (DYHKIMH He 3aBUCAIIEE OT PA3MEPHOCTH
npocTpancTBa. Bee 3To mpuBener K OleHKAM BEPOSTHOCTH OIMTUOKH
060011IeHMS, KOTOPBIE YK€ MOTYT MMETH TPAKTUIECKOe MPUMEHEHUE.

1.3.1. IToporoBass pa3MepHOCTb U €€ IIPUJIOYKEHUSA

[IycTe F — KJacc BEMECTBEHHBIX PYHKINIL ¢ 00IACTBIO OIMPeIeIeHUsT
RrR"™, S =((Z1,y1), ---, (Zy,y1)) — BBIOOPKA mymEbL [, € > 0.
Kaxnoit bynkmum f € F cOnocTaBuM HHIUKATOPHYIO (DYHKIIHIO
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KJraccuuKaIuu

he() — 1, ecmu f(z) > 0,
7(@) = { —1 B mIpOTUBHOM CJIydYae.

I'panuneit omubku npu kaaccudukamum npumepa (T;, y;) ¢ m1oMo-
HIbIo BerecTBeHHol dbyHkuu f HasblBaeTcd Beaudauna v; = y; f(Z;).
Samerum, uTo ; > 0 03HAUAET, UTO KJIACCUMDUKAIIUST ¢ TOMOIIBIO f
ABJIgeTcs MpaBuabHoit. Kpome aToro, 6ymeM paccMaTpuBaTh BeJUdt-
Hy

ms(f) = 121{111& i

— I'DAHUILY ONMUOKY KJIACCH(DUKAIINU € TIOMOIIbI0 (DYHKIMKU f HA BbI-
6opke S. Ilo onpenenenuro mg(f) > 0 Torma u TOIBKO TOrA, KOr/IA
dyukius f knaccudunupyer S 6e3 omubOK.

Hazosem e-noxkpwmuem muoxkecrsa dyHKIunit F OTHOCHUTEIHHO

muoxkecra X = {Z1, ..., Ty} m0boe KOHEUHOE MHOXKECTBO (DyHK-
muit B taxkoe, uto mis moboro f € F cyiectByeT g € B Takasd, uTo
‘f({,i'z) — g(i’z)] <empui=1, ..., [

[Iycrs N (F, X, €) — pazmep NOKpBITUS 3, NMEIONIEro HANMEHbIIee
3HAYEHUE BeJUYUHB! |B| (MUHIMAIBHOE TTOKPBITHE).
MakcuMyM 9THX BeJHYHH 110 BCeM MHOXkKecTBaM X MOIIHOCTH [

N(F,l,e) = max N (F, X, )
|X|=t
HA3BIBACTCI “UCAOM NOKPbIMUA Kmacca JF.

ITo oupenenenuto errg(f) — moas ommbOK KIacCHbUKAINA C 10-
Mmoo dyukuun f na Beibopke S = ((Z1,91), ..., (T, y)). Dra
BeJINYWHA, PABHA J0JI€ BEKTOPOB T; TAKUX, U4TO Y; f (571) < 0.

ITycts P — pacnpenenenue sepositocteii Ha R X {—1,1} renepu-
pyroitiee seMeHThl BBIOOpKU S. PaccMoTpuM BepOATHOCTE OMmubod-
HO#l Kraccudukanuu mpuMepa (T, y) ¢ TOMONIb0 GyHKIUN f :

errp(f) = P{yf(z) < 0}.

Mmeer mecTo Teopema — anajior Teopembl 1.2.
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Teopema 1.6. Jaa npoussosvruxr € >0 vy >0

PZ{S (3 f e F)errs(f) = 0&ms(f) = v&errp(f) > €)} <

2
< 2N(F,21,~/2)e" V4
npu i > 2/e.

JokazaTeabcTBO TeopeMbl 1.6 aHaJOTUYIHO JOKa3aTeIbCTBY TEO-
pembr 1.2. Hano ronbko x pasencrsy errg(f) = 0 gobasurh ycjaosue
ms(f) =~ (B npasoii wacrn yciosus (1.10) nemmbr 1.2). Ananorny-
Has JIEMMa, YTBEPKIAET, UTO

<

PYS: (3 f e F)lerrs(f) = 0&ms(f) > y&errp(f) > €)
) > 2)

< 2PY{SS: (3 f € F)(errs(f) = 0&ms(f) > y&errg(f) >

N N~
—

JloKa3aTeabCTBO ITO¥ JIEMMBI [TOYTH MOJHOCTBIO MOBTOPSIET JOKa3a-
TEJICTBO JEMMBI 1.2.

PaccmorpuM «y/2-mokpeitue B MHO)KeCTBa F OTHOCHTETHHO JIBOT-
Hoit BeIGopku SS. Ilycts g € B npubmmxaer gyskmmo f € F ¢
ToaHOCTHIO 110 ¥/2. Ecaim mg(f) = v, ro mg(g) > /2. Kpowme sroro,
ecm errg(f) =0 mw mg(f) = v, To errg(g) = 0.

Ecin ¢dyrkmusg f ommbouro kjgaccuuimpyer BEKTOP T;, T.€.
yif(z;) <0, 10 ¥;9(%;) < v/2. Ilycts Bpemenno errg(g) obozmada-
er JI0JIE0 Tex 1, I KOTOpbIX ¥;g(Z;) < /2. Torpma

2P21{SS c(3 f e F)errs(f) = 0&ms(f) = v&errg(f) > g)} <

<2P?{S§: (3 g € B)(errs(g) = 0&mss(g) > S &errg(g) > 5)} <
< 2|Ble™ Ut CAN(F, 21, y/2)e” V4,

Jlamee paccyKaeHWsT aHAJOTHIHBI COOTBETCTBYIOIIEH TaCTH TOKA3a-
TeJLCTBA TeopeMbl 1.2. A
N3 Teopemsr 1.6 momyuaem

Craencteue 1.3. 3adann waace F eewecmeennos Gynuryud u wuc-
aa vy > 0, 0 > 0. Toeda daa awbozo pacnpedeaenus eepoamuocmed
P na R™ x {—1,1} ¢ sepoamnocmoio 1 — § na cayuatinoti ewbopke S

44



dnunnt | mobas dynwyus f € F, xomopaa xaaccudruyupyem S ¢ epa-
nuyets owubku mg(f) > v, umeem 6epIHION 2DAHULY GEPOAMHOCTIU
OUWUBOHWHOT, KAACCUPUKAUUY

errp(f) < ? (111./\/(.7:, 21,7/2) —i—lnz)

npu ecex l.

Kaxngerit xknace dyukiumit F mOPOXKIAET TAK HAZBIBAEMYIO IT0-
POrOBYIO pa3mepHOocTh wim fat-pasmeprocts (fat-shattered dimen-
sion). Ilycrs v > 0. Muoxecrso X = {Z1, ..., ZI;} Ha3bBaercs
Y-pasdeaumoim, €CIU CYIECTBYIOT BENIECTBEHHBIE UUCTA T1, ..., 1]
Takue, 4To Jyid Jjobdoro nogmuoxkectsa FF C X cymecryer dyHKIINS
fr € F rakag, uro fp(T;) > ri+ v, ecmn z; € E, n fg(z;) <1 —7,
ecm T; € B.

MHuozkecTBo X Ha3BIBAETCS Y -Pa30esuUMbiM HA 0OHOM YPOBHE, ECIIU
ri = T JJIsd BCEX 1.

Samaua. /lokazars, 9To jid Kiaacca F BeeX JUHEHHBIX (OTHOPOT-
HBIX ) (DYHKIUH MHOYKECTBO SIBJISIETCST Y-PA3JIeUMBIM TOTJIA U TOJBKO
TOTJIA, KOIJIa OHO Y-Pa3faequMo (MOXKeT OBITh JJIst PYTOTO ) Ha OJI-
HOM ypoOBHe, mipuyeM 7 = 0.

Ilopozosas pasmeprocms fat (F) knacca F paBHa pasmepy camo-
1o GOJIBIIOrO IO KOJIMYECTBY DJEMEHTOB Y-PAa3JIEIUMOr0 MHOXKECTBA
X. Ilo ompenenennto mOporoBast pa3MepHOCTh Kaacca JF 3aBUCHT OT
mapamerpa v > 0. Knacc F umeer 6eCKOHEUHYIO TOPOTOBYIO pa3Mep-
HOCTB, €CJIU CYIIECTBYIOT KaK YTOTHO HOJIBIINE Y-Pa3euMble BHIOOD-
KH.

OcHOBHOIT pe3ysibTaT Teopun 0HOOIIEHUST JJIst CIydast PA3Ie/IeHus
¢ moporom — anajsior jemMbl Cayspa (Teopema 1.4) maer BepxHIOO
OIIEHKY YHC/Ia MOKPBITHS B TEPMUHAX TTOPOTOBOI pa3MEPHOCTH. DTOT
pesyabrar npuaaaexkut Ajony, Ben-Jlasuay, Cesa-Bearku n Xayc-

cJIepy.

Teopema 1.7. IIycmv F — kaacc gynxyui muna R™ — [a,b], 2de
a < b. Bubepem 0 < v <1 u obosnawum d = fat, /4 (F). Toeda

2el(b — a) In 41(b — a)?

InN(F,l,7) <1+dln & "
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DTa TeopeMa siBsgercs ciencreuem Teopembl 1.10 u3 pazgena 1.3.2.
Teopema 1.7 Bmecre co ciencrBuem 1.3 Breder CaegayIOee Ciej-
CTBUE

Craenctsue 1.4. I[Tycmv F — xa40CC 6ULeCMBEHHLLT PYHKUUT CO 3HA-
wenuamu 6 ompeske [—1,1], v >0, § > 0 u P — pacnpedeaenue sepo-
amuocmed, eenepupyrowee ewbopky S. Toeda ¢ sepoammnocmovio 1 —§
mobas eunomesa [ € F, daa womopoti mg(f) = v, umeem sepriion
2PAHUYY BEPOAMHOCTIU OUWUOOWHOT KAGCCUPUKAUUY

4 8el 321 4
errp(f) < 7 <dlndiln72 +ln5>

npu l > d, 2de d = fat, j3(F).

Jna xnacca Bcex (OAHOPOAHBIX) JUHEHHBIX (DYHKIHUH ¢ OrpaHu-
YEeHHOM 00JIaCTBIO OTPE/IeJIEHUsT UMEeEeT MECTO HE 3aBUCSINAs OT pas-
MEPHOCTH TTPOCTPAHCTBA 00BHEKTOB BEPXHHAA OIEHKA MOPOTOBOH paz-
MEPHOCTH.

Teopema 1.8. Ilycmo X — wap paduyca R 6 n-meprom eskaudosom
npocmpancmee: X = {z : |x| < R}, u F — Kaacc sunetinos 00nopoo-
nox gynkyul f(z) = (w- ), 2de |[w| < 1 uz € X. Tozda

fat, (F) < <§”>2.

Aokazameavcmeo. domyctum, aro muokecTBO Y = {Z1, ..., T}
ABJIACTCSA Y-PA3IETUMBIM C TIOMOIIBIO JTUHEHHBIX OJHOPOAHBIX (DyHK-
it u3 Kaacca F. Torga gas MpoW3BOJBHOTO MOJIMHOXKECTBA, Y cY
Haifijlercst BecoBoit BekTop W, |w| < 1, Takoit uro (w - T;) > 7y jgist
L eEY n (w-Z;) < —y s &; & Y. Nmeem

3 nepapencTsa Komn—ByHAIKOBCKOTO /71T €BKJIUIOBON HOPMBI TTOJTY-
qaeM

Yoz Y x| =l (1.21)
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[ycrs € = (&1, ..., &) — caydailHblii PABHOMEPHO PacCIpe/IeTeHHBIIH
Gunapubiit BekTop bl [; & € {—1,1} npui=1,..., L.

BekTop £ ecrecTBeHHBIM o6pa30M ompeJieiseT pa361/IeHI/1e MHOZKe-
cTBa Y Ha IBa IOIMHOXKECTBA Y u Y\Y Brrancanm maTemaruieckoe
OXKUJAHME KBaJApaTa HOpMBI pasuoctu (1.21) oTHOCHMTENHLHO CTydaii-
HOTO pa3bHeHns MHOXKeCTBa Y ompejenseMoro BekTopoM &. Mmeem

By a-Ya —Ez@xz -

z€Y z; &Y

—EZf |Z3|* + 2B Z &5 (®: - 75) =

i,j=1,i#j
= EZ |1Zi|* < Rl
i=1

Haiimerca xorst 661 OQHO ITOAMHOMKECTBO Y, JIJIg KOTOPOrO 3HATEHHE
HOPMbI PA3HOCTU MEHBIIIE WJIM PABHO €€ CPEJHEro 3HAYEHUS:

Buecre ¢ mepasencrsom (1.21) s1o Baeger Rv/1 > 1. Orcroma noy-
waem | < (R/v)?. Dro ozmagaer, uro fat,(F) < (R/y)% A

Tloacrasiisiem onenky Teopembl 1.8 B onenky ciaegcrsus 1.4 u mo-
JIyYaeM CJIEYIONIYI0 UTOIOBYIO TEOPEMY.

Teopema 1.9. Paccmompum 36004y KAGCCUPGURGUUU ¢ TOMOULDIO AU-
netnwr gynkyut f(z) = (0-2)+b € L, ede x € R", |w| = 1. 3adano
yucao y > 0.

s npouseoavnozo pacnpedeaenus eepoammnocmeti P, crxonyen-
mpuposartozo 6 wape paduyca R ¢ yenmpom 6 navase xoopounam ze-
nepupyrouezo swbopky S = ((Z1,y1), --., (Tr, Y1), ¢ sepoammocmvio
1 — 6 npouseoavnasn eunomesa f € L ¢ epanuyeti owubru mg(f) =~
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UMEET, 8EPTHIVI OUEHKY 0UWUOKU KaaccuPurayuu

errp(f) = P{yf(z) <0} <
2
< % <G4R 1nel771n372l +ln4>

42 SR2 A2 5

64R?
7

npu | >

Onenxu teopem 1.8 u 1.9 mocaykaT OCHOBOU st TIOJIYU€HUS
HEe 3aBUCSIIX OT Pa3MEPHOCTH MPOCTPAHCTBA OIEHOK BEPOSITHOCTH
ommbkn obobienust aast auHeHHbIXx SVM B Teopeme 1.14 u3 pasme-
sia 1.4.5 u B reopemax 1.17 u 1.18 u3 pasgena 1.6.1.

1.3.2. IlokpbiTUSa 1 yIIaKOBKH

Comepzkanne JaHHOIO pasjenaa OCHOBaHO Ha Jekmusax Kaxame m Te-
Bapu http://ttic.uchicago.edu/ tewari/lectures/lecturell.pdf

ITycts (X, d) — HEKOTOPOE METPUIECKOE MPOCTPAHCTBO, d(,Yy) —
PacCTOdHUE MEXKIY djAeMeHTaMu T,y € X.

IIycte ACX uw BC Awua>0. l'oBopuMm, 9T0 MHOXKECTBO B aB-
JISETCS Q-NOKPbimuesm MHOXKeCTBa, A, ecin 1Jist 1060ro a € A cytie-
cryer b € B Ttakoe, uro d(a,b) < a. Hucaom nokpumus MHOXKeCTBA
A maspiBaeTcs QYHKIIUI

Ny(a, A) = min{|B| : B asnsercs a-nokpbitrem A}. (1.22)

FoBopum, garo mHONKecTBO B C X 9gBJISIETCS (v— 0MAICAUMbBIM, ECTTH
i o0BIX a,b € B takux, uto a # b, 6yaer d(a,b) > a. Yucaom
ynaxosky MHOXKecTBa A HasbiBaeTCsd (DyHKIMS

My(a, A) = max{|B| : B C A asusiercst a-orpennmbim}. (1.23)

OCHOBHBIE COOTHOITIEHUS MEXKJY YHUCJOM MOKPBITHS W UUCJIOM YIIa-
KOBKH JAlOTCS B CJEAYIOMIEN JIeMMe.

Jlemma 1.6. Jlaa s06viz A C X ua >0

Ma(2a, A) < Ny(a, A) < Myg(a, A).
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Hoxaszameavcemso. Ilycte M — 2a-otnesnmMoe DOAMHOXKECTBO A u
N — a-tokpeitue A. o omupenesnenuto MuokecTBa, N Jjisl KAXKJIOTO
a € M wmaiinerca b € N takoe, uro d(a,b) < «. Ecm a,a’ € M
pazmumanbie u b, € N uM TakmMm 06pa3oM COOTBETCTBYIOT, TO b M
b rakxe paznmuHBIe, Tak Kak wHaue 6buto 661 b = U w d(a,d’) <
d(a,b) +d(b,a’) < 2a.. ITO TPOTUBOPEUUT TOMY, UTO JIIOOBIE BA Pa3-
JuuaHble 7eMenTa M HaxomaTcs Ha paccrogaur Hosbiem a. OTcoaa
saksodaeM, 9to |M| < |N|. [lepBoe HepaBeHCTBO JIOKA3AHO.

Ilycts M — makcuMaabHOE IO BKJIIOYEHUIO (-OTAEIUMOE TTOIMHO-
kecrBo A. Jlokaxkem, aro M sBISETCST Q-TIOKPBITHEM MHOXKECTBa A.
Honyctum, 310 He Tak. Torma Hafijercsa saemenT r € A Takoii, 410
HeT HU OJHOrO 3JjieMenTa u3 M B okpecTHOCTH T pajmyca a. JobaBum
r K M w nonyanm crporo 6oJibiee 10 BKJIFOUCHUIO [OJIMHOXKECTBO
M U {x} muoxectBa A, KoTOpOe Takxke a-oriesumo. [loaydaem npo-
TuBOpeune ¢ Beibopom M. JlanHoe TpOTHBOpEUne TOKA3BIBAET BTOPOE
HEPABEHCTBO M3 YCAOBUS JIEMMBI, /A

OcHOBHAS IIEJIb TaHOTO pa3iesa — JOKA3aTeIbCTBO TeopeMbl 1.7.
Jlis ero mpoBenenusd HAM TOTPeOyeTcd PAa3BUTHE TEOPUU Pa3MepPHO-
ctu 18 (DYHKIUH ¢ KOHEYHBIM YHCJIOM 3HAYEHHUIA.

ITycrbs X — nekoropoe muoxkectso u B = {0, 1, ..., b} — koneuHoe
MHOzKecTBO. PaceMoTpuM HekoTopslil Kitace F C BY | onpeseneHHbIX
Ha MHOXKECTBE X 1 MIPUHUMAIOINWX KOHEYIHOE YHUCJIO 3HAYEHUNA 13 MHO-
xKectBa B. Paccmorpum meTpuky ma F

I*(f,9) = sup [f(x) — g(z)].

Jge dyukunu f,g € F omdeaenv (2-otnenens), ecan [*°(f, g) > 2.
Nupivm cioBamu cymectsyer © € X rtakoe, 4to |f(x) — g(x)| > 2.
Kace F ormennm, ecim sitobwie jaBe pyuknun f, g € F OT/eNeHBbl.
Ilycte X = {z1,..., zp} C X — HEKOTOPOE MHOXKECTBO C 3aJIaH-
HBIM JTHHEHHBIM TIOPS/IKOM Ha ero sjaementax (seibopka) u F C BY.
Ilo ompeneennto Kiracc F CTPOTO pazfessieT MHOXKECTBO X, €CJIU Cy-
mecrByer Habop § = (S1,..., Sp} demeHToB B Takoii, 4ro jyisi Jjito-
boro £ C X cymecrByer ¢dpyuknus fp € F Taxkas, 9T0 A JH0O0r0
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ri € E = fp(x;) > s +1
<

x; ¢ E = frp(x;) <s;—1.

loBopar tak:xe, uTo F cTPOro pasfenseT MHOXKECTBO X OTHOCUTEb-
o uabopa s. Pazmep MakcnMaibHOTO MHOYXKECTBA X CTPOTO pa3e/iu-
MOT'O C I[IOMOINbIO KJjacca dpyHKIuN F HazblBaeTcs CTPOroit pasmep-
HocThio F 1 oboznadaercs Sdim(F).

Paccmopum mmpocTyro JucKpeTu3aliuio, IepeBoJIsIyio IPOU3BOJIb-
Hy!0 BemecTBennosuadnyo dbynkuuto f 1 X — [0,1] B dynkuumio,
TPUHUMAIOIIYT0 KOHETHOe TUCI0 3HadeHuit. /[t mpon3BoJBHOTO Be-
ImMecTBeHHOTO o > () ompenesmm

«

= | 1)

JJisl Beex x, a Takxke F@ = {f%: f € F}.

OueBuipo, uro dyHkuus f* HpUHUMAET 3HAYEHUS] B MHOKECTBE
{0,1,..., 1/a}.

Hasee, paccMOTPUM CBSI3b MEXKTy KOMOMHATOPHBIMH Da3MEpPHO-
CTSIMW ¥ 9UCJIAMU TTOKPLITUS KjaaccoB qyukimit F u F.

Yucmo nokpeitust Ny(a, A) n uucsno ynakoskun Mg(a, A) 6bum
onpesenensl corsacto (1.22) u (1.23).

OmnpefesuM crenuasbHYI0 METPHKY Ha F, CBA3AHHYIO C MHOXKe-

crBom X = {x1,..., x,}, creayomum o6pasom:
o — . —_ .
IX(f.9) = max |f(z:) — g(i)]-

PaCCMOTpI/IM COOTBETCTBYIOIIIME YHNCJIa IIOKPBITHA 1 YIIAKOBKH:

NOO(avf7X) :Mg{c(a7f)7
./\/loo(oz,f,X) = Mlg(o(a,]:).
CBsA3b MEXK /Ty CTPOTOil pA3MEPHOCTHIO JUCKPETUZUPOBAHHOTO KJIAC-

ca QYHKIUI 1 TOPOTOBOH PA3MEPHOCTHIO NCXOIHOTO KJIACCa, IIPEICTAB-
JIeHa B CJIeAYIOLIE jieMMe.
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Jlemma 1.7. Hyemo F C BY wa > 0. Tozda

Sdim(F*) < fat,a(F), (1.24)
Moo, F, X) < Moo(2, FY2 X)) (1.25)

JlokazaTeabCTBO JIEMMBbI MTPEMIATAETCA B KA9eCTBE 3a aUN.
Crenyromast 1IeMMa, COJIEPKUT OCHOBHYIO TEXHUYECKYIO YaCTh OC-
HOBHOTO PE3yJIbTaTa 3TOTO pa3jesa.

JIemma 1.8. IIyemo |X| =n u B = {0,1,..., b}. Ilyemv maxorce
F C B* ud= Sdim(F). Tozda

Mo (2, F) < 2(n(b + 1)%)M8v],

d
_ n\pi

2de y l; (Z)b .

Hoxazameavcmeo. Homyctum, ato b > 2 u oupegeanmM (HyHKIIHIO
t(h,n). 3navenue 910t QHYHKIMHT ONIPEIETTETC CIYIOMUM 00PA3OM.

PaccmarpuBarores Bce orpenmMmble MOAKIAcCH F' Kiaacca QyHK-
muit F, comepxxarue mo h smementon. [loHaTHe OTAeIMMOCTH KJIac-
ca ¢yHKIUN OBLIO ONpeJeseHo panee B 3ToM pazjerie. llycrs S, —
cocroutr m3 Bcex Takmx F'. Kaxgpiii takoit kmacc dpymairmuit F Mo-
JKeT CTPOro pasiensaTh HeKoTopble MHOXKecTBa X C X OTHOCHTE/IHLHO
HEKOTOPBIX nociepoBareabuocreii s. Ilycre kp — qucio Bcex makmx
BO3MOXKHBIX map (X, s) crporo pazgenuMbix Kiaaccom F. [lomaraem
t(h,n) = minges, kr.

OKBUBAJIEHTHBIM 00pa3oM, dyHKIwo t(h, n) MOXKHO 3a7gaeThb Gop-
MaJIbHBIM YCJIOBHEM:

t(h,n) = max{k : VF C F,|F| = n, F otnenum

= F crporo pa3zensier He menee k (X, s) map}.

Korga mer roBopuM, uto F' crporo paszenser mapy (X, s), Mbl nMeeM
BBHUY, 4To I’ crporo pazsensier napy X OTHOCHTEIbHO I10CJIE/I0Ba~
TEJBHOCTH S.

JIemma 1.9. Ecau t(h,n) >y u Sdim(F) < d, mo M= (2,F) < h,
d .
2dey = ()b

=0
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Aokasameavcmeo. Jouycrum, ato M (2,F) > h. D10 3HAUUT,
uTO CymecTByer oraenumoe MHOXKecTBO F C F pasmepa > h. Tak
kak t(h,n) >y, F' ctporo pazzaenser mo-kpaitueit mepe y (X, s) nap.

Tax xak Sdim(F) < d, ecnu F crporo paszaenser mapy (X, s),
to |X| < d. logmuoxkecTBo X pasmepa i MOXKHO BBIODATH (7;) cno-
cobaMu, KpoMe TOro uMeeTcss < b' BO3MOMKHBIX TOCIEI0BATEILHOCTEH
s anmubl i (M3-3a cTporoit pazmeruvocTu X 9JIEMEHTAMH § HE MOTYT
oerrh 0 wiam b). Takum obpasom, F' cTporo pasfesiser MeHee deM

(=

1=0

(X, s) nap. IosyuenHoe mporuBopedne J0Ka3biBaeT JeMMy. A
W3 nemmbr 1.9 caemyer, 910 Jjist TOTO, YTOOBI TOKA3aTh JeMMy 1.8,
JIOCTATOYHO JIOKa3aTh, 9TO

¢ (Q(n(b v 1)2)“°gy1) >y, (1.26)

d .
rney = > ()b
=0
Hnst roro, arobel gokasars HepaeHcTBO (1.26) npeasapure/ibHO

JIOKaYKeM CJIeTYIOIee YTBEPKIeHTeE.

Jlemma 1.10.

t(2,n) > 1 npun >1, (1.27)
t(2mn(b+1)%,n) > 2t(2m,n — 1) npun > 2,m > 1. (1.28)

Jloxazamesvemeo. s mobbIx ABYX OTAeIUMBIX hyHKINH f 7 g,
|f(x)—g(z)| > 2 x0oTs1 6BI /I OMHOTO X, T.€., ST (DYHKIIUH PA3IEIISIOT
oziHO3IeMeHTHOe MHOXKecTBO {z}. Takum obpaszom, t(2,n) > 1, te.,
HepaBeHCTBO (1.27) BBIIOJIHEHO.

Jna nokazarenscrsa (1.28) paccmorpum MEOXKECTBO F', comepka-
mee Tmo-Kpaiineir Mmepe 2mn(b + 1)2 [OTIAPHO OTHEJIMMBIX (DYHKIIUL.
Ecim Takoro mMuoxecTsa He cymecrsyer, To t(2mn(b + 1)?,n) = oo
u HepaseHCTBO (1.28) aBroMarnvecKu BHINOTHEHO. Paznennm mpons-
BOJIbHBIM OOpasoM dynkuuu u3 F wa napet {f, g}. Beero Takux nap
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ne meree geM mn (b + 1)2. Ilycts P o6o3HaqaeT 9T0 MHOKECTBO TIap.
s nponssosbroii mapet {f,g} € P nycrs x(f, g) paBaO omHOMY 13
Tex x, Ayt KoTopeix |f(z) — g(x)| > 2.

Hnax e X, 1,5 € B, j 21+ 2, onpenennm

bin(z,i,j) = {{f,9} € P: x(f,9) = =, {f(2),9(x)} = {i,j}}.

O061ee IUCT0 TAKUX MHOYKECTB HE MPEBOCXOIUAT

n(b ;’ 2) <n(b+1)%/2.

Hanmomanwm, 910 110 yesoBuio jieMmbl 1.8 BeinosineHo |X| = n.
Yucso Bee map pasao mn(b+1)2. OTcioa JOMKHB CYTIeCTBOBATE
z*, 7" m 5%, §* > i* + 1 Takue, aTo

|bin(x*, 1%, j%)| = 2m.
OnpeneanM J1Ba MHOXKECTBa, (DYHKIIHI

Fy = {f € Ubin(z™,i", j%) : f(z") =1"},
Fy, ={g € Ubin(z*,i*,5*) : g(z*) = j*}.

3reck UA, rie MHOXKECTBO A COCTOUT U3 TIap, €CTh MHOXKECTBO COCTO-
SIITee W3 JIEMEHTOB BCEX TAKUX ITap.

dcuo, uro |Fi| = |Fa| = 2m. Knace dyukunit Fy orjesnnm, ecin
paccmarpusarh 511 hysknnn Ha MuOKecTBe X\ {z*}. JeiictBuresns-
HO, kytace I, a 3HaunT u Kjaacc F1 otaenumM Ha X, TTOITOMY s JTIOOBIX
msyx dynxmmit f, f/ € Fy 6yner |f(z') — f/(2')| > 2 ana wexoroporo
a/, mpuuem o’ € X\ {z*}, rak kak na r* 3pavenus 3rux HyHKIUI COB-
Ma AT, AHAJTOTHIHBEIM 00PA30M, KJIaCC PYHKINN Fb TaK)Ke OTIE UM
Ha obsactu onpenenenns X\ {x*}.

CrenoBarenbHO, AOMKHBI CYIIECTBOBATE ABa MHOXKecTBa U 1 V
pasMepa > t(2m,n — 1), cocroamme u3 map (X,s) Takue, aro Fj
cTporo pazgesnser napbl w3 U n Fh crporo paszaensier mapsl u3 V.

OueButao, uyTo Jrobas napa u3z U UV crporo pasjesnsercs KJac-

com F. Ilycrs (X, s) € UNV. Torpa napa ({z*} U X, Li*;rj*J,s) TaK-

JKe CTPOTO pa3mesercst mocpeacTsoM F. 9To Tak, TOCKOIBKY JTI00bIe
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dyuxiun f € Fy u g € Fy, crporo pasnensioiiue X, yI0BIeTBOPAIOT
rakxke ycaosusim f(x*) =i* u g(z*) = j*, upnuem j* > i* +2. [osro-
My g(a*) =55 > Z*;J +1u f(z¥) =" < Z;J* — 1. ITosTomy omma
u3 3TUX (PYHKIHHA CTPOTO pas3esiseT BhIOpaHHOe TOIUHOKECTBO.

Hevicreurenbho, nycth E C X u f(z) > s+ 1 upn = € E,

f(z) < s; — 1 npu x ¢ E st HekoToporo Habopa s = (S1,..., Sp—1)-
Ananoruuno, mycrs g(x) > s, + 1 upu « € E, f(z) < s, — 1 upn
x ¢ E pns sekoroporo Habopa s = (s},..., s),_;). Ilpu srom
f € Fr m g € Fy. Torma f pasmensger E oTHOCHTETHbHO HAOOPA
s1 = (Li*;j*J,sl, vy Sp—1), ecmn ¥ € B, win g pasaensier E oTHO-
CUTeLHO Habopa So = (Li*gj*J,s’l, ceey Sh_q),ecm 2 € E.

CrenoBarebao, Kiacc F' cTporo paszesiser
[UUV|+|UNV|=|U|+|V|>2t(2m,n —1)

nap (X, s). Hepasencrro (1.28) u nemma 1.10 gokazanbl. A
Ilepexonum Teneps K JokazaTeabcTy JeMMBI 1.8. Ipumensia mepa-
BercTBa (1.27) u (1.28) peKypCUBHBIM 00Pa30M, MTOJTY UM

t2(n(d+ 13", n) > 2"t(2,n —r) > 2" (1.29)

mpun >r > L

Ecmu [logy] < n, To nomaraem r = [logy]| B (1.29) n mosydaem
HepaseHcTBo (1.8).

Ecau [logy] > n, To Besuuuna

2(n(b+ 1)2)Me8vl > (4 1)"

IPEBBLIMAET YUCIO0 BCeX (PYHKIMIT CO 3HaYeHHuAMHU B B u 001acThIO
onpenenenns X, |X| = n. B aroM ciayuae HE OJHOIO OTJEJMMOIO
muokectBa F pasvepa 2(n(b 4 1)2)11°8Y] e cymecreyer u

t(2(n(b + 1)%)e¥l n) = co.

Taxkum obpaszom, semma (1.8) mokazana. A

Tenepb MBI MOXKeM CPOPMYIUPOBATH U JOKA3ATH OCHOBHOE YTBEP-
JKIIEHWe 9TOro pasnaena — reopeMy Asona, Ben-Jlasuna, Ceza-Bosnkn
n Xayccrepa.
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Teopema 1.10. IIyemv F C [0,1]% u o € [0,1]. Obosnanum d =
Sdim(F). Toeda

Noo(a, Fyn) < 2 (n (Z + 1>2>

Joxasamesavcmeo. Vcnonb3yst TO, 9TO0 9UCIO YITAKOBKU HE IIpe-
BOCXOJIUT YUCJIA TIOKPBITHs, HepaBeHcTBo (1.25) semmbr 1.7, a Takxke

Mog (2311

JgieMMy 1.8, olyunM CJAEIyIONIyIO IENOYKy HEPABEHCTB

Noo(a, Fyn) = sup Neo(a, F, X) <

| X|=n
sup Moo(a, F, X) <
| X|=n
< sup Moo(2, F% X)) = Moo(2, FO/?) <
| X|=n
2(n(b+ 1)%)ev],
d/

rae b=[21,y =3 (¥, d' = Sdim(F*/?).

i=1
Bamerny, kaace dysxmuit F/2 yroBrerBopsier yeioBmIO JeM-
mpr 1.8 mp b = [2].

U3 nepasencrsa (1.24) remmnr 1.7 d' < faty 4 (F) = d. Orciona

d d
< (7)17" < (“) <! ()
4 ; i ; i d
B uwactroctu, logy < (ben/d).

Teopema pokazana. A\

Teopema 1.7 u3 pazaena 1.3 siBasercs: nepedopMyIUPOBKOH 3T0M
TEOPEMBI.

1.4. MeToa omoOpHBIX BEKTOPOB

Sagava KIACCHPUKAINN W PETPECCHU ¢ TIOMOIIHIO METOJA OTTOPHBIX
BeKTOPOB — Support Vector Machines (SVM), umeer 1ensio paspa-
6oTKy asroputTMudecku 3GH@PEKTUBHBIX METOMO0B MOCTPOEHUsT ONTH-
MaJIbHOM pa3/IesIsonieil THIIEPIIOCKOCTH B TIPOCTPAHCTBE MTPU3HAKOB
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BBICOKO# pasmepHOCTH. ONTHMAJBHOCTD IIOHUMAETCA B CMBICIE MH-
HUMM3AIMN BEPXHUX OIMEHOK BEPOSITHOCTH OIMMOKM 0000IIeH M.

1.4.1. OnTuMajibHass TUOEPIIOCKOCTh

[IpeaBapuTENBHO PACCMOTPUM CJyYail IIOJHOCTBIO PA3JIEIAMO BbI-
6opkwu, T.€. caydail, Korga odyuenne BO3MOXKHO TpoBecTr 0€3 OmmnboK.

Beibopka S = ((Z1,v1), (Z2,92), ..., (T, w)), tae & € R™" n
y; € {—1,1}, i =1, ..., |, HaspBaercsa pasdeaumots (omadeaumoti) c
HOMOIIBIO THIEPIIOCKOCTH (W - Z;) — ¢ = 0, ecJin CyIIeCTBYIOT BEKTOD
w enuHUYIHOM AyuHbl (|w| = 1) U Yuca0 ¢ Takwe, ITO

(w-Z;) —c>0mpu y; =1,
(w-%;)) —c<0mpmy; = —1. (1.30)

B Tom ciiyuae, KOTIa pas3messiionias TUIEPIIOCKOCTb (W - T;) — ¢ = 0
CYIIECTBYET, OTPEIETM

c1(w) = min(w - 7;),

yi=1
co(w) = ym:a_xl(w “Tj). (1.31)

[To onpenenennto c1(w) > co(w). Kpome Toro, c1(w) > ¢ > co(w),
eCJTH TUIEPIUIOCKOCTD (W - Z;) — ¢ = 0 pa3messier BBIOOPKY.

Oupegeum
c1(w) — co(w)

2

Torga p(w) = £((c1(w) — ¢) + (¢ — c2(W)) paBHO TONOBHHE CYMMBI
paccTosHUN 0T OAMKANIINX CBEPXY W CHU3Y TOUEK JI0 pasje/drornieit
runepriockoctu (w - ;) — ¢ = 0 (cm. (1.30)).

Umem BekTOp W Tak, 9robbl BeawmdanHa p(w), |w| = 1, 6b11a 661

p(w) =

MAKCHMAJIBHOMI Ipur yCJI0OBUU CYITECTBOBAHUA C TAKOT'O, YTO BBITIOJTHE-
HO ycsoBue oraenennst BeIOOpku (1.30). MakcumyMm Wy HEIPEPHIBHO
dbyuxmn p(w) Ha kKomnakre |w| < 1 cymecryer.

Jlemma 1.11. ITyemwv wmakcumym p(w) docmuzaemces npu W = wy.
Tozda zunepnaockocms (Wo-T;) —co = 0, 2de ¢y = %(01(1110)—1—02(@0)),
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omdeazaem swvbopry S u narodumca mouno 6 cepedumne mesncdy bau-
AHCATUWUMY CEEPTY U CHUSY TOUKAMU NOAONHCUMEALHOT U OMPUYQ-
MEALHOT YACNAMU GBOODKY.

oxazamesvcmeso. lefictBuTenbHO, TIpH Y; = 1

(g - T;) — co = c1(wg) — c1(wo) ‘;CQ(WO) _

_ 01(71_10) ; C2(w0) > 0. (132)

Mpu y; = —1

@%ﬁﬂ—wggwm_q@dwawz
_ _Cl(wo) ; CQ(U)O) < 0. (133)

3amaua. /lokasars OCTABIIYIOCH YaCTh YTBEPXKICHUS JTeMMBbI. A\

Haszosem runepmtockocts (wo - T;) — ¢o = 0 onmumanvnot. s
9TOM TUMEPIIIIOCKOCTH CyMMa PACCTOSTHWI OT Gy Kaiimedt K eit (csep-
Xy M CHU3Y) TOYEK BBIOOPKH MAKCUMAJIBHA CPEJIN BCEX PA3IIEJISTIOIIIX
S IUIEepILIOCKOCTEH.

JlemMma 1.12. Onmumasvhas 2unepniockocms — eQUHCMGEEHHAL 2U-
NEPNAOCKOCTVD TMAKAA, YN0 CYMMA PAcCmosnut om bauscatiuets x
netl (CeepLy U CHU3Y) ToUeK 6LbOPKY MAKCUMAALHA CPEOU 6CET Pa3-
deaspougux S 2unepnaockocmetl, PACTOAONCEHHBT HG PAGHVLL O HUTL
PACCMOAHUAL.

Jlokasamenavcmeo. Makcumym W HenpepbiBHOH dbyHKIn p(w)
Ha KoMmIakTe |w| < 1 gocruraercs Ha rpaHulle, Tak Kak B IPOTUBHOM

cayuae npu w = % 6bL10 OBl [@0*| =1 1 p(w0*) = plggo‘) > p(wo).
DTOT MAKCMMyM €JWHCTBEHHBIN, Tak Kak (byHKnus p(w) BOTHY-
Tast; ecyu Obl e MAKCUMYM JIOCTUTAJICS B JBYX TOYKAX, JIEXKAIIAX HA
IpaHuIle KOMIIAKTA, TO OH JOCTMIaJsICs Obl M BO BHYTDEHHe TOuke,
YTO HPOTUBOPEYUT TOJLKO UTO JIOKa3aHHOMY. A\
Bamaua. /Tokazars, uro dyHkuus p(W) BOrHyTas.

Pewenue. Hajio qoKa3aTh, 9T0

pOT + (1 — N)@)) = Mp(@) + (1 — AA\(@) (1.34)
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qtst Becex 0 < A < 1 u w, u, JieKalux B eIMHUYIHOM IIIape.
Nwmeror MecTo HepaBeHCTBA

min(f(i) + g(i)) > min f@@) + Iglei}lg(i),

el
max(f (i) + g(i)) < max /(i) + max (i) (1.35)

JUUTsl TPOU3BOJIbHBIX (hyHKIUH f 1 g u MHOXKecTBa 1.
ITo ompenenenuto

p(w) = ;(g}iq(w 1 Ti) — max (D T;)),

U3 (1.35) mpu f(i) = (w - Z;) u g(i) = (4 - T;) umeem

min((Aw + (1 — AN)a) - 7;) =

yi=1
= mirll()\(w i)+ (L =X (u-z;)) =
Yi=
> Amin(w - 7;) + (1 — X\) min(@ - 7;).
yi=1 y;=1

Ananoruynoe HepaBeHCTBO UMEET MECTO JIJIST MAKCHMYMOB.

BerauranmeM cOOTBETCTBYIOIIMX HEPABEHCTB MOIyYaeM HEPABEH-
creo (1.34). A

Paccmorpum skBUBaIEHTHY IO GOPMYJIUPOBKY, OIPEIEISAIONLY O Oll-
TUMAJIBHYIO PA3IEIAIONIYI0 THIIEPIIOCKOCTE. Ha ocHoBe 310# dhopmy-
JIUPOBKU OyZIeT JaH a.A20pummuseck sfderxmusnoil crocod mocTpo-
eHUsI OTTUMAJIBLHON TUMEPIIJIOCKOCTH B BUJE 33Ja4Ud KBAJIPATUIHOTO
IpOTrpaMMUPOBaHs. TOUYHEIN AJIrOPUTM, IOCTPOECHHLIA 10 3TOMY Mée-
TO/Y, OyJeT TPUBEIEH B CJEAYIONIEM Pa3jee.

Haiinem BexkTop wy u 9mcao by Tak, 9TobI OBLIO

(U_)O’ji)ﬁLbO >1 OpH Y; = 1,
(wo - ;) +bo < —1 mpm y; = —1, (1.36)

rme ¢ = 1, ..., [, u BequunHa, |wo| 6612 6BI MUHUMAJIBHA TIPU TUX
OTpaHUIEHUAX.
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Teopema 1.11. Bexmop Wy, ydosaemsopaouut ycaosuam (1.36) u
UMENWUT MUHUMAADHYIO HOPMY, ONpedessem ONMUMAALHYIO DA3-
0eAAIOULYI0 2UNEPTAOCKOCTVD C 6ECOBLIM GEKTNOPOM W = % Hpu
Imom

C 1, . o 1
w = max —(mmiw -x;) — max (w - x; = —.
plat) = o ( 5y )~ ma(w-3)) = 2

Zoxasameavcmeo. Nmeem

— % 1
Ocraercs nokaszars, 9to p(wg) > Tg] HEBO3MOZKHO. JomycTuMm mpo-

Tk

TuBHOE. PaccMOTpuM BEKTOD W = pgvﬂf’*). Jljiss Hero mMeeM HEpPaBEH-
0
CTBO
. lwgl -
1] = s < [l
0

Tak Kak |wg| = 1.
Hoxaxkem, 9ro BeKTOp Wi ymosserBopsier ycsaosuio (1.36) mpu
bo = —w. Nveem mpm g; = 1
c1(wy) + co(wy)
5 =
1 a(@f) + e (o)
= (W - Z;) — ¥
p(wg) 2p(wg)
- c1(wg) _a(wh) + eo(wf)
T (en(wg) = ea(wp))  en(wg) — ea(w)

(w1 - Z;) —

= 1.

Cnywuait y; = —1 pasbupaercsi aHAJIOTHYHBIM 00pa30M.

29



Otciofia mostyvaeM NpOTHBOpedne, Tak KaK W] MMeeT MEHBIIYIO
nopmy, gem wg. Hosromy p(wg) = ﬁ
ITo BBIGOpY W( BemuuHa p(W;) MAKCUMAIBHA

1
w5) = max p(w) = —.
p( O) |u7|:1p( ) |’LI]0|
ITo Teopeme 1.11 Bemmuuna p(w;) = W—lol PABHA, PACCTOAHUIO OT

BanKafiimx Touek (IIOJOXKUTENBHON U OTPULIATENHHON) YaCTH Bbi-
OOpPKH 110 OITUMAaIBHOI I'HIIePIIOCKOCTH

(g - ) — 2L20) —; ) _ g,

KOTOpad PacIOJIOKEHa Ha PABHBIX PACCTOAHMAX MEXKIY THIEPILIOC-

KOCTAMU
c1(wg) + co(wf)
2
OIITUMAJIBHO OT'PAHUYUBAIOIMUMMA TOYKHN IIOJIOXKUTEJIbHONH U oTpuna-
TeJIbHOU JacTeil BEIGOpKU. Y paBHEHNE ONTUMAJIbHON IMUIEePILIOCKOCTH

(@3- ) - 41,

TaK2Ke MOXKHO 3aIllMCaThb B BIAEC

c1(wo) + c2(wy)

=0.
2

(wo - ) —

1.4.2. AgropuT™M HmOCTpPO€HUS ONTUMAJIbHOI
TANEPIJIOCKOCTH

B srom pasjiesie Mbl IPUBEIEM AJTOPUTM [OCTPOCHUS OLTHUMAIBHOMN
TUIIEPILITOCKOCTH.
Hpe rpyuust ycsosuii (1.36) 3amuiiem B Buje

yi((w - Z;) +b) > 1 (1.37)

mpui=1, ..., [.

CorylacHO pe3ysbTaTaM IPEeJbIIYINEro Pa3esa, /IS HAXOXK IeHHsT
OIITUMAJIbHOM TUTIEPIIOCKOCTH MbI JIOJIZKHBI MUHUMHU3UPOBATHL HOPMY
BECOBOTO BekTOpa |w| mpu orpannvennsx (1.37).
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B mpunoxkenun 1.7 (HuKe) yKa3aHO, 9TO [JIs DEIIEHUs KBaJpa-
TUYHON 3ada491 OIITHUMU3alu

npn orpaandeHusx (1.36) (maM SKBUBAJEHTHBIX UM OTDAHUIEHNSIM
(1.37)) cocraBum JlarpaHKuaH

l

L(w,b,a) = < (w- @) — > _ ai(yi((@ - T;) +b) — 1), (1.38)
=1

N —

e «; = 0 — MEOXKHTE ! Jlarpamxa.

Hns roro, urobbl HaliTu cemnoByto TOUKy Jjarpanzkuana (1.38),
HeoOX0IMMO MUHUMU3HUPOBATEL €0 OTHOCUTEJNBHO W H b, a mocse 31o-
T'0, MAKCUMU3UPOBATHL OTHOCUTETHLHO HEOTPHUIATETHHBIX MHOKUTEJIEH
Jlarpamxa a; > 0.

Heobxoammoe ycsioBre MUHIMYMa JIATPAHKIAHA UMEET BT

l
L(w,b, & A
M = — Z OGY Ty = 0, (139)

L(w,b, &
Qi@Jﬁ):E:mwzo. (1.40)
3 (1.39) — (1.40) caenyer, aro
!
w = Z 04 YiTi, (1.41)
i=1

l
D iy =0. (1.42)
=1

[Moncrasum (1.41) B (1.38) u nonaraem W(a) = L(w, b, &). C ygerom
(1.42) monyunm

l

l
W(a) = Zai — % Z aiajyiyj(i"i . .f'j). (1.43)

i=1 i,j=1
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1 HaxoXKaeHus ONTUMAJIBHON THIIEPIUIOCKOCTH HaM HaJ 0 MaKCH-
muzupoBarh Gynkumio (1.43) npu ycnosusax (1.42) u o > 0, rae
i=1, ..., [

IIycTh MakcUMyM JIOCTUTAETCS TIPU o = a?, i=1, ..., . Torna
perrenne 3a/1aun MONCKA ONTUMATHLHON THTTEPTLIOCKOCTH HUMEET BH/I

l
Wy = Z a?yﬁ:i. (1.44)
=1
[Ipu sTom
min(ﬂ)g . ﬂ?l) + max (1170 . .TZ)
by = yi=1 yi=—1
2

OnTuMaJibHBIE PEIeHus Wy U by JTOJKHBI YIOBAETBOPATH YCIOBUAM
Kapyma-Kyna-Takkepa

o (yi((wo - ;) +b) — 1) =0 (1.45)

mpui=1, ..., [.

Orcrona cieayer, 9To a? > 0 MOKeT OBITH TOJIBKO JJIsT TeX &, JIJIsT
koTopbixX y;((wo - T;) + bg) — 1 =0, T.e. /11 TeX BEKTOPOB, KOTOPHIE
JIeKAT Ha TUTIEPIIOCKOCTAX (Wo - T;) + by = £1. Takue BekTOpPHI Ha-
3BIBAIOTCST ONOPHBIMU BEKTOpaMu (support vectors). Bekrop Becos wy
npezacraBisger coboil IMHeRHY0 KOMOUHAIIUIO OIIOPHBIX BEKTOPOB Tj,,
s=1, ..., k, rme k — 9uCJI0 OIMOPHBIX BEKTOPOB

k
_ 0 _
wo = aisyisxis.
s=1
OHTI/IM&HBH&H TUTIEPIIJIOCKOCTHh UMeeT BU/L

k

0 _ _
> ol yi (2, - T) + b = 0. (1.46)
s=1

OcrasbHbIe HEOTIOPHBIE BEKTOPHI, MPU MOUCKE ONTUMATLHON THUITED-
ILTOCKOCTH MOZKHO He IIPUHUMATh BO BHUMaHUE, HAIIPUMED, X MOZKHO
U3MEHHUTDH, IPU 3TOM OINTHMAJbHAA TMIEPIUIOCKOCTh HE U3MEHUTCA.
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Puc. 1.1. OnopHbIe BEKTOPBI PACTIOIOKEHBI HA TPAHUIHBIX TUTIEPTIIIOCKOCTSIX

HlI/IHQ

IIpuBenem TakKe HEKOTOPLIE COOTHOINEHNS C OTIOPHBIMI BEKTOPA-
M.

k
|wo|* = (wo - wo) = Z af of yi yi, (Ti, - Tiy), (1.47)
s,q=1

a TaKzKe

k
1
W) = 3 o — Mol

s,q=1

Cymmupys (1.45) nomyaum

k k k
0 — = 0 0
> ad i (@o- i) +bo Y adyi, = al,
s=1 s=1 s=1
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tak Kak 1o (1.40) Bropoe craraemoe stoit cymmsl pasao 0. OTcroma u
u3 (1.47) nonyvaem

k
0 0.0 N _ 9
o, = D el iy, (@i, - 7i,) = ol
s=1 s,q:]_

WE

Iosromy W(a®) = 3|wo|?. Unmeem Taxzxe

1

k
> o
s=1

|wo| =

Ounenka BeposiTHOCTH OIHKMOKU 00001eHNSsI Yepe3 YKNCIIO
OMOPHBIX BEKTOPOB

Brimre 0b1710 TOKa3aHO, ITO paseTdroIast THIIEPILIOCKOCTh OIpee-
JISIETCS HE BCEMU BEKTOPaMU BRIOOPKY S, a TOJBKO OTOPHBIMU BEKTO-
pammu.

MoXHO paccMaTpuBaTh TEPEXO OT BHIOOPKH S K PasmesTsioneit
rurepiiockocTr p(S) Kak cxemy czkaTust WHGOPMAIINHT, COepIKaIeii-
ca B BbIOOpKE S.

HeGouIbIIoe 9UC/I0 OMOPHBIX BEKTOPOB 1 UX IPH3HAKOB S Ompese-
JIFET Ty 7K€ THIEPILIOCKOCTD, 4To 1 Best Beibopka S, T.e. p(S) = p(S).

HomyctuM, ITO pasmep S pasen d. Bcero mmeercs ( d) IIOJIMHO-
2KeCTB NHACKCOB 3JICMCHTOB BbI60pKI/I. K&}K,ZLOQ TaKO€ IIOAMHO2KECTBO
ompenenger dyHkiuio hg. [na kaxmoi takoit dbynknuum hg Bepo-
ATHOCTB TOI'O, 4YTO OHa COIVIaCOBaHa C l TOYKaMMU, HO UMeeT O]_HI/I6Ky
o6o6enusi > ¢, orpanmnvena (1 — €)! < exp(—el). Torma BeposTHOCTS
TOTO, YTO KaKasd-HUOYIb PE3yJbTUPYIOMAs TUMoTe3a hg, TTOCTPOEH-
HasT C TIOMOIITHIO0 CXeMBI CYKATHUS TI0 TIOIMHOXKECTBY pasmepa d, corya-
coBaHa ¢ [ BEKTOpaMu W HMeeT OIMUOKY 0600IIeHms OOJbITe YeM €,

OrpaHmY€Ha BEIUYUHON
: exp(—el)
el).
d

Taxwum 06pa3omM, MBI JTOKA3AIA TEOPEMY
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Teopema 1.12. [lycmwv 3adana HexOmMOpas CTema CoHCAMUS UHGOp-
mayuu p(S). Tozda dasn a06020 pacnpedeaenus eepoammocmets P na
X x{—1,1}, ¢ P'-seposammocmvio 1 —6§ na cayatinot swbopre S pas-
mepa | eunomesa xaaccudurayuu hg, nocmpoennaa ¢ nomMowpIo cre-
Mbl CHCAMUA NO NOOMHONCECMEY 6B00PKY Pa3meps d, umeem ouubry
obobwenusa ne boaee

errp(hg) < 1 (dln <‘Z> +n (;)) .

N3 sroit Teopembl ciaenyer, uTo mpu d > 2 W OPH JOCTATOYIHO
ooJsbIIIX [

dInl
errp(hg) < —

rje d — 9UCJI0 OMOPHBIX BEKTOPOB.

1.4.3. SVM-MmeToa B IpOCTPAHCTBE NPU3HAKOB

Bagana Buibopka S = ((Z1,y1), (T2,42), ..., (T, y1)). Merog SVM
OCHOBaH Ha caeayiomeil uaee. BekTops! BeIOOPKHU T1, . . ., T, IPUHAI-
JiexKarmme npocTpancTBy R™, oTobparxkaioTcd B IPOCTPAHCTBO Hojee
BBICOKO#I pa3MEepHOCTH — TPOCTPAHCTBO mpu3Hakos (feature space) c
ITOMOIIHI0 HEKOTOPOTO HEeJIMHEIHOTO 0TOOPAKEHN T, BHIOPAHHOTO alpu-
opu:

z= (21, ..., @) = G@) = (A1(7), ..., (7)) (1.48)

[omyaaem BeKTOpPHI G(Z1), ..., ¢(Z;) B IPOCTPAHCTBE IIPH3HAKOB
RN,

BamernMm, uro orobpaxenue (1.48) moxer GbITH HEOOPATHMBIM.
Ucxoamoe mpocTpancrso R™ mepexoqut mpu orobparxkenun T — ¢(T)
B HEKOTOPOE HOJIMHOKECTBO IIPOCTPAHCTBa pn3Hakos RY.

B npocrpancree RY Gymer crponthes onTEMaIbHAS THIIEPILIOC-
KOCTD, Pasie/Iaiomas BeKTOpLl ¢(Z1), ..., ¢(T;).

MMpumep. domyctum, 9To I8 KIACCHMDUKAIAN JTAHHBIX B N-
MEPHOM TPOCTPAHCTBE WCHOJB3YETCH MOJUHOMBI 2-1 CTENeHu OT 7N
TepeMeHHbIX. TorIa MOKHO PACCMOTPETH CEIYIONIYI0 KOHCTPYKITAIO.
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BeoamM HoBble TIepeMenHble B TPOCTPAHCTBE ITPU3HAKOB

lexla"'vzn:x’fh
2 2
Zn4+1 = T, -+ 22n = Tp,
2mn+1 = 122, .-y ZN = TnTp—1-

-1
Bcero nmeerca N = 2n+ % TaKuX rnmepeMeHHbIX. TakuM 06pazom,

MBI ITOCTPOMIN HEJUHEIHOe 0TOOparXKeHme
T= (21, ..., 1) = O(T)=2= (21, ..., 2N)

npocrpancTsa R"™ B mpocrparcteo RY.
IIpoobpazom paszjessroieil TUIIEPILIOCKOCTH B IPOCTPAHCTBE TTPH-
smakoB Z = RN :
(w-2)+b=0

mpu oToOpazkeHUn T — G(T) = Z ABJIETCA MOBEPXHOCTH BTOPOTO
TTOPSIKA B MCXOTHOM TIpocTpaHcTBe R :

~ N
(@-¢(x)+b=> wizi+b=

i=1

n 2n N

_ 2 _

= wW;xT; + wiT; + WL, Th, + b=0,
=1 i=n-+1 1=2n+1

rae (ji, ki) — mapa HATYDAJTbHBIX 9HUCET C HOMEPOM i B KAKOW-HUOYIb
B3aMMHO OTHO3HAYHO! HyMepalny BCex ap HATyPaJIbHbBIX YuCe] < N.
Paccmorpum teneps obmuii coayyait. 1lycrs 3amano orobpaxenue

(1.48)

¢(z) = (¢1(2), ..., on(T))
MCXOAHOTO TPOCTPAHCTBA R" B MPOCTPAHCTBO MPU3HAKOB
RN ={z2=(21, ..., 2n):z€R,i=1, ..., N}

B xooppunarax 3To oToOpazeHne 3alUCBIBAETCH B BHJE 2j = ¢;(T),
j=1, ..., N.

DJ1eMeHTbl BHIOOPKH T1, ..., I UCXOAHOTO IpocTpaHcTBa R™ 1me-
pexonar B BekTopa ¢(T1), ..., ¢(Z;) npocrpancTBa mpu3HakoB R .
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Wcnonb3yss MeTO/ TOCTPOEHUsS Pa3/IessIonieil IUIepiIoCKOCTH,
W3JI0XKEHHBIN B pazgesne 1.4.2, moCTpOUM TUIIEPIIOCKOCTD B IPOCTPAH-
cre npusHakoB RY :

N
ijzj +b=0, (1.49)
j=1

pasesontyio BeKTopel ¢(T1), ..., ¢(Z;).

DTa TUIEPIIOCKOCTh UMEET CBOUM IMPOOOpPa30M B MPOCTPAHCTBE
R"™, B 0bIIIEM C/TyYae HETUHEHHYIO, TTOBEPXHOCTD

N
D wigi(x) +b=0. (1.50)
j=1

Wcnonw3yst npencrapjienne QyHKIUU KIACCH(PUKAIUA B JBO¥-
crBeHHO (hopMe, TPEICTaBUM BEKTOD BECOB PAa3IE/IAIONIENl runep-
IJIOCKOCTU B IIPOCTPAHCTBE IPU3HAKOB

l
Za yz¢ xz

B BHUJE JUHEHHON KOMOWHAIINM OIOPHBIX BEKTOPOB U3 MHOXKECTBA
{6(2;) : & > 0}.

B koopamHaTax 3To mpeacTaBieHRe UMEET BUT

wj = Za yz¢] !Tz) (1.51)

mpu j = 1,...,N. Ynucno cjmaraeMbIx B 9TOH cyMMe He 3aBUCHT OT
Pa3MEPHOCTH TPOCTPAHCTBA TPU3HAKOB.

IMoncrasum (1.51) B (1.50) m mosIyIuM BBIpasKE€HWE JTsT HEJTMHEH-
HOI TTOBEPXHOCTH, KOTOPAs ABISTETCST TTpoodpas3oM B mpocTpancTee R
pa3esFoNIeil THIEPIIOCKOCTH, TOCTPOEHHOH B MPOCTPAHCTBE TIPH-

67



suakoB RY :

N
Z wj¢j(:v) +b=
j=1
N l
= Z (Z agyl(ﬁ] ($1)> ¢j(T) +b=
j=1 \i=1

l
= alyK(z,3;) +b=0, (1.52)

e
K(z;,7) = (¢(%:) - 9(2)). (1.53)

Takmm 06pa3oM, Bce PACCyKICHUSA [JId <«IAHEHHBIX» SVM-MalmmH
(onmTUMAaNBHBIX THIEPILIOCKOCTET ) B mpocTpancTee R roadarcs u ajist
«HeJTMHENHLIX MAIlMH» B TOM K€ TPOCTPAHCTBE, €CJIU MBI 3aMEHUM
CKapHOE npoussenenne (I; - T) B ABOWCTBEHHOM IIPEICTABIEHUN Oll-
THMAaJIBHOM runepitockocTr (1.46) :

k
s=1

na dynkuuio K (Z;, T), koropas 3anaerca Boipaxenuem (1.53) u xo-
Topast OyJeT Ha3bIBATHCA AJPOM.
OTMeTHM, 4TO BLIYUCIEHIE HEJUHeRHON dhyHKINn

l
f@) = alyiK(zi, )+, (1.54)
=1

coorBercrBytomeii runepriockocty (1.52) Tpebyer Beero | ciaoxkeHuit
W HE 3aBUCAT OT pasMepHocTH N IPOCTPAHCTBA MPU3HAKOB. U3 310
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dopMyJIbI TaKXKe BUJIHO, UTO JJs IMOCTPOEHUsS HEJTUHEHHOro KJiac-
cuduKaTOPa B MCXOAHOM IIPOCTPAHCTBE R™ € HMOMOIIBIO JIMHEHHOTO
kJtaccuuKaTopa B MPOCTPAHCTBE IPU3HAKOB HAM HE HYXKHO 3HATH
oTobpazenne T — ¢(Z), a TOCTATOTHO TOMBKO 3HATL A1po K (T, T).

It pertteHnst TpsAMOi 3aaun KiaaccuduKkanmmm popMaIbHO MBI
cTpouM B rpocTpancTie RY MHIEpIIOCKOCTE, pas/IeIsionyio 06pas3sl

BEKTOPOB T1, ..., T; BeIOopku. [lpm permernn 3amadm mMOCTPOEHMUS
ONTUMAJILHOM TUIIEePILJIOCKOCTH HaM Ha/J10 PEIINTb ﬂBOﬁCTBeHHyIO 3a-
Jady — MakcnMusuposarh GyHKmo W), 3a1aHHy0 BhIpAYKeHNEeM
(1.43).

DTa (DYHKIH, C yIETOM OMpPeJeIeHUs sIIpa, YIPOIIAeTC CIeTy-
IOIIM 06Pa3oM:

I L i )

W(a) = Z@z’ ~3 Z aiayiy; (6(T;) - p(Z5)) =

i—1 ij=1
l 1 l

= ZO&Z' —3 Z a,-ozjyiyjK(a?i, i‘j) (1.55)

i=1 ij=1

Takum 06pa3oM, Jyis HAXO0XKJJEHUS ONTUMAJILHON THIEPHOBEPXHOCTH
(1.54), pazpenstomeii BbiI6opry ((Z1y1), .-, (Z1,Y1)) B IpoCTPaHCTBE
R"™, HaM HAJ0 MaKCUMU3UPOBATH Henuueiinyo dynkmmio (1.55) mpu
yenosusix (1.42) w oy > 0,4 =1, ..., [. Ilpu sarom, Ham He TpebyeTcs
swarme N-MepHBIX BeKTOPoB ¢(Z1), ..., ¢(Z;), AOCTATOUHO 3HATH,
YTO UX MOIApHBIE CKAJISPHBIE Ipou3BeieHus K (T, Tj) BBITUCIAIOTCS
C TIOMOIITBIO SAAPA.

1.4.4. Adnapa

B stom pazmene paccmorpum cBoiicTBa smep Oosee moapobmo. Ha
NPAKTUKE TOJ0UPAIOTCI S/IPa, JJisi KOTOPBHIX COOTBETCTBYIOIIAS II0-
BEPXHOCTH HAMJIYUIIUM 00pa30M pasjiesiseT 00ydalonyio BhIOOpKY.

ITo anpy K(Z;,Z) W3 JOCTATOYHO XOPOIIEro Kjacca DyHKIHii
MOYKHO TIOCTPOUTH COOTBETCTBYIOIEE TTPOCTPAHCTRBO MPHU3HAKOB. VMe-
eT MecTo TeopeMa Mepcepa.
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Oyukiust ¢(T) Ha3plBaeTCs COOCTBEHHOI (DYHKITHEH COOTBETCTBY-
IOIEro WHTETPATHLHOTO OMEPATOPa, eCIIH

/ K(2,9)6(5)dy = A (z)
X

JLIST BCEX T; A — COOCTBEHHOE 3HAYEHNE.

Teopema 1.13. llycmo X — xomnaxmmoe nodmmnoscecmso R™, nycmo
maxoice K(ZT,Y) — Henpepuienas Cummempusnas Gynkuyus maxkas,
4IMo

| K@.pr@) g o
XxX

ona ecex f € La(X).
Tozda dynryusa K(Z,y) npedcmasasemca 6 6ude cymmv, pasHo-
MEPHO CLOJAULE20CA PAJG

K(z,9) =Y \o;(®)e;(®),
j=1

ede ¢;(T) € La(X) — nopmuposannsie cobemeennvie Pynryuu coom-
semcmeyowezo urnmeepasvrozo onepamopa (||él|r, = 1), Aj — uz
cobcmeennvie snavenua, Aj >0, j =1,2, ...

Hazosem dyuximo Ki(Z,y), yI0BIETBOPSIONIYIO YCIOBHIO T€OPe-
MBI 1.13, JOTYyCTUMBIM SAPOM.

Caencrue 1.5. [Tyemo Kq(z,y) u Ko(Z,y) — donycmumuvie adpa u
€1, Ca — noaodcumesvhbie Konemarnmos. Tozda

Kl(fa g) = clKl(‘i‘v g) + CQKQ(‘T:7 g)
— maxoice donycmumoe Adpo.
DTO yTBEPXKJIEHNE CJAENYET U3 JUHEHHOCTH WHTETPAJIA.

Caencreue 1.6. [Tycmo s(T,y) — Pynkyua cummempuueckas no
ceoum apeymenmam. Toeda K (Z,y) = [ s(z,2)s(y,z)P™(dz) — do-
nycmumoe A0po.
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DTO TOXKIECTBO MMOJy9aeTcsd MyTeM IepeCTAHOBKH IIOPAIKa HHTe-
IPUPOBAHUSA.
Hpumepst gnep (Z,7) = (Z-9)? wm K(Z,9) = (- 9) + )¢ -
MOJTHOMHAAIBHBIE SAAPA.
K(z,9) = exp(—|z — 5|?/0?) — rayccoro spo.
n(n+1)

ITpumep. Paccmorpum orobparkenue u3 R™ B R~ 2

&%) = p(w1,...,2,) =
= (2%, ..., 22, V2rize, ..., V2110, ..., ﬁxn_lxn).

K(z,9)= (@) 6@) =Y xiyi+ Y. 2wy, = (29"
=1

ij=1,i<j

Honyuaem K (Z,9) = (7 - §)? — mommHOMMAIBHOE SAPO BTOPOTO TIO-
psKa.

Oyuxnua knaccudukanun (1.54), cOOTBETCTBYOMAST OITAMAE-
HO¥l pa3/eJIdioNIell TUIIEPILIOCKOCTH B IIPOCTPAHCTBE MPU3HAKOB, B
9TOM CJIydae UMEET BU]I

I
f(@) = Za?yz'(i’z‘ -2)? +b. (1.56)
i=1

3anaqa. lloctrpouts orobpaxenuss R™ B mpocTpaHCTBa MPU3HA-
KOB 1 COOTBCTCTBYIOIUE [MOJIMHOMUAJIBHBIC f/IDa JJid IIOJIMHOMOB 06-
mero Buga u Gojee BBICOKOTO mmopsiaka (kK = 3,4, ... ), a Takxe
cooTBercTBytonre dbyHKImMN Kiaaccudurarmm suaa (1.54).

Jpyroit Bum simep ompenensercs (PYHKIUIMU, KOTOPbIE HWMEIOT
Bug K(z,y) = K(z—y). Takasg GyHKIMs HHBADUAHTHA OTHOCHTETHHO
npubaBSeHud K T ¥ §j OJHOTO W TOTO YK€ BEKTOPA.

Ilycts pasmeprocTsh paHa 1 u dyukius K(z) ompeneneHa Ha
[0, 27]. B Takom ciydae ee MOXKHO JIOOLPEAEIUTH JI0 IePUOJNIECKOT
(DYHKIME U pa3nokUTh B PABHOMEPHO cxoasinuiicst psia @ypbe:

K(z) = Z ap, cos(nx).
n=0
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Torna
K(z,y) = K(z —y) =
o o0
=ag+ Z an sin(nx) sin(ny) + Z an, cos(nx) cos(ny).
n=0 n=0

DTO AAPO COOTBETCTBYET OTOOPAIKEHUIO
x — (1,sinx,cos z,sin 2z, cos 2z, ..., sin(nz),cos(nz), ...)

HUCXOJTHOTO TIPOCTPAHCTBA B MPOCTPAHCTBO NPU3HAKOB.
Fime omwa Tumn saep — 9KCIOHEHITMAIbHBIE SIIPA BUIA

K (a,v) = exp((a-v)/0?),

rae o > 0 — mapamerp.
SHadyeHNd SKCIOHEHIIUAJIHHOIO $/pa MOXKHO DPAa3JIOXKUTh B P
Teitnopa B Buje 6€CKOHEUHON CyMMBI TIOJTMHOMHUAIBHBIX SITED:

(@)t
exp((i- 1)) =y

k=0

DKCHOHEHIUAJIBHOE sap0o TpaHcdopMupyerca B 'ayccoBo sapo cie-
IYIOmmM 00Pa3oM:
K (u,)
K(u,u)K(v,v)
_ exp((a-v)/0?)
Vexp((a - a)/o?) exp((v - v)/0?)

= exp(—|a — 9|*/202).

JLst paboThl ¢ PACIO3HABAHUEM TEKCTOB MCIIOIB3YIOTC S/1Pa, 110~
CTPOEHHBIE TI0 JIMCKPETHBIM MHOX)KecTBaM. lIpuBenem npumep Takoro
siJIpa, KOTOPOE CTPOUTCSI 110 IPOCTPAHCTBY IIPU3HAKOB.

ITycts = — koueunsrit andasut. CI0BO $ B 9TOM adaBuTe — 3TO
TTPOU3BOJIbHAST KOHEUHAS TIOCIEI0BATETFHOCTE OYKB § = §1 S ... Sp;
=% — MHOXKECTBO BCEX CJIOB B andaBuTe =, BKJOYAS IIYCTOE CJOBO.
|s| = n — mouna cooBa s € Z*; mmna mycroro ciaosa papha 0.
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Ilycts =" — MHOKECTBO BCeX IIOCTIEL0BATENBHOCTEN (CI0B) JITHHBL

n. Ilo onpenenenuro =% = U2 (5",

Takxke, st — 3T0 CJA0BO, MOJTYUEHHOE KOHKATEHAINeH CJI0B § U t,
sli: j] = si Sig1 ... 85

CJ10BO U SIBJISIETCS TIOIIOCIEIOBATETLHOCTBIO CJIOBA S, C/TH CYIIIE-
CTBYeT TIOCTeJ0BATEIbHOCT UHIEKCoB 1 = (i1, ..., i|u|) TaKasd, 4TO
1<ip < oor <y < [s| muy = si; ana scex j =1, ..., |uf; Oro

Taxeke obosHadMaeM u = s[i]. Jmmmoit HO,ZLHOCJIG,Z[OB&TGJH;HOCTI/I UBS
HazpiBaercs anuco (1) = iy, — i1 + 1.

Mu1 mpejanosiaraeM, 9ToO Ha BCEX CJOBAX 3aJIaH JIMHEWHBIN TIODs-
JIOK: BCEM CJIOBAM MEHBINEH JJIMHBI [PEJIIECTBYIOT CJI0BA OOJIbINei
JUIMHBI, & BCE CJOBA OJIHON JJIMHBI YIIOPSJIOYEHBI JieKCUKOrpaduie-
ckn. Torna MOKHO PacCMOTPETh IPOCTPAHCTBO MPH3HAKOB F), = R="
— MHOYKECTBO BCEX BEKTOPOB JIEHCTBUTEIbHBIX YHUCEJI, HHIEKCAMHU KO-
TOPBIX SIBASIEOTCS BCE CJIOBA, JIJIUHBI 1.

Ompenennm oToOpaXKeHnNe U3 MHOXKECTBA BCEX CIOB B MPOCTPAH-
CTBO TTPU3HAKOB

" (s) = (¢h(s) ru € E"),

rue

= > A0

iu=s[i|

npu 0 < A < 1, KoTopoe mpejcrapisier coboil duca BCeX BXOXKIE-
HUN TOATOCIeI0BATEILHOCTEN U3 N OYKB B TOCTEI0BATETHLHOCTD S,
B3BEIIEHHBIE B COOTBETCTBUH C JIIMHAMN 3TUX BXOXKJIEHHUH B S.

Torma cOOTBETCTBYIOIEE CKATAPHOE TTPOMIBEICHNE BBITUCIICTCS
caeayoimuM 06pa3om:

Ku(s,t) = Y (du(s) - ou(t) =

ueE"
Z Z A Z AO) —
™ jiu=s[i| Ju=s[j]

}: S OY NOHG),

" fu=s[i] jru=s[j]

73



Ilpn takoM 3amannu Berauciaenne siapa K, (s,t) Tpebyer 60JbIIOro
UMCIA BBIYUCINTEIbHBIX onepaiuii. CyIecTByoT PEKYyPCUBHBIE CXe-
MBI /Il BBIIUC/IEHNS TOA00HBIX CyMM 3a IIPHEMJIEMOE IIOJIMHOMHUAIIb-
Hoe Bpems (cM. [7]).

E[,Z[pa TaKOT'0 TUIIA NUCITOJHB3YIOTCA TIPpU KﬂaCCI/ICbI/IKaLU/H/I TEKCTOB.

1.4.5. Cay4ait Hepa3geanMoii BHIOOPKHT
BekTop nmepeMeHHbIX MATKOro OTCTYyIIa

Pacemorpum Tenmephb 3amady KIaCCHPUKAINN HEPA3AeInMOii BBIOOD-
Ki. 3aJa9u TaKOTO THUIA XaPAKTEPHBI JJIs MPAKTUYECKUX TTPUIOKE-
HUM.

Bagan kmace F dyskmuit tuna X — R, ¢ TOMOIBI0 KOTOPBIX
npousBouTcs Kiaccudukanusa. Obsacts onpegenennd X QyHKIU
uz F asaserca nogmuoxecrsom R™. Ilo kaxpoit dyukiun f € F
OTIpeIe UM UHINKATOPHYIO (DYHKITHIO KJIACCH(DUKAITN

hz) = { 1, ecim f(z) > 0,

—1 B IpOTUBHOM CJIydae.

Bagana seibopra S = ((Z1,91), -.., (T, y)). Lyers v = v f(Z4)
— rpanuia onmbku npumepa (Z;,y;) € X X {—1,1} orHOCuTeBHO
dyuxmun f € F. 3amerum, uro ; > 0 o3HaUaeT, 910 KjaccuduKarms
¢ TTOMOIITBIO (DYHKIWH [ ABJASETCS TPABUIBHOM.

Pacopenerenne ommbok Ha BRIGOPKE S = ((T1,¥1), --., (T1,Y1))
onpesensiercst Bekropom Mgs(f) = (v1, ..., 7). Hycrs

mg(f) = min 7
i=1,...,1

— TpaHuIa omuOKYN Kiaaccudukanun Beibopku S mocpeactsom f. Be-
mranaa mg(f) > 0 Torma u TOIBKO TOTIA, KOrAa [ Kiaaccuduiupyer
S 6e3 omuboK.

ITycts v > 0. Ilepemennas Msrkoro orcryma (margin slack vari-
able) npumepa (Z;,y;) € X x {—1,1} s noporopoit dyukuuu f u
IDAHUIIBI OMUOKY 7y ONPEJE/IsieTCd Kak

& = max{0,y — yi f(Z;) }.
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Samerum, 9To U3 & > ¥ ClenyeT, YTO KJIACCUPUKAIUS MPUMEpPa
(Z4,y;) ABAAETCS OMUOOUHOIA.

Bektop € = (&1, ..., &) Ha3BIBAETCA BEKTOPOM IIEPEeMEHHLIX MSAT-
KOTO oTcryma s Beibopku S = ((Z1,y1), ---, (T, y1))-

PoJsb BeKTOpa MEpPEMEHHBIX MATKOTO OTCTYTIA, HAO0 TOHUMATh CJIe-
IYIOMIM 06Pa30oM.

Eecau & > 7, mo y; f(Z;)) < 0, m.e. xaaccupurayus npumepa
(Zs, i) ¢ nomowpro [ asaaemea owubounot. B omom cayuae, eau-
wuna & ompasicaem cmenens yoasennocmu npumepa (T;, y;) om pas-
deasroueti 2unepniockocu — oHa mem boavwe, wem bosvuse owubra
KAGCCUPURGUU.

& = 0 mozda u moavko mozda, kKoeda y; f(ZT;) = 7; 6 amom cayuae
KAGCCUPUKAUUA NPABUALHAA U JAJICE C HEKOMOPHIM 3ANACOM.

Cayuati 0 < & < 7y ABAAECMNCA TPOMENCYMOYHBM, 6 ITNOM CAYYAE
kaaccupurayua 0 < y; f(Z;) < ¥ — NPasuavhas, Ho ¢ 0%EHb MAAEHD-
KUM NOPO20M, HONPUMED, IMO MONCEM Obimb 6CAEICNEUE HAAUYUE
WYMA 8 UCTOOHVIT OAHHDIT.

B wenom nopma eexmopa owubox £ ompasicaem pasmep owubor
KAGCCUPURAUUYU, G MAKACE POAL WYMa 6 obyuaroweti ewbopke. B
dasvretiuem ceaununa |€| Gydem 6xodumsb 6 6epriue OUEHKY OWULKY
BEPOAMHOCTNU HENPAEUALHOT KAGCCUPUKAUUL.

B monorpaduu [7| upusegena teopema (teopema 4.22), naromias
OTIEHKY BEPOSITHOCTH OIMUOKH TMpH OOYIEHWH Ha, He MOJHOCTHIO pas-
JemMoii BeIOOpKe. DTa TeopeMa CayxkuT 000CHOBaHMeM BbIGOpa (B
CJTETYTOIIEM pas/iesie) KPUTeprst ONTUMUI3AIIN IIPU ONPE/IETIEHUN Pa3-
JIETIAIONER THIEPIITIOCKOCTH.

Teopema 1.14. Illycmo L — kaacc écex aunelinnr dynrxuyuid euda
L(z) = (w-Z)+b ¢ edunuunvim secosvim eexmopom |w| = 1. Hycmo
v > 0. Tozda cywecmsyem KOHCMAHNG C MAKAA, 4MO OAA NPOUS-
604vH020 pacnpedesenus eeposmuocmetds P na X x {—1,1} ¢ nocu-
meaem eHympu wiapa paduyce R u ¢ yenmpom 6 Hauase xoopdumnam
¢ Pl-sepoammuocmuio 1 — § npoussoavnasn dynkyus f € L umeem na
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cayuatinot evbopre S daunwt I sepoammnocms owubry

errp(f) = P{yf(z) <0} < % <R2;5|21n2z+1n ;) ., (1.57)

20e £ — BEKMOP MEPEMEHHBIT MALKO20 OMCTRYNG OAA 06YuaIowet 6vi-
bopxu S omnocumenvro f u .

OrMmeTnM, 9TO B OIEHKY BXOJUT HOPMa BEKTOPA é, KOTOPBIA Xa-
paKTepu3yeT CTEeNeHb CONIACOBAHHOCTU (PYHKIINU KJIACCUMUKAIUU U
obyuaroreit BHIOOPKH.

JloKazaTeIbCTBO 3TOH TeopeMbl UCMOIL3YeT ciaeacTere 1.4 u Teo-
pemy 1.8 u3 pazzgena 1.3.

OnTuMuU3amuOHHAas 3a0a49a IJIs8 KJIACCU(PUKAIINY C OMINOKAMM
B KBaJIPAaTUYHOU HOPME

B cayuae, korga seibopka S = ((Z1,91), ..., (T1,y;)) HEpaspenu-
Ma, PACCMaTPUBAETCS 33/[a4a ONTUMHU3AIINN C IIePEMEHHBIMU MSATKOTO
orcryma &,t=1, ..., L.

Haitiem BeKTOPHI W, £ # 4o b, Tak ITOGKI

l
(w-w)+ ngf — min, (1.58)
i=1
yi((w- ;) +0) 21 -&;, (1.59)
& =0 (1.60)
mpu ¢ = 1, ..., [. Koacraara C ompejenser DalTaHC MEXIY ABYMsI

qacTaMn PyHKITHOHAJIA.

Ha npaxruke xoncranra C' nogbupaercd Tak, 4ToObl Pa3lesiso-
Mas CUHIEPILIOCKOCTh Pa3/Iesisia dJeMeHThl 00y4arorieil BbIOOpKH ¢
MHUHUMAJIBHBIM 3HAaY€HUEM HODPMBI BEKTODa Pa3AC/JAINX I'DaHUY-
HBIX [IEPEMEHHBIX.

Bamernm, uro yeaosue & > 0 MOXKHO ONYCTUTH, TAK KAaK ONTHU-
MajbHOe pemtenne w, &, b, rae mekoropeie & < 0, sBagerca onTu-
MabHBIM U npu & = 0.

"HMeeTcs B BEIy Iap B IPOCTPAHCTBE R", KOTOPOMY IIPHHAIIEKAT KIACCH-
dummpyembie 371€MEHTH T1, ..., T BHIOOPKHU S.
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Onenka BepogrHOCTH OmubKHN (1.57) MMeeT MeCTo I ITOPOTrOBLIX
JMHEHHBIX (DYHKIMH ¢ €MHUIHBIM BECOBBIM BEKTOPOM |w|.

s Toro urober ee mpumennuTs K 3agade (1.58) — (1.60), momenmum
obe wacTn HepaseHcTBa (1.59) Ha |wW|, Tae W — oNTHMATBbHOE pereHwe
sagaun. Torma B (1.57) Hazo B3dTH B KauecTse &; Besanunny &;/|w|, a
v = 1/|w|. lonyanm HOBYIO BepCHIO BeposaTHOCTH OmuOKu (1.57)

errp(f) = P{yf(z) <0} <

< S((0PR? + |EP) 0?1+ 1n ! (1.61)

5):

Hepagencrso (1.61) nokaseiBaer, 4To /i1t MUHUMU3AIMU BEPXHEH
OTIEHKHN BEPOSTHOCTH OIIMOKM 00ODINEHNsT HaM e iCTBUTE/IHHO Heo0-
XOZMMO MUHHUMI3NPOBaTh Besmanny (1.58).

Jarpamxuan 3agaqau (1.58) — (1.60) mmeer Buj

_ 1 C l
=1

l
= ailyil(@-3;) +b) — 1+&), (1.62)
=1

e oy = 0 — muoxkwuTenn Jlarpamxka.
CooTBercTBytoiias JBoiicTBeHHAs 3a1a4a (HOPMYIUPYeTcs MyTeM
mudbdepeHIupoBaHMs JArPAHKIAHA,

OL(w, b, &, @)
ow P
OL(w,b,&,a) o
o ¢

oL Wb§7 Zyzaz—o

=w — YiOGT; = (), (1.63)

MN
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a TakzKe MOJICTAHOBKOI 9THX cooTHOIIeHnit B (1.62)

l l
s 1 o
L(@,0,6,6) = Y i =5 Y yiyjoicy (T - 7;) +
i=1 ij=1
1 1
l 1 l
= Zai — 5 Z yiyjaiaj(@ . fj) — %(5[ . 5[). (1.64)

i=1 i,j=1

Taxwum 06pa3omM, MBI TOJKHB MAKCUMU3UPOBATL [0 O BEJINUNHY

l l
_ 1 o 1
W(Ck) = Zai - 5 Z yiyjaiaj((l'i : $j) + %(51]) (1.65)
i=1 ij=1

npu yenosusax «; > 0,4 =1,2,...1,t0e 6;; = lupu i = ju d;; = 0 upu
i # j. CoorBercrrytommue ycnosus Kapyma—Kyma—Takkepa nveror
BUT

ai(yi((w-2;)+b)—14+&)=0

upui=1, ..., L.
Cormracuo (1.63) BEKTOD BECOB BBIPAKAETCS B BUJIE JIMHEHAHON KOM-
OUHAIMN OMOPHBIX BEKTOPOB:

!
w = E YiQG T
i=1

N3 ycnosuit Kapyma—Kyna—Takkepa cienyer, uto «; = 0, ecim
yi((w-Z;)+b) > 1, mpu sToM & = 0. DTH BEKTOPHI TPABHIBHO KJIACCH-
CbI/IHI/IpyIOTCH U JIeXKaT C BHEIHeH CTOPOHBI OTHOCHUTEJIbHO I'PAHUYIHBIX
runepaockocreii. OmOPHBIMU ABIAIOTCS T€ BEKTOPHI T;, I KOTOPBIX
BbIIOIHEHO Y; ((W0-Z;)+b) < 1, npusrom o; = 0u & = 0. D10 TE BeKTO-
PBI, KOTOPHIE JIe?KaT Ha 'PAaHNYHBIX TUTIEPIIJIOCKOCTAX WJIN 2Ke Helpa-
BIUJTBHO UMW KJIACCUDUIUPYIOTCsT, B 3ToM ciydae y;((w - ;) +b) < 1
u & > 0.

CdopmynupyeM 3a1a9y OITAMI3AINIK JJ1s TPOCTPAHCTBA TPU3HA-
KOB, 33[aHHOTO HEKOTOPBIM sinpoM K (T, T;).

78



Teopema 1.15. Jlanws npocmpancmeo npusnaros, onpedeieHtoe 0-
pom K (Z;,7;), u obyuwarowan ewbopka S = ((T1,vy1), ---, (T, 1))
IIycmo sexmop napamempos & AGAALTNCA PEUEHUEM 3a0a%U OTIMU-
MU QUL

l
W(a)=> ai-
=1

l
1 1
_5 Z yiyjaiaj(K(a_ci,a?j) + %51]) — max (1.66)
ij—=1
l
npuU YCAOGUAT Zyiozi =0,
=1
a;=20i=1, ..., L (1.67)

Toz0a coomeemcmeyrou,as pasoesiowai NOGEPTHOCIL UMEET, 610
z
F(@) = yiaf K(z:,2) + b,
i=1

2de b* nazodumesa us ycaosusa y; f (z;) = 1 —af /C daa npouseoavrozo
i maxozo, wmo o # 0.

Qynryus xaaccupuravuu sign(f(z)) pasdeasem sremenmol 6vi-
bopru MaK JHce, KAk COOMBEMCmMBYOWas 2unepniockocmy, noAYYeH-
naA 6 pesyavmame pewenus zadavu onmumusayuu (1.58) — (1.60) 6
npocmpancmee npudnaxos, onpedeaenrom adpom K(Z,z), 2de nepe-
MEHHBE OMCMYNG ONPECAAIOMCH OAA 2DAHUUBE OUWUOKY:

-1/2
1
_ § : * ~k sk
Y= (y] - Zf(cy )
j€Esv
Hns eraucienns b* wmcnosib3yem pasenctBa «p = (C§;, Takke

ycaosug Kapyma-Kyna-Takkepa:
ai(yi((w-2;)+b)—14+&)=0
mpui=1, ..., [
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Benuunna p(w) = ﬁ, OIIpE/IETISIOIIAst PACCTOSTHIE MEZXK Ly THIIEp-
mrockoctsivn (W - Z;) + b) = £1 (B s7iepHOM Cilydae) Onpejiessiercst

caeaymuM 006pa3om:

l
(w-w) = Z yiyjafa;K(:ii,a’cj) =

4,j=1

= > yia) > yiai K(zi,z)) =

jEsv 1€ESV
= Y- -y =
Jj€Esv
_ * ek
=D aj- ) ajg =
JESsv JESV
_ * 1 —x =%
= Zaj—a(a ~ak).
JjEsv

B (1.66) moxwo 3amenuts stapo K (Z;, Z;) na

Kl('i‘iv 'fl_jj) = K('fz'lﬁjj) + %61?(17)
¥ JIaJI€€ UCII0/Ib30BATH METO/bI IIOCTPOECHUS OIITUMAJIbHON TUIIEPILIOC-
KOCTH, TPUBEIEHHBIE BHITIIE.

BamernM, 9T0 BepxXHsst oreHKa (1.57) BepOSTHOCTH ONTHOKU KJTAc-
cuuKaIMy TPU 000OITIEHNN He 3aBUCUT OT PA3MEPHOCTH TTPOCTPAH-
CTBa, UTO MO3BOJSIET TPUMEHATh siapa K (Z,Z), OpokKIaoIne mpo-
CTPAHCTBA MPU3HAKOB BHICOKON PA3MEPHOCTH. Y BEJWYEHUE Pa3MEp-
HOCTHU IPOCTPAHCTBA NPU3HAKOB HPHUBOJIUT K pa3/iesieHut0 obyuaro-
et BEIOOPKH THUIIEPILIOCKOCTBIO ¢ MEHBINeH HOPMO# BeKTOpa &, 94T
YMEHBIIAET BEPOSATHOCTD OMUOKH K/accudukaruu mpu 06o0IeHnn.

OnTuMuzanmoHHas 3a/a49a a4 KJaccuPuKanum ¢ OMmoKaMu
B JIMHeITHOIT HOpMe

Ha npakTnke Tak>Ke 4acTO PacCMATPWBAETCs aHAJOTWYHAS 3aJada
ONTUMU3AIINHN, B KOTOPO BMECTO KBaIPATUYHON HOPMBI BEKTOPA TIe-
PEMEHHBIX MATKOr0 OTCTYNA & NCIOIB3yeTcd JInHeiinad Hopma. B 3rom
cJiydae BOZHUKAET CJe/IYIoNas 3a/1a4a ONTUMUA3AIIAN.
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W]

Puc. 1.2. OnopHbIe BEKTOPHI PACTIOIOKEHBI HA TPAHUIHBIX TUTIEPTIIIOCKOCTSIX

WA YK€ HEMPABUIBHO UMHU KJIACCU(DUIUPYIOTCS

Haxoanm BexTopn! w, £ u uncio b, Tak 9T06bBI

!
(@-w)+CY & — min, (1.68)
i=1
yi((w-2;) +bo) 21§,
&>0 (1.69)
mpu ¢ = 1, ..., [. Koucranra C ompenensger HamaHc MeXIy TByMs

qacTaMu (PYHKITMOHAJA.
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CooTBercTByIOIINUI JTarpaHkKuaH UMeeT BUJ

!
L(w, b6 0,7) = 5 (0 0) +C Y6 -
=1

l !
= i@ ) + bo) — L+ &) = Y ik,
i=1 i=1
rmea; 20, >20mpuni=1, ..., L
CooTBeTCcTBEeHHAs NBOMCTBEHHAS 33a1a IMOJIYIAETCI IyTeM IIPH-
PaBHUBaHUA K HyJ'[IO ITPOMUBBOAHDBIX!

l

OL(w,b,&, a,T) _ o
9 =w — ;yiawi =0,

8L(w7b7§7a7f) _ . L
2%, =C—a;—1r;=0,

_ _ l

aL(w7b7§7a7T) _ o

% = ZZ_;yzozZ =0.

[ToymcTapasgem pelieHns 3TUX ypaBHEHUM B MPAMYIO 33JIa9y U IOJIY-
qaeM JBOMCTBEHHOE TIPEICTABICHUE 331449 B BUJIE 33,1491 MAKCAMU-
zanuu QPyHKITUOHAIA!

I !
1
L(w,b,&, a,7) = Zo‘i 9 Z Yiyjoiag (T - Tj),

i=1 ij=1

KOTOPBIi [TOYTHU COBHA/aeT ¢ (DYHKITMOHAIOM JIJTsd Cydasi KBapaTud-
HO# HOPMBI IEPEMEHHBIX MSITKOTO OTCTYIIA.

Enuncreentoe orimame oT 3a7a9u ¢ KBQAPATUIHON HOPMOI 3a-
KJII0YaeTcd B ToM, uto ycaosue C' — o — r; = 0 BMecTe ¢ yCIoBHEM
r; > 0 BeHYXKIaeT HepaBeHCTBO «; < C. B 1o ke Bpemsa & > 0 BbI-
notHeHo Tosbko nipu r; = 0. OTcioga ciaenyer, aro «; = C' 1j1s Bcex
Takux ¢. Takmm obpazom, ycmoBua Kapyma—Kyna—Takkepa mmeror
BHJT

oi(yi((Ti - 2) +b)—14+&)=0,i=1, ..., I
¢i(a; —C)=0,i=1, ..., L
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CorytacHo 3TUM YCJIOBUSM TEepEMEHHAs] MITKOr0 OTCTyHa & OTJINYHA
oT Hyas TOJBKO npu oy = C.
Taxum 06pazoM, MOJTyIaeM CAeAYIONEe YTBEPXK TEHHUE.

Teopema 1.16. Jlanw o6yuarowasn ewbopra S = ((Z1,vy1), ..., (T, 1))
U NPOCMPANCMB0 NPU3HAK0S, onpedeaennoe aopom K (Z;, T;). ITycmo
6EKMOP NAPAMEMPOS A AGAACTNCA PEUWEHUEM 340A4U ONMUMUSAUUL:

l l
1
W(@) = Z oy — 5 Z yiyjaiozjK(@,a_cj) — max (1.70)
i—1 ij=1
l
npu YCAOGUAT Z yic; = 0,
=1
C>2a;201=1, ..., L (1.71)

Tozda coomsememeywas pasddesarouas NOBEPIHOCY UMEEM 8UJ
l
F(@) = yiaf K (2, z) + b,
=1

2de b* maxodumcea us yeaosua y; f(Z;) = 1 dasn npoussosvrozo i ma-
xoeo, wmo C > o > 0.

Tozda gynryus xaaccupurayuu sign(f(x)) pasdeasem anemernmo
BOOPKU MaAK oHce, KK COOMBEMCMEYOWAA 2UNEPNAOCKOCTL, NOAY-
YenHaA 6 peayavmame pewenud 3adawu onmumusayuu (1.68) — (1.69)
6 npocmpancmee NPusnaros, onpedesernom adpom K(Z, z), 2de nepe-
MEHHBLE MAZKO20 OMCMYNG ONPEICACHBL ONA 2PAHUUDL OWUOKU:

—-1/2

v = Z iy o K (74, 75)
1,JESV

Taxmm o6paszom, 3aga4da onruMuzayn (1.68) — (1.69) sxkBuBaIeHT-
Ha 3ajade onruMuzaiuu (1.58) — (1.60) ¢ oxHUM JIOLONHUTEIBHBIM
yeaosueM, 1to o < C. Ilo 9T0i npuvnne 5TH OrpaHuveHns Ha3bIBa-
1oTcst kBaapaTHbiMu (box constraints), Tak Kak OHE TPeOYIOT, YTOOBI
KaxK/[0e (v; HAXO/UJIOCh BHYTPH KBajapara co croponoii C, pacroJio-
JKEHHOTO B TOJIOKATETFHOM OKTAHTE.
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ITapamerp C' KOHTPOJUPYET COOTHOIIEHUE MEXKY TOUYHOCTHIO pe-
ryJgpu3anu U BeananHoi KoadpduimenTtoB «;. B wacrroCcTH, Wewm
MembIre mapamerp C, TeM MeHbITe 3HATCHUS (v, T.6. MEHBIIE BJIUIHIE
TIPUMEPOB, HAXOMANIMXCS TAJTEKO OT Pa3JAedIonieil THIIEPIIOCKOCTH.

OnTuMuszanmoHHas 3aJa4va A4 KJaccuuKanum ¢ OMmoKaMu
B (popMe 3a0a9u JIMHEITHOro HporpaMMHuPOBAHUS

MoxkHO chopMyInpoBaTh TPEILAYILYIO 3334y KaK 3a/ady JIMHeH-
HOT'O TIPOTPAMMUPOBAHUS, B KOTOPON BMECTO KBAIPATUIHON HOPMBI
BEKTOpa W MUHUMU3UPYETCA CyMMa, KOI(DDUITUEHTOB (v, KOTOPbIE Xar-
PaKTEepu3yIOT CTEIEeHb YYaCTUs HPUMEPOB B IIOCTPOCHUM Pa3IE/IsIiO-
el TUIEePIJIOCKOCTH.

Ornenka BeposgTHOCTH OMMUOKYU OOOOIIEHUS depe3 UUCI0 OMOPHBIX
BEKTOPOB, TIpuBeeHHad B Teopeme 1.12 | MoxkeT caykuTh 060CHOBA-
HUeM TPUMEHUMOCTH 3TOTO METOA.

B sTom cayuae paccmarpuBaerca 3aa4ua ONTUMUBAIHN:

l l
Y ai+C> & — min
=1 =1

l
Py yCAOBUTX U; Zai(a_ci ‘i) +b | >1-¢,
j=1
o = 07 E’L = 07

rae ¢ = 1, ..., l. Koacranra C onpenessier 6agaHC MKy JIBYMsi
qacTaMn PYHKITHOHAJIA.

IIpenmyiecTBo 1aHHOM TOCTAHOBKY 3aK/IFOYAETCH B TOM, UTO 3/1€Ch
peraercs 3aa9a, JUHEHHOTO TPOrPAMMIPOBAHIT BMECTO 33,1291 KBaJI-
PATHYIHOTO IPOrPAMMUPOBAHUSI.

1.5. 3agavya MHOTOMEPHOIT perpeccun

1.5.1. IlpocTasa auHeltHasg perpeccus

[Tycrs 3amana obyqatomias seibopka S = ((Z1,91), ..., (T1, 1)), rue
T, eER", ys € Rupui=1, ..., L
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3ajiavua JUHEHHON perpeccuy 3aKJII0YaeTcd B HAX0XK IeHUN JINHEeH-
HO¥ DyHKIMK

f(@) = (w-7) +b,

HAWJIyqIuM 06pa30M WHTEPTIOJUPYIONIEH 37eMeHThl BeIoopKu S. ['eo-
METPUYECKHU JaHHAsA (PYHKIUS MPEJICTABIsIET cODOH MUIEPILIOCKOCTD,
KOTOpas mpubImKaeT TOYKY ¥; HA apryMeHTax T; opu ¢t = 1, ..., [.

Hannas 3aaga 6b11a perrena I'ayccom u Jlexanapom erre 8 XVIII
BEKe IIPU MOMOIN MUHAMHU3AINN CyMMbI KBAJIPATOB PA3HOCTEH 3HA-
uenuit byuknnn f(Z;) u Touek y; mpu i = 1, ..., l. Teopus 060611e-
HUA JJIsl JTAHHOTO METOI3 XOPOIIO IPEICTAB/ICHA B MATEMATUIECKO
CTATUCTUKE JJIs CJIy4ad JIMHEHHOM MO/IE/IN T'eHepalui JAHHbBIX C rayc-
COBCKUM CJTYUIANHBIM MTyMOM.

B manbmeiiiemM mpou3BOIbHBIN BEKTOP T TakxKe Oymer paccMmar-
PHUBAThCs KaK MaTpuila Tuma (n X 1), T.e. Kak BEKTOP-CTOJIOEI]

X1
x2
T =
Tn
DTOT 7Ke BEKTOD, 3AIMCAHHBIN B BUJIE CTPOKH (1, ..., Tp), T.€. B BUJIE

TPAHCIOHUPOBAHHON MaTpunbl THHa (1 X n), GyIeT 3amMChBaThC KaK
7', Ilpomssenenne aByx marpun A m B o6osznagaerca AB 6e3 TouKn
Mexky HuMu. Mbl 9acTo OyaeM OTOXKIECTBIIATEH CKAIAPHOE TTPOU3BE-
JleH1e BeKTOPOB (T + Z) u MaTpuily T'Z :

21
<2

zZ=(x1, ..., xn) = (z121+ ... Tp2p)

Zn

tuna (1X 1) ¢ eAMHCTBEHHBIM 9JIEMEHTOM, DABHBIM 9TOMY CKAJSIPHOMY
IIPOUBBEJICHAIO.
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CortacHO MeTOAy HAMMEHDLIINX KBaAPaTOB, MUHUMUBHAPYEM K6a0-

PAMUSHYI PYHKUUIO NOMEPD:

!
- [ 2

L(w,b) = E (yi — (w-z;) — b)~. (1.72)

i=1
Ob6o3HauuM W — pacIIUPEHHbIH BEKTOP-CTOJIOEI] BECOBBIX KO3 puiim-

eHTOB U CBOOOTHOTO WIEHA,

w1
w2

&
I

Wn,
b

AnanormaubiM 06pa3oM, 0603HAUUM T — PACIIUPEHHBIN BEKTOP-CTO106el]

IIepEeMEHHDBIX
I
T2

=N
Il

Tn

1

B HOBLIX paciIMpeHnHbIX HepeMeHHbIX (DYHKIUS PErpeccHi UMeeT OJl-
HOPOIHBIN Br 6€3 cBODOIHOTO WIeHA:

£(@) = (@ - 7). (1.73)

Paccmorpum matpury tuma (I X (n + 1)), ctpokamMu KOTOPO# sIB-
JISIFOTCST PACHINPEHHbIE BEKTOPBI-CTPOKY T = (I}, 1) mepeMeHHbIX

~/

a:l L1y -y wln,l

~/

ZE2 T21y « vy $2n,1
X: =

~/

:El Lty --s xlnal
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Beojium Takke [-MepHBIH BEKTOP-CTO0€1] 3HAYEHUH UHTEPIIOJISIINT

n
Y2

Y

Pazuocru |f(Z;) — yi| (a rakxke y; — f(%;) u f(ZT;) — y;) Has3biBarOT-
cst ocmamramu. Bekrop-crosberr ocraTkoB uMeer Buj J — X - W, a
dbyukumonan (1.72) MOXKHO 3amucaTh B MATPUYHOM BHJE KaK KBl
paT HOPMBI BEKTOPA-CTOJI0IA OCTATKOR!

L) = | X — g* = (§ — Xb)' (5 — X).

3aech m gasnee ayd Mpoum3BoabHON Marpunsl A mocpeacTsom A’ 060-
3HAYAEeM TPAHCIOHWPOBAHHYIO MaTpuily A.

Teneps 3ajaua perpeccunt MoxKeT OBITH 3aMUCAHA B BUJE 3aa4u
MWHAMHI3AIAA KBaIPATa HOPMBI BEKTOPA OCTATKOB!

L(w) = | X — 7> — min. (1.74)

[eoMETpUYIECKN 3TO MOXKET MHTEPIPETUPOBATLCA TaK Ke, KaK IIOMCK
NPOEKIMU HAMMEHbIIEH JJInHBl BEKTOPA § HA MOAIPOCTPAHCTBO (ru-
IIEPILIOCKOCTD ), TIOPOZKIEHHOE BEKTOPAMHU — CTOJIONAME MATPHIBL X .

Jlist momcka MUHHMyMa TPUPABHUBAEM YaCTHBIE MPOU3BOIHDIE
9Toro (pynkumonasa (10 MepeMeHHbIM Wi, ..., Wy, b) K Hymo. ITo-
JIYIUM CHCTEMY 13 n + 1 ypaBHeHnuit

OL()
o

[Ipeobpazyem 31Ty cucremy K BUIY

Q |

= 2X'j+2X'Xw =

X' X =X'g.

Ecsin marpuna X’'X obparuMa, mojydaeM perieHre 9Toi CUCTeMbl:

W= (X'X)"1X'g.
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1.5.2. I'pebHeBas perpeccus

Jlpyroit MeTom, 00eCevunBaOmuil YUCIEHHYI0 YCTONINBOCTL — 2peb-
nesas peepeccud (ridge regression), 6pL1 paccMoTper Xodpsiom u Ken-

HaP/IOM.
Hamomuum, 4uto pjst Toro, 4ro u3baBUTHCS OT CBODOIHOTO dUjie-

Ha B yPaBHEHHU PErPeCCUU, MBI PACCMAaTPHUBAEM 3aJaudy pPerpeccun
C BECOBOI IIEpEeMEHHOH W — PaCIIMPEHHBIN BEKTOP-CTOI0eI] BECOBBIX
K03 uiimenToB 1 CBOOOAHOTO “JIeHA,

w1
w2

&
I

Wn,

a TaKkKe T — PaCIIMPEHHBIA BEKTOP-CTOI0EI TTepeMeHHbBIX

I
T2

=N
Il

Tn

B HoBbix nI€pemMeHHBIX (PYHKIMS PErPECCHU MMEET OIHOPOIHBIN BUIL
6e3 ¢cBOOOIHOTO YJjIeHa,

f(@) = (w-1).
PaccmarpuBaercs byHKITUS TOTEPDH CASIYIOMIErO BUJIA!
l
L(®) =A@ - @) + > _(yi — (@ &))* =
=1
= \w|? + | Xw — g% (1.75)

88



[Tapamerp A KoHTpOSHpPyeT DaTaHC MEXKIY KBAIPATUIHLIMU [IOTEPSI-
MM 1 HOPMO¥ BecoBoro ekropa. Hopma BECOBOI0 BEKTOPa OTparKaer
CJTOKHOCTDH PErpecCHOHHON runore3nl. OOCyKaeHre poJIn mapaMeTrpa
A CM. HHIXKe.

Pemenne 3aiauyu rpebHeBOil perpeccuu B IpsiMoii popme

Jlyist HaXOXK IeHNsT SKCTPEMyMa IPUPABHUBAEM K HYJIIO YaCTHBIE TIPO-
uzBogubie L(w) no w;, i =1, ..., n+1,

l
N — S (i — (- )i = 0.
=1
B marpuunoii hopme 310 ypaBHEeHUE UMEET BU/I
Mo — X'+ X' X = 0.
Perrenine 3anmuceiBaerca B MmaTpudnoit hopme:
W= (M + X' X)"1X'g,

rae I — enuHWMHAS MaTpULA.
Marpunst X' X, I u A\I + X'X nmeror pasmep (n + 1) x (n+ 1).
Matrpuna X' X sBjisercs mooKUTeILHO OIpPee]eHHoil, T.e.

F(X'X):>0
JUtsi T060T0 BEKTOpa Z. DTO CJEyeT U3 PABEHCTBA
F(X'X): = (X2)(Xz) =Xz >0.

[Ipn moGapnenun K marpune X'X marpunet AI, mpm A > 0, HOBag
MaTPHUIIA CTAHOBUTCS CTPOTO TOJIOKUTEJBHO OMPEIeIeHHOM

FN+X'X)z =N3>+ |X2? >0

mpu Z # 0. U3BecTHO, 9TO MH00ast MOMOKUTETHHO ONPEIeTeHHAST MaT-
putnia obparuma. Iloaromy perenne 3ama4uu rpedHEBOH perpeccuu Bce-
raa cymectByer mpu A > 0.
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IIpu A = 0 marpuia X' X MozkeT oka3arhcs HeoGpaTuMoil. B srom
CAydae pelieHre 3a/la9 PEIPECCUN He sIBJISETCsl €IMHCTBEeHHBIM. [1o-
roMmy rpebHeBas perpeccud npu A > () 4UCIEHHO CYIIECTBEHHO IPO-
e, IYeM mpocTas perpeccusi. KpoMe Toro, mapamerp A\ uUrpaeTr pojb
mrpada 3a 6OJBITYI0 HOPMY BEKTOPA BECOB W.

Ecau A\ npubamkaercs K Hymo, Marpuia A + X' X Moxer craHo-
BUThCH Bece biimke K Heodbparumoii. B aTom ciayuae aaropury obpare-
HUs 9TON MaTpUIlbl CTaHOBUTCH Bee Hojiee HecTabuiibHbIM. Bosibinue
BHAUEHWS A [eJaf0T TTPOIeCC BLIUNCIEHNA 0OPATHON MATPHUITBI Oosee
cTabUIIbHBIM.

C apyroit cTOpOHBI, Ipu DOJBIIAX 3HAUEHUSIX A MaTpuia Al Ha-
qpHAeT Ipeobiajarh HaJ Marpunell X'X H I109TOMY OCTATKH pe-
IPeCCrr CTAHOBATCH OOJIBIMUMY W HAWJICHHOE YDABHEHHE PErpeccuu
TepsieT CBOU IIPeJiCKa3aTebHble BoO3MOKHOCTH. 1losToMy 3HadeHne A
JOJZKHO MMETh TOT K€ TOPSIOK, KAK I IEMEHTH MATpHIbl X X .

Bataga rpebHEBOi perpeccun B IBOWCTBEHHON bopMme u ee 0600-
IeHNe Ha HeJIMHEHHBIN ciyuail OyayT paccMoTpensl B pasaese 1.6.3.

1.6. Perpeccus ¢ omopHbIMU BEKTOpPaMU

1.6.1. Omubka 0600IEeHs PN perpeccun

Bajaua perpeccuu 3aKk/04aeTcs B Haxoxaenun Gyukuun f(Z), Ko-
TOpast AMMPOKCUMHUPYET 0TOOPaYKeHNEe W3 HEKOTOPOTO MOJAMHOXKECTRA
X C R™ B MHOXKeCTBO JielicTBUTENbHBIX unces R. Haunas yHkins
ornpenensieTcs 1o obyuarorreii Beibopke. COOTBETCTBYIOIIAST TEOPHUs
00001IIeHNsT TaeT BEPOITHOCTD OIMHOKH AIMIPOKCHMAIINNA Ha TECTOBOM
BBIOOPKE.

Ilycrs S = ((Z1,91), -.., (Z1,y1)) — obyvaromast Bbibopka, T; € X
uy; €R.

Hanomuunwm, aro pasuoctu |f(Z;) — y;| Ha3bIBalOTCA 0CMamxamu.
Dynryus nomepsv CBOJUT ITH OCTATKHU B OJHY BEJIUYUHY, HA OCHOBE

KOTOPO# BBIYUC/ISETCH KAadecTBO ammpokcumarmu. [Ipuvep dpyukimu
l

noTeps — KBagparaaHas bynknus motepb . (f(T;) — yi)?.
i=1
SBaada omeHKU OLIMOKU 0DODINEHU [/t PErpPecCur C IIOMOIIBIO

dbyuknun f(Z) cBoauTea K 3a7a4ue ONEHKY OMUOKH 000BIIEeHNsT HEKO-
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TOPOIt UCKYCCTBEHHOM 33/1a91 KITACCHPUKAINN. B 9TOM cIydae MOXKHO
IIPUMEHUTDH Pe3yJIbTaThl pas/ena 1.3.

[Iycts 3amano quciao 6 > 0 — Ttounocts perpeccun. Torma (yHK-
s g(z,y) = 0 — | f(Z) — y| onpenenser crnocob permerusi HEKOTOPOii
sajaun kiaccndukanuu nap (Z,y) : ycaosue g(Z,y) > 0 o3nauaer,
uro mapa (Z,y) kaaccudunupyercs: byHKIHEH g KaK MOJOKATEb-
HBIIl TIPUMED; B MPOTUBHOM CJIYYae OHA KJAACCH(UITUPYETCS KAK OT-
PULATENBHBIT TpuMep. &

JList mosTydenus OMEeHKN BEPOSTHOCTHU OMmubKu 060bmenns, He 3a-
BUCSIIEH OT PAasMEpPHOCTH MPOCTPAHCTBA, BBOJMM UHCIO Y — HIXK-
HIOI0 TPAHWILY OMMUOKKA COOTBETCTBYIONMIEH 3aa4n KJIaCCH(DUKAIIH,
0 < v < 6. Ilo onpenenenuto yciosue ¢(T,y) > Y SKBUBAJIECHTHO
yenosuto |f(Z) —y| < 0 — .

Teneps Teopema 1.9 mMoxkeT O6bITH HEpe@OPMYJINPOBAHA [IJISd CJIY-
vast MHOrOMepHO# perpeccun. CooTBeTcTBytoIast Teopema 1.17 nmeer
MECTO JIJIs CJIydasl, KOrAa Tpu 00ydeHnn TpebyeTcs TOYHOe MOoraia-
HHe JAHHBIX BHIOOPKH B CI0H pasMepa 6 — v BOKPYT THNEPILIOCKOCTH
(cm. [7], reopema 4.26).

Teopema 1.17. Pacemompum 3a0a4y pezpeccut ¢ NOMOULLIO AtHeT-
nox pynryut f(T) = (w-x)+ b€ L, ede T € R", |w| = 1.

Hycmv 0 < v < 8 € R u P — pacnpedesenue sepoammuocmed,
cKORYeRmpuposannoe 6 wape paduyce R ¢ yenmpom 6 wavase Koop-

dunam zenepupyrousee swbopky S = ((T1,y1), --., (T, y1))-
Tozda ¢ eepoammuocmuio 1 —§ npouseosvran eunomesa f € L, das
komopot | f(Z;) —yi| < O — daa scexi=1, ..., I, umeem seprnion

OUEHRKY BEPOAMHOCTIUY oUWUOKU:

errp(f) = P{If(2) — 4| > 0} <

<g 64R? neliln?’m Hng
S\ A2 8R2 A2 )

64R>
v

npu 1 >

8By,£L€M paccMarpuBaTh MOJENb, IIPU KOTOPOI reHepupyioTCa TOJIbKO HOJIOXKH-
TeJIbHBbIE TIPUMEPHI.
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Jpyras olieHKa BEpOSTHOCTH OIMUOKM J1aeTCd JJIs CJydad Hepe-
MEHHBIX MATKOTO OTCTYIIA:

& = max{0, [y; — f(z:)| = (0 =)},

rae 6 — 3ajaHHas TOYHOCTH TPUOJUKEHUS, Y — TIOTEPU HA TPAHUTIE.

Iyers &€ = (€1, ..., &) — BEKTOp HepeMEHHBIX MATKOTO OTCTYIA
auist obyaatomieit Bei6opru S = ((Z1,y1), ---, (T1,Y1))-

Posb BeKTOpa MepeMeHHbIX MATKOTO OTCTYIIA HAJI0 TIOHUMATh CJIe-
IYIOmM 00PA30M.

Ecau 6 pesyaomame obyuenua & > 0, mo

&= lyi — (@) — (0 — ),

m.e. IMaE BEAUNUHG NOKASHIEAETN, HACKOABKO 6 PESYALMaAME 06Y4eHUA
i~ 0CNAMOK GVIULEN U3 CAOA PASMEDG € = O — 7, NPox0dAULE20 60KDYe
snavenuts pynxyuu peepeccuu. Beauwuna & mem boavwe, wem 60ab-
we owubra pezpeccuu wa npumepe (T, y;).

Ecau |y, — f(Z)] < €, mo & =0, u Mot cyumaem, wmo owubky pe-
2peccu Ha NpuMepe Hem; 3HA%ENUE UCTO0H020 JAHHO20 Y; AEHCUM 6
CAOE PABMEPA €, DPACNOLONCERHOM BOKPY2 3HAYEHUT PYHKUUY peepec-
cul 1a obyuarouet; eubopke.

l

> &2 BeKTOpA MEPEeMEHHBIX MSTKOTO OTCTYIIA OT-
i=1

paskaeT BEeJUYMHY BCEX OCTATKOB PErPECCHE U TIO3TOMY JOJKHA MHU-
HUMU3UPOBATHCA TP 0Oy IeHWH.

Bamerum, 9To u3 §; > 7y caeayer, 9To omubKa Ha (Z;,y;) Gosbie

Hopwa [€] =

uem 6.

B monorpadun |7 npusenena teopema (reopema 4.28), KoTopas
B oTamame oT Teopembl 1.17 He TpebyeT TOYHOro MonaJaHus JaHHBIX
BBEIOOPKH B CJIOH pasmepa € = — BOKPYT I'MIIEPILIOCKOCTH, & HCIIOJb-
3yeT BEKTOD HePeMEeHHBIX Msarkoro orcryma & = (&1, ..., &). Buecn
BO3MOXKHO IIPOM3BOJILHOE OTKJIOHEHHE JAHHBIX IIPH 00yYeHHH OT THU-
IEPILIOCKOCTH perpeccu. IIpu 3ToM GOJIbIINE OTKIOHEHAS YXYIIIAKT
OIEHKY BEPOATHOCTH OIMMOKN PETPECCUH.

Bepxuas omeHKa 3Toil TeOpeMBI CIIy2KAT OCHOBOM 1JIs BRIOOpaA KPH-
Tepus ONTUMHU3AINKN TTPU BHIOOPE Pas3Ae/Isioneil THIEPILIOCKOCTH.
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Teopema 1.18. Paccmompum 3a0a4y peepeccut ¢ NoMowbio Auret-
nwox pynwyut f(z) = (0-T)+b e L.

Hyems 0 < v < 0 € R. Toeda cyujecmeyem maxas KOHCMAHMA
¢, WMo OAA NPOU3BOABHO20 pacnpedesenus eeposmuocmets P, cxon-
YEHMPUPOBAHH020 6 wape paduyca R ¢ uyenmpom ¢ wavane xoopou-
nam, evnoaneno caedyrowee: ¢ Pl-sepoammocmuio 1 — § na emboprke
S =((z1,y1), --., (T1,y1)) npoussosvras eunomesa f € L ¢ sexmo-
pom nepemennur mazkozo omemyna £ = (&1, ..., &) umeem ouyenxy
8EPOAMHOCNY OWUOKU 0600WEHUA:

errp(f) = P{|f(z) —y| = 6} <

c ([wPR*+ [ , 1

< <721n I+In), (1.76)
20e & = max{0,|y; — f(&;)| —€},i=1,..., [, 2de e = 0 — ~.

Moxxuo monoxuts v = 6. Torna & = |y; — f(zi)], i =1, ..., [. B

9TOM CJyUae
l

c12 =.))\2
€7 =D (i — £(@)*.
i=1
Voporennsiit BapuanT Teopembl 1.18 BBITIGINT CAeAyIONuM 00pa-
30M.

Caencteue 1.7. Pacemompunm 3a064Y Pe2peccuts ¢ nOMOULI0 AtHeT-
nox Ppynryut f(Z) = (w-z)+be€ L, edex € X CTR™.

Hycmo 0 > 0. Tozda cyuwecmsyem makas KOHCMAHMG C, 4MO A
NPOU3EOABHO20 pacnpedesenus sepoamuocmeti P, cxonuenmpuposan-
Ho20 6 wape paduyca R ¢ yenmpom 6 nauane xoopdunam, evinosne-
no caedyrowjee: ¢ Pl-sepoammocmvio 1 — § ma cayuatinoti emboprke
S = ((Z1,v1), ---, (&, y1)) npoussoavnas 2unomesa f € L umeem
OUEHKY BEPOAMHOCTY OWubKy 0606UeHUA:

errp(f) = P{|f(z) —y| = 0} <
l
[0 R? + 3 (yi — f(74))° )
z:;2 %1+ In< | (1.77)

N
~I 0
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Omenxka (1.77) moxkeT GBITH UCTIOIB30BaHA I/ I'PeGHEBO# perpec-
cuu, T71e € = 0.

OTMeruM, 9TO BCE 9TH OIEHKN OMMUOKN 0000IEHNsT TMEIOT MECTO
JITsT TPOM3BOJILHOTO HEM3BECTHOTO HaM PACIIPE/IeIEHUsT BEPOSITHOCTEMH
P, renepupytoImero 1eMeHThl BHIDOPKH.

1.6.2. Pemtenue 3agaum perpeccuu ¢ momMoinbio SVM

MeTos ONODHBIX BEKTOPOB TaKxKe TPUMEHSeTCsT K 3ajade perpec-
cuu. IIpu 3TO0M TakK ke, Kak M B 3ajad4e KJjaccuduKalum, HeJnHe-
HBIM Pa3AesIsionuM (hbYHKITUSM COOTBETCTBYIOT JINHENHBIE PA3IeIsIIo-
e pyHKIUY B TPOCTPAHCTBE IPU3HAKOB, T.€. IIPUMEHSETCH TEXHUKA
Azep.

JIluneiinas e-HeuyBCTBUTE/IbHAS QYHKIUSA TOTEPH — 9TO MYHKIINS
BHJIA

L(Z,y, f) = ly = f(Z)|e = max{0, |y — f(Z)| — €}, (1.78)
rae f — npoussosbHas dyHKnus tuna R — R.
Iycrs € = (&1, ..., &) — BEKTOD MEPEMEHHBIX MATKOIO OTCTYIIA,
e & = LTy, f), i =1, ..., l,tme e = 0 — 7.

AHAJOTUYHO, €-HEUYBCTBUTEIbHAS KBAIPATUUIHASA (DYHKITUS IT0-
TEPDH OIPEJIEIAeTCs

Ly(z,y, ) = (ly - f(@)])* (1.79)
3agaya MUHUMU3AMUAU B CJIyYae KBAJAPATUIHON (DYHKIMH [10-
TepPb

Ouenka (1.76) reopembr 1.18 mOKA3BIBAET, UTO J1jIs1 YMEHBIIEHHS BEPX-
Hell OIEHKH BEPOITHOCTH OMMOKN 0000IIEHNsT METOIa PErPECCUN HaM
HAJI0 MUHUMU3UPOBATDH BEJTMIUHY

l
R2|’LIJ|2 + Z L;(jh Yi, f)7
i=1
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Mg 6yneM MUHUMU3UPOBATH (PYHKIIMIO TIOTEPH Cpa3y IIpU BCEX
BO3MOXKHBIX 3HAYEHUSIX IIAPAMETPA Y U [PU BCEX BO3MOXKHBIX 3HAUE-
Hugx mapamerpa = € + v mpu dukcuposaraoM € > 0. Jlng sroro B
ONTUMI3AIMOHHYIO 3]y BBOJATCH IEPEMEHHEIE & 1 &;, ¢ TIOMOIIBIO
KOTOPBIX KOHTPOJHUPYETCS OTKJIOHEHWE OCTATKOB PErpecCuu B 00JIb-
YO WJIM MEHBINYI0 CTOPOHY OT 33aHHON TPAHUIIHI €.

ITapamerp C' BBOmMTCS myis yuera OajaHca MEXIY CIOKHOCTHIO
PETPECCUOHHON THIIOTE3bI U CYMMON BEJIMUUH KBaIPATHIHBIX OCTAT-
KOB JIJIS 9TOU T'ATIOTE3HI.

IIpsimast 3aj1a9a MUHUMAZAIUE B CJIy4Yae KBAJIPATUIHON PYyHKIUK
noreps (1.79) npu dukcuposanHbIx 3HaUeHMsX napamerpoB C u €
dopmysiupyeTcs caeaymuM 00pa3om:

l
@|* +C Y (& + &) — min

i=1

npn yenosusax (- ;) +b) —y; <e+ &, i=1, ..., I
yi— (0 -7) +b) <e+ &, i=1, ..., |,
€,6020,i=1, ..., 1. (1.80)

Ha mpaxkTtuke mapamerp C nonbupaercs myTeM MpoIeayphl THIA
epebopa st JaHHOH 00yvaromeil BEIOOPKH.
JlarpamxxnaH TpaMoil 3a5aun mMeeT BU

l
L(w,b,¢,{,a,6) = o> + C Y (& +&) +
=1
l

+D (@ T) +b—yi—e— &)+
=1

+> hilyi — (0 3;) —b—e—§). (1.81)
=1

§aMeTHM, 9TO TaK K€, KaK B 33/1a49e Kiaccudukanmu, ycaosus & = 0,
& > 0 MOXKHO ONMyCTHTBH, TAK KaK BCskoe pernenue, rae & < 0 wim
& < 0, MmoxxHO peobpaszoBath B perenne & = 0 wan & = 0.
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s moncka MUHUMYyMa TPUPABHUBAEM TaCTHBIE ITPOM3BOIHBIE K

HYJIFO

OL(w,b,€,€,a,&) -
— =0,

ow
OL(w,b,€,€, &, &) 0
ob ’
OL(w,b,€,€, &, &) 5
O¢ ’
OL(w,b,€, € a,a) 5
oé e

3 mepBoro paBeHcTBa MOJTyUaeM BHIpayKeHUe /s BECOBOTO BEKTOPA

l
W = % > (i — )z (1.82)

=1

BameTnM, 9T0 st JTF0O0TO JOMyCTUMOrO pertenust 3agaqdu (1.80)
BBITIOJTHEHO flfz = 0 g5t BCeX 1.

Ilosromy mist mBoitcTBenHOM 3agaun Oyaer a;d; = 0.

CoOoTBeTCTBYIOIAsS TBOWCTBEHHAS 330298 (DOPMYIUPYETCS CIETY-
OIMIM 06pa3oM:

l l

Zyl(@l — ai) — EZ(OAQ + Oéi) —

=1 =1

1 o 1
D) D (@ — )@y — ay) (@i 7)) + gdis) — max

Q=1
l
[PU YCJIOBUAX Z(&i —a;) =0,
i=1
@i20,0120,i:1,...,l, (1.83)

rie d;; = 1 Torga U TOIBKO TOT/a, KOTAR & = j.
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Venosua Kapyma-Kymna—Takkepa ciaemyiomme:

Oéi((lf)'ﬂ?i)—l-b—yi—é—{i)zo,izl,...,l,
dz(yl—(lf}jl)—b—ﬁ—fl)zo,lzl,,l7

&EE =0, a;a; =0, 1=1, ..., L (1.84)

Ecnu BBecTn oboznadenne 3; = &; —ay, ¢ = 1, ..., [, 1 HICIOAB30BATD

cooTHomenus «;&; = 0, To nBoitcTBennas 3a1aua (1.87) dopmymupy-
eTCs AHAJOTMYHO JBONCTBEHHOMN 3aade [/ CIydas KJIaCCH(DUKAIIIN:

I I
S uiBi—e> 18l -
=1 =1

l
—% Z ﬁlﬂ]((i’z . fj) + éél]) — max

3,7=1

l
npu yC.HOBI/IHXZIBZ‘ =0,i=1, ..., [ (1.85)
=1

Sagada. Beisectu coorrorenus (1.85).

U3 yenosuit Kapyma—Kyna—Takkepa (1.84) ciemyer, uro miist Bcex
BEKTOPOB BBIOOPKHU ZT;, MOMABIINX B CJIOH paszMepa € BOKPYT THUIED-
IJIOCKOCTHU perpeccuu, BuIoJiHeHO «; = &; = 0. Ilosromy B cymme
(1.87) coorBercrByfolIue caaraeMble OTCYTCTBYIOT («OHOPHBIX BEKTO-
POB» CTAHOBUTCS MEHBIIIE ),  PEIICHIE 33/[a41 HAXOK ICHIS MaKCUMY-
Ma B JIBOMCTBEHHON 33/1a4e ynpoiaercs. Kpome 3Toro, yMeHbIaeTcs
HOPMa BEKTOPa MEPEMEHHBIX MATKOT'O OTCTYIIa B BerHeﬁ OIICHKE BC-
positHOCTH o1ubOKY 0606menwst (1.76) u3 reopemsr 1.18. 3amernm, aTo
OTIOPHBIMU SABJISAIOTCA BEKTOPBI Tj, JJisi KOTOPHIX (W - T;) +b < y; — €
wi (0 - %;) +b >y + €.

Hackombko ymeHbITaeTcs 9uc/io mapamMerpoB u, &, 3aBUCUT OT
B3aUMHOTO PACIIOJIOKEHNsT BEKTOPOB BBIOOPKHU. (DOBIYHO TAKOE YMEHb-
IeHNe TTPOUCXOIUT TIPU YBEJTUIEHUN € J0 OMPEeIeSeHHOTO Mpeena,
IIPU 3TOM YBEJIUYUBAETCA TOYHOCTH PEIPECCUN HA TECTOBON BBIOODKE.
HpI/I ﬂaﬂbHeI‘/JH_HeM YBEJIUYICHUU € 3Ta TOYHOCTDH TIaACT.
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AnepHag Bepcus 3a7a4u perpeccun ¢ nomoribio SVM

[TockobKY BEKTOPHI BHIOOPKM BXOAAT B OIMTHUMUBAIUOHHYIO 33149y
TOJIBKO YUepe3 CKAJISIPHbBIE TTPOU3BEIEHNs, MOXKHO UCIIOJIB30BATh 0T00-
paxeHue B IPOCTPAHCTBO IIPU3HAKOB U IIEPEUTU K ANCPHON BEPCUU.

fnepuast Bepcus pesynprara QOPMYJIUPYETCS CJAEIYIONM 00pa-
zom. s ymoberea uzsmokerust 0603HaUNM [3; TIOCPEJCTBOM (v, T.€. (Y
UMeeT Telepb APYroil CMBICII, YeM paHee.

Teopema 1.19. 3adana swbopra S = ((Z1,y1), ..., (T1, 1)), 2de
Z; € X uy; € R. Henoavsyemea npocmpancmeo npusnaxos, 3a0a6a-
emoe adpom K (T, Z).

IIyemv &* asaaemcea pewenuem K6a0paMUNHOT ONMUMUSAUUOH-
HOT 3a0a4u:

l

l
W(a)=> yiai—e€> |ai| -
=1

=1

!
1 1
—3 ijz:l ;o (K (4, Z5) + 5(5,-]-) — max
l
NPU YCAOGUAT Zai =0,i=1, ..., L (1.86)

i=1

l
ITycmo maxoce f(T) = > o, K(Z;, ) + b, 2de b* ewbupaemea maxk,
i=1

umobw f(Z;) —y; = —€ — a;/C daa npouseosvrozo i ¢ a; > 0.

Toz0a pynryus f(T) oK6usaNCHMHE 2UNEPNAOCKOCTIU 8 NPOCTNPAH-
cmee npusanakxos, onpedessemom adpom K (T;, T), xomopas pewaem
sadany onmumusayuy (1.80).

3anaua. /loxkazars, uro 3HadeHnne b* He 3aBUCHT OT i.

3agaya MUHMMU3AMUA B CJy4ae JIMHEHHOU (pyHKIun
nmoTepb

Anasoruasbiv 06pA30M PACCMATPUBACTCS 331448 PEIPECCUE TTPU JIU-
Heitnoit dynknun noreps (1.78).
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Onenka, anagorndnas orenke (1.76) reopemsr 1.18 (B mamaOM
nocobum 3Ta OLEHKA M COOTBETCTBYIOIIAsl TEOPEMa HE IIPUBOJISITCS,
cM. Teopemy 4.30 u3 |7]), mOKa3bIBaET, UTO [Id YMEHBIIECHHUS BEPX-
Hell OIEHKHW BEPOSITHOCTH OMMUOKY 000OIIEHNs METOIa PErPECCUN HAM
HaJO0 MUHUMHU3UPOBATH BEJIMYINHY

L _ 2 : €

i=1
rie f(z) = (w-z)+b, C — mapamerp, KOHTPOJIUPYIOMIAE HATAHC MEXK-
Ay CJIOXKHOCTBIO PErpPeCCUHOHHON I'MIIOTe3bl U CYMMON BeIUYUH JIMHEH-

HBIX OCTQTKOB JIJIsl 9TOI I'MIIOTE3bI.
IIpsamas 3ajgava MuHUMU3AIMY B C/Iydae JUHERHON PyHKIMN 110-
repsb (1.78) mpu dukcuposanubix 3navennsx napamerpos C n € dbop-

MYJUPYETCS CJEAYIOMNM 06pa3oM:

l
1 2 .
5\@12 +C Y (& +§&) — min

i=1

npn yeaosuax ((w-Z;) +b) —y; <e+&, i=1, ...,
yi — (0-Z) +b) < e+ &, i=1, ..., 1,
£,6020,i=1, ..., 1L

Ha mpaktuke mapamerp C' mopbupaercs IIyTeM OpPOIEaypPHl THIIA
nepebopa 11t JaHHOW 00y Uaroeil BHIOOPKH.
Jlarpam:kran IpsIMOil 38129 NMEET BUI

I
L(w,b,,¢,a,6) = [0 + C > (& + &) +
i=1
l
+> (- T) +b—yi—e— &)+
i=1
l
+> Gy — (0 3;) —b—e—§).
i=1
3amada. [Tokazarh, 9T0 COOTBETCTBYIONIAS ABONCTBEHHAI 331492
dopMyaupyeTcs caeayonmM 00pa3om:
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l l

Zyz(é@ — OJZ‘) — GZ(@Z + Ozi) —

i=1 i=1

!
1 . . o
—3 Z (& — ;) (G — o) (T4 - T5) — max
ij=1

l
LIPU yCJIOBUSX g (& — i) =0,
i=1
di = 07 o Z 07
0,6, <C =1, ..., 1,
a ee peleHne Takoe, Kak YKa3aHa JaJIee.
Venosua Kapyma—Kyna—Takkepa nMmeior Bu:

ai((W-Z)+b—yi—e—&)=0,i=1, ..., [,
Gilyi— (0-T;) —b—e—&)=0,i=1, ..., [,
(a;i — C)& =0, (& — C)& =0,
giéizo, o, =0, 1=1, ..., L

Ormopble BEKTOPBI — 3T0 T, A KOTOPBIX o > 0 mwim &; > 0. Ecom y;
HaXOJNTCS BHE CJIOA Pa3Mepa € BOKPYT ONTUMATbLHON THTIEPILIOCKOCTH
(runepriogepxuoctn), 10 oy = C' nan &; = C' (7151 IMHEHAHOH HOPMBI).

0 < a; < C MoxkeT BBITH TOJBKO /Jig BEKTOPOB CO 3HAYEHUSIMU s
Ha TPAHUTIE CJIOL.

BekTopn! Z;, y KOTOPBIX 3HAYEHUS Y; PACTIONIOKEHB] BHYTPH CJI0,
3aBeOMO He SBJISIOTCA OTOPHBIME; A5t HuX «; = 0 u &; = 0, Tak Kax
B 9TOM CJIyYae BBITTOJTHEHLI HEPABEHCTBA

(@-i‘i)+b+€<yi, & >0,

(w-Z;) +b—e<uy;, €i>0-

Becosoit BekTop — sinHeitHAS KOMOUHAIIAST OMOPHBIX BEKTOPOB



Brimostreno a;é; = 0.
QOyuKiug JUHEHHON PErpeccuu MMEET BUJL:

l
@) = i@ - ) +b".
=1

Jlist mpoCTPAHCTBA € SIAPOM JABOMCTBEHHAS 3a/a9a NMEET BUI:

l l
Zyz(dz — Oél') — EZ(OAQ + Oéi) —
i=1 =1

l
1 . . _
—5 Z (Oéi — Oél')(Oéj — aj)K(wi,xj) — Imax
7,7=1

l
DU YCJIOBUSX Z(&i —a;) =0,
1=1
di = 07 Q; = 07

Oéai,digC, izl, ey l.

D YHKIUST pErpeccuu s SAepHONM BEPCUN UMeeT BUJI:
l
F(@) =) oK(z;,2) + b
=1

1.6.3. I'pedbHeBas perpeccus B aBoiicTrBeHHOIT dopme

I'pebreBast perpeccust MOXKeT OBITH MPEACTABICHA KAK YaCTHBIN CIIy-
yajl perpeccuy C OIOPHBIMU BEKTOPAMU IIPU €-HEUYBCTBUTEJBHON
kBagpaTnaHoil dyrkumu noreps (1.79), rue € = 0.

IIponnntocTpupyeMm pellieHne 3TOi 3ajavdl KaK YaCTHBIM caydait
perpeccun ¢ OMOPHBIME BeKTOpaMu B ciaydae € = (0, HE3aBUCHMO OT
pe3ynbpTaToB pasgena 1.5.2.

Onenka ommbku 06001eHNST Jijist I'PEOHEBON pPerpeccun Jaercs
nepasercrsoMm (1.77), mpusenennom B cregcreun 1.7.

Beoanm mepemenHBIE MSATKOTO OTCTYIA, KAK 3TO OBLIO CIETaHO
pazzesne 1.5.1; mpu 3T0M MBI ByIeM UCIOIB30BATH Te Ke 0003HATCHUST
pPaCHIUPEHHBIX TTEPEMEHHBIX.
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Torya dyHKIMS perpeccuu ¢ paciiupeHHON nepeMeHHoit & 6yser
UMETb OTHOPOIHBIN BU/I

f(@) = (w- ).
PaccmarpuBaeTcs npsamas 3a7a4a MUHUMUASAIUH
l
Aw|? + fo — min
i=1
upu yeaosuu y; — (0 - &;) =&, i=1, ..., L

B srom ciyaae srarpaH:kuaH UMeeT BT
l l
L(w, & a) = Na]> + > &+ oilyi — (- %) - &).  (1.87)
i=1 i=1
[IpupaBHUBaeM K HYJIIO 9aCTHBIE IPOM3BO/HBIE Jarpankuana (1.87)

no wj n & :

l

OL(w, &, @) N s
# = 2)\w72aimi =0,
=1
2& — ;= 0
npu ¢ =1, ..., [. Orciona BbIpaxKaeMm BeCOBOil BEKTOD (hyHKIUU pe-

rpeccun m nepeMeHHbIe MATKOI'O OTCTyna qHepe3 IepeMeHHbIe ,ZLBOI?'I—
CTBEHHOM 331a49M:

l
_ N
w = ﬁ ;aixi,

[TpeapapuTeIbHO BBIYUCIAM

l
I 1 L.
)\(w‘w):ﬁj laiaj(xi-xj),
27‘7:
l

l
Zai(u? . fz) = % Z Odz'Oéj(i'i . .i’j).

i=1 i,j=1
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[loxcrasum 51w BeIpazkenus B (1.87), moaydnM 3agady B IBOHCTBEH-
HoOit popme

l l
_ 1 L.
W(a) =) yiai — Y > oy (- #5) —
i=1 ;

t,j=1

l
—iZa? — max. (1.88)
=1
DTy 33729y MOXKHO TIepennucaTh B BEKTOPHOM dhopme
W(a)=9ya- L ke - taa— max,
4\ 4

rae K — matpuma I'pama, sjreMenTaMn KOTOPOH STBIISTIOTCS TTOTapHKIe
CKaJIspHbIE TIPOU3BEIeHNsT BeKTOpoB K j = (T; - Tj).
3amgaua. Jokazars, uro marpuna ['pama K obpatnma Toraa u
TOJTBKO TOT/A, KOTVIA BEKTOPHI &1, ..., & JUHEHHO HE3ABUCHMBI.
IpupapauBas K HyJIH0 9acTHbIE Mpou3BOAHbIe W (&) B BBIparKeHHN
(1.88) 10 (v, MOJIydUM CHCTEMY yPABHEHMUIA, 3AMHCAHHYIO B BEKTOPHOM
BHUJIE

PeH_[eHI/Ie 9TOr'0 YPaBHEHNA B BEKTOPHOM BUJAC 3alINCHIBACTCH TaK:
a = 2\(K + \XI)"'g. (1.89)

[TonygaeMm ypaBHeHHE perpeccHu B IBOMCTBEHHON (opMe.
TIpesncraBumM ckasjsipHOe IIPOM3BEjIEHNE PACIIMPEHHOIO BECOBOI'O
BEKTOP& U BEKTOPA PACIINPEHHBIX ITePEMEHHBIX

rme @ = (a1, ..., oq), k= (ki, ..., k) npu k; = (Z; - &).

Marpuna K asnserca cuMmMerpuueckoii, nosromy K' = K. Tlo
CBOMCTBY TpaHcnonupoBanust npoussenenus marput; (AB) = B’A’ u
(1.89) nmeem

& =207 (K + XI)1.
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Orcronia QYHKIUS PErPECCUY UMEET B/
f(@) = (0-3) =9 (K +\) 'k (1.90)

OTMeTuM ONWH HEJIOCTATOK JaHHONM mocTaHOBKU. IlocKogbKy B
JaHHON mocTaHoBKe € = O — v = (0, Uncjao mapaMeTpoB «; PABHO
pasMepy BLIOODPKH [, MOTOMY pa3Mep obparnaemoii Marpuibl K + Al
paBen | X |, © MBI HE MOXKEM HCIIOJIb30BATH /i OOYUEHUS CAUITKOM
60JIbIITy 0 BBIOODKY.

B ciryqae 60sb1inx BEIOOPOK MOXKHO Pa3/ie/idTh JaHHBIE HA TPYII-
IIbl ¥ CTPOUTH TUIEPILIOCKOCTh PErPECCHH JIJIsi KAaXKJOHW I'PYIIBI OT-
peyibro. Ilpyw sroM BO3HEKAOT 1MPOOJIEMBI CTHIKOBKM Ha I'PAHUIAX

IPYIIL

Hesmmneiinas rpebHeBasi perpeccusi ¢ IOMOIIbIO si/Iep

JlBoticTBenHas (hopMa PErpeccuu CIYKUT OCHOBOM Ay 0600IeHs
JIMHENHOM perpeccun /10 HeJIUHeHHOH ee DOPMBI B IIPOCTPAHCTBE TTPH-
suakoB. [lng sroro sBoguTes aapo K (I, 7).

Marpuna I'pama K umeer snemenrst K;; = K(Z;,2;), Takxe
UCTIONL3YIOTCH BeKTOphI ki = K (%, ) mpu 1 =1, ..., [.

PaccmorpuM cxemy TOCTpOeHHUs HETWHEHHON perpeccuu B IIPO-
CTPAHCTBE MPU3HAKOB HoJiee OaPOOHO.

SameTnM, 9TO B JBOUCTBEHHON 3amumcy (HYHKITHS PETpPecCHu 3a-
BUCHUT TOJIBKO OT CKAJSPHBIX Tpou3Beenuii (T - ;) u mMarpurmsr K,
9JIEMEHTBI KOTOPOii mMeroT Buj (I; - ijj).

PaccmoTpuM otoGpazkenue © — ¢(F) B IPOCTPAHCTBO MPH3HAKOB
Gobiteit pasmepuoct RY. Torma ckansproe npoussenenne 3 RY

nopoxtaet aapo K(Z;,%;) = (d(F;) - d(F;))-
Marpumna I'pama K nmeer Buj,

K(Z1,21), ..., K(Z1,3)

K(Z2,21), ..., K(Z2,%;)
K =

K(jl7:i‘1)7 ey K(‘%lvjl)
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BexTop Z 6yaer umers Bu

K(i‘hi')

[Ipoo6pasom rumepriockoctu (1.90), mocTpoeHHON B MpPOCTPaHCTBE
npusnakos RY, no obpasam sextopos ¢(Z1), ..., ¢(i;) npu orobpa-
JKEHUH ¢ SBJIAETCA HEJTMHEHHAs MOBEPXHOCTh

f@) =7\ +K) 'z (1.91)

rne 2= (z1, ..., 21), 2= K(Z,Z;)) upni=1, ..., L

st nocrpoenust HeamHeitHol nosepxuocty (1.91) coscem nHe 00si-
3aTeJLHO 3HATH KOHKPETHBIA B 0OTOOPaKEHNS B MPOCTPAHCTBO IIPHU-
3HAKOB, JIOCTATOYHO 3HATH #71po K (T, Z).

OcHOBHOI TPOOIEMOIt IPY PEIEHNN TaKUX 33039 SIBJASETCS MO~
6op dapa, HAMJAYUIIIUM 0OPA30M TOAXOMAIIETO IS PA3/IeIEeHUs WC-
XOJIHBIX JaHHBIX. Apyrag mpobeMa 3aKA0YAETCA B yIa9HOM 10100~
pe HopMmasmayiomero mapamverpa . /ig ee pemrenus paspaboTaHb
CIIeIraIbHbIE AJTOPHTMBbI.

BepositTHOCTHBIH aHAIOD W3I0KEHHOTO BBIIIE CIOC00a MTOCTPOEHUST
perpeccuu ¢ MPOM3BOJIBHBIM IPOM Ha3bIBAeTCs kpueunzom (Krieg-
ing). Tlpn BEpOSATHOCTHOMN MOCTAHOBKE BEKTOPBI T1, ..., I ABJISIOT-
Cs1 CAYyYalHBIMA BEJIUIUHAME, TTPU 3TOM 331aH BUJ KOBAPUAIIMOHHOMN
dbynkimn R(Z;, ;) = E(Z;-2 ;). O6BIYHO IPE/IIIOIaraeTcs, 9To BU Be-
POSATHOCTHOTO pacpeie/IeHus, TeHEPUPYIONIETO BEKTOPHI X1, ..., Iy,
M3BECTEH C TOYHOCTBHIO 10 HEGOJIBIION0 YHCIa ITapaMeTpOB.

1.7. HesmueiliHas onTuMmn3aius

OcCHOBHBIE IIPEUMYINECTBA METOIa OMOPHBIX BEKTOPOB CBA3AHBI C MC-
TTOJIB30BAHUEM JBOWCTBEHHON 3aJauM ONTHUMH3aluu. JIBoiicTBeHHAS
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3a7a4a ONTUMHA3AINA HE TOJABKO YIIPOIIAET TPAHNIHLIE YCJAOBHUS B 3a-
Jlaue ONTUMM3AIMN, HO W JAeT IPeACTaBJIeHNe BECOBBIX K0 duIm-
EHTOB Pa3/IeJISIONIeil THIIEPIIIIOCKOCTH ([IOBEPXHOCTH) Yepe3 OMOPHBIE
BEKTOPBI. DTO OPEACTABICHNAE HE 3aBUCUT OT PA3MEPHOCTHU IPOCTPAH-
crea. OHo npexcrasiser coboil MeTos cxkaTus WHQOPMAaIIUK, COAEP-
JKarrefics B obydaromeil BEIOOpKe.

B sTom pazmene paccMarpuBarOTCa TMOCTAHOBKHW MPSMOI M IBOIi-
CTBEHHOH 3a1a9 ONTHUMUBAINHT, IPUBEIEHB OCHOBHBIE UX CBOHCTBA.

Ilpamast 3agava onruMu3anuu

Bamaus! Bermecrsenuble dyukiyn f(w), gi(w), hi(w), i =1, ..., m,
ompenenennabie Ha R", w € R". Heobxoanmo HayiTH

inf f(w) npu ycrmoBusx
gi(w)<0,i=1, ..., m, (1.92)
hi(w)=0,i=1, ..., m. (1.93)

[locsieuue 1Ba yCJI0BUS MOKHO 3aIIUCATD B BEKTOPHOM Bre §(w) < 0
u h(w) = 0. Tycrs

R ={weR":g(w) <0,h(w) =0}

— 06AaCMb ONYCMUMOCTU PEWeHUT].

Pewenue 3adavu onmumudayuy — 9TO TakoM BeKTOp wW*, UTO
w* € R u He cymectByer w € R™ takoro, uro f(w) < f(w*). Uubivn
CJIOBaMHU, HA BEKTOPE W* JOCTUTAETCH 2400aAbHbLT MUHUMYM (DYHK-
mum f. Kcam gasHOE CBOMCTBO BEPHO B HEKOTOPO# OKpecTHOCTH W™,
TO TIOIYYaeM OTPETETEHNE A0KaAbH020 MUHIMYMa. OyHKIHS [ Ha3bI-
Baerca yeaesoli PyHKIIEld.

Ecmm f(w) — xBagparmanas dbyHKIUA 0T KOOPIUHAT W, a § U h
— JuHefHble (DYHKIME, TO TaKas 33Jada ONTUMU3AIMN HA3BIBAETCH
zasateil kK6adpamuun020 NPOZPAMMUPOSAIHUA.

Oyukius f Ha3bIBaeTCa BBITYKJION, ecin A BceX W, € R™ u
0 < A < 1 BoImosHEHO

fOw+ (1= N)a) < Af(w) + (1 - A)f(a).
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Teopus Jlazpanoica — 3710 cyiydail, KOTJIa UMEIOTCS TOJILKO YCJIOBHUS
h(w) = 0. Jlarpan:kuan umeer Bug

L(w, B) = f(@) + Bh(w).

Heobxonnmoe yciaoBre MuHuMyMa

oL@, B) _
ow ’
oL@, B) _
o

DTO yCIOBUE ABIAETCS TOCTATOYHBIM, eCal (DYHKIMsS L BBIIyKIas.
Bamaua. 1) Haiitu Mmakcumym 00beMa mapasiienenunesa mpu 3a-
JAHHOM TJIOIAJH TOBEPXHOCTH.
n
2) Haiitu makcumywm surporuu H (py, ..., pn) = — > p; lnp; upu
i=1

yeaoBusix » p; =1, > cip; = e.

ITpu ofmeit mocranoske 3aaun (1.93) marpanxuan umeer Bu

L(w,a,fB) = f(w) + Z aigi(®) + Y Bihi(w) =

JIBoiicTBEHHAsT 3a1a4a ONITUMU3ANA

JBoiicTBenHas 3a/1a9a ONTUMHI3AINNNA 9acTO MPOIIe, IeM IpaMast, TaK
Kak y Hee GoJiee npocrbie rpanuynbie yciaosus. [Iycrs

o(a. ) = inf L(a, 3, w).

JpoficTBeHHas 33,1298 ONTUMHUBAIAN 3aKII0TAETCI B TOM, YTOOBI Haii-
TH

max O(a, 3) mpu ycioBusx
(@.5)

@ >0,i=1, ..., m. (1.94)

Huxe npuBoputcst ciabas TeopemMa JTBONCTBEHHOCTH.
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Teopema 1.20. [Iycmo sexmop W ydosaemeopaem ycaosuam (1.92)
u (1.93) npamot zadauu onmumusayuu (6 4aACMHOCMU, OH MOHCEM,

bvimo pewenuem npamot 3adawu), o (&, ) — pewenue deoticmeennot

sadanu (1.94). Tozda f(w) = O(a, ).

Zoxasameavcmeo. Nmeem

o(a,5) — int L@ a,B) < L(w.a,5) -
= f(w) + ag(w) + fh(w) < f(w). (1.95)
Bnech ag(w) < 0, Tax xkak & > 0 u g(w) < 0, h(w) =0. A

HQHOCpe,ZLCTBeHHO U3 TEOPEMbI IOJIydaeM

Caencreue 1.8. 3nauenue pewenus deolicmeennoti 3a0ayut He npe-
60CTOOUM SHAYEHUA PEUWEHUA NPAMOT 3adavu;

sup{O(a, B) : a > 0} < inf{f(w) : g(w) < 0, h(w) = 0}.

Erme onmo cnencTBue m3 3Toi TeOpEeMBI TaeT JOCTATOTHOE YCIOBUE
IUIg TOTO, YTOOBI 3HAUEHUS PEIEHUil TPIMOil W JBONCTBEHHON 3a1a9
COBITaJAJIN.

Caencreue 1.9. Ecau f(w*) = O(a*, 3*), 2de &* > 0, g(w*) < 0,
h(w*) = 0, mo w* u (a*, 3*) — pewenus npamoti u dsoticmeennot
3adan coomeememeenHo.

B smom cayuae marorce a*g(w*) = 0.

Jokasameawvcmeo. B ycnoBugx ciencreust B HepaserncTse (1.95)
IBa KPaWHMX YIEHA PaBHBI, HOITOMY OHO SIBJSIETCS PaBEHCTBOM. B
vqacrHocTn, f(w*) = inﬁfL(ﬂ,d*,B*) na*g(w*) =0. A

JlocTaTOIHBIM YCIOBHEM CYIIECTBOBAHNS PEIIEHUsT IIPSIMOI 1 ABOI-
CTBEHHON 33J1a9d sIBJIIETCS CYIIECTBOBAHUE CEdA06017 TOUKH JATPAH-
xmana. g ceamosoit Touxm (0, &%, 3*) H0MAKHBI BLITIOTHATHCA Hepa-
BEHCTBA

L(w*,a,p) < L(w*,a*, 3*) < L(w, a", 5%)

JUUTsT BCEX W, @, [3.
JIpyroe mocTaTovHOE YCJIOBUE PABEHCTBA 3HAYUEHU PEIeHuil mpsi-
MOW ¥ IBOWCTBEHHOU 337344 JIAHO B CJIEIYIOIIEH TeopeMe.
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Teopema 1.21. Ilycmov obaacmsd donycmumocmu 3adayu ) — 6ot
nykaoe nodmmosicecmeo R, dynruyuu h, § — apdurnve (m.e. hi(w),
gi(W) umerom eud A;w + by, 20e A; — nexomopas mampuuya). Tozda
SHOYEHUA peuteHut npamot u deoticmeennoti 3aday cosnadaiom.

Teopema Kyna—Taxxkepa — ocCHOBHAs TeopeMa BBITYKJIOH HeJwHe-
HOW ONTUMW3AINN.

Teopema 1.22. Ilycmov obaacmv donycmumocmu 3adavy £ — 8bi-
nywaoe noommosicecmeo R, dynwuyus [ — ewnyksas, dynxyun h,
g — aunnve (m.e. hi(w), gi(w) umerom eud Asb + b;, 20e A; —
HEKOOPAA MAMPUUQ).

Tozda sexmop W* asaaemcea pewenuem npamot 360a4u

inf f(w), w € Q, npu yeaosuaz
g(w) <0,
h(w) =0

mozda u moavko moeda, kKozda cywecmsyem napa (a*, ") maxasa,
umo

OL(w*,a*, %) ~
— =0,
ow
OL(w*, a*, %) _ -
= =0, 1.96
3 (1.96)
ajgi(w*)=0,i=1, ..., m, (1.97)
gz(w*) g 07 Z‘ - 17 ) m7
a; 20,i=1, , m

Venorus makenvyMa 1o 3 ammeitnoit o & n 3 dbywkmmm L(w*, &, 3)
sajaroTcs yeaopusivu (1.96); OHU SKBUBAJIEHTHBI COBOKYITHOCTH YCJIO-
Buii: hi(w*) =0,i=1, ..., k.

Venosus mMakcumyma dbyukuun L(w*, &, ) 1o of conepxatcs B
yeaousax (1.97), Tak xkak npu «f > 0, KaxkJoe Takoe yCJIOBHE IIpe-
Bparmaercs B yesopue g;(w*) = 0 (470 SKBUBAJIECHTHO PABEHCTBY HYJIIO
npoussouoit L(w*, &, 3) no a;), a mpu g;(0*) < 0 B TOUKe MaxkcuMy-
ma dbyukimn L(w*, &, 3) mpomkuo 661th of = 0.
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Yeqosug (1.97) mazeiBatorcea yeaosuamu Kapywa—Kyna—Taxkepa.
OHu 03HAYAOT, YTO €CJIN PEIICHUE 380490 OMTUMUBAIUNA JTOCTATACTCS
Ha IpaHuIe 4-ro ycjaosus, To «; > 0, B npoTuBHOM ciaydae o = 0.

KeagpaTtuanoe nporpaMmmMupoBaHue
Paccmorpum 3a7a9y KBaIpaTwaHOTO TPOTPAMMUPOBAHNIST

1 _
iw’Qw — kw — min
npu ycaosun X w < G, (1.98)

rae @ — n X N-10JI0XKHUTE/IbHO OLPeAe/IeHHAd MaTpULa, k — N-BEKTOP,
€ — M-BEKTOpP, W — N-BEKTOP Hen3BeCTHBIX, X — (M, n)—ManHua.

HomyckaemM, 4TO yCJIOBUS ONPEIEISIOT HEIIYCTOE MHOMKECTBO BEK-
Topos. Torga 3amada MOXKeT OBITH TIEPENMCAHA, B BUIE: HAWTH MaKCH-
MyM

max (n%n (;w’Qw — kw + & (Xw — c))) (1.99)

pu yeaosun & 2 0.
Muanmym o w B (1.99) gocruraerca mpu
w=Q (k- X'a).

[Mogcrasasem 1o Bbipazkenue B (1.98), mosmyunm ABoficTBEHHYIO 3a-
Ty

1 S
—55/Pa —a'd— §k’Qk — max

mpu ycaosun & = 0,

e P=XQ 'X' d=¢— XQ k.

JBoiicTBennas 3aa9a TaKKe SIBJIAETCSI KBAIPATHIHOM, HO ee rpa-
HUYHBIEC YCJIOBUA IIPOIIE, 9YeM y IPAMON 3aa4u.

3amaqa. IIposectr Bce HeOOXOINMbBIE BHIKIAIKI.
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1.8.

JlaboparopHble pabdoTsl Mo Teme SVIM

B sTom pazaesie npeiaratoTcd craniapTHbie j1a00paTopHbIE PAOOTHI
JUTA PEIIeHNs 3302491 KIACCHPUKAIINN ¢ IOMOIILI0 SV M.
Brimosiaenne paboThl BKIOYUAET CJIEIYIONIUE TPOTIETYPHI:

3arpysnTh UCXOIHBIE TaHHBIE U3 COOTBETCTRYIONIEro caiita. Kax
OPaBUIO, UCXOAHBIE TAHHBIE — 3TO HAOOP BEKTOPOB OOJBIITON
Pa3MepPHOCTH, B KOTOPBIX y2Ke yKa3aH KJIaCC 00bEeKTa.

Paznesnuts nanHbIe HA 00y YAy IO U TECTOBYO BbIOOpKU. Kitacce
00bEeKTa UCTIONB3YETCS B 00yUaOIIel BLIOOPKE JJTsT TPOBEIEHUS
obyuennd, a B TECTOBOU BHIOOPKE — JI/Id TTPOBEPKU MTPABUILHO-
cru kiaccucukanuu. [locae mpoBenenns: Kiaccuukanmm Tpe-
6yeTCH IOACYUTATH JOJIIO ITPABUJIBHBIX OTBETOB.

Tlepesox manubIx B OpMAT, HOMYCKAEMBIH TPOTPAMMHBIM 00€eC-
nedenreM SVM.

ITposecTn KaMMOPOBKY (IMTKAJTHPOBAHNE) UCXOTHBIX JTAHHBIX.

IMTkammpoBaHMe JAHHBIX MOMOTAET W30€XKaTh OTEPH TOTHOCTH
M3-32 CJIMIIKOM MaJIbIX MJIM CJHMIIKOM OOJIBINNX 3HAYECHUIT HEKO-
TOPBIX MPHU3HAKOB. B WaCTHOCTH, 9TO BasKHO IPH HCIOIB30BA-
HUH rayccoBa siipa. PeKOMeH/yeTcss HOpMHUPOBATH YHCJICHHOE
3HAUEHME KazKJOr0 MPU3HAKA Tak, 9TOOBl OHO MOMAJAN0 B WH-
reppas tuna [—1, 1] wm [0, 1].

Bribpars sapo, Hamayaimmm 06pa3oM Kaaccrnpunnpyoiee ooy-
gaionyio Boibopky. Kak mpaBmio, CTaHIapTHBIEC IPOrPAMMBI
SVM ucrob3yior ciaeayolue siapas

1) muueitnoe sapo K(z,y) = (T - 9),

2) nosmuomuansuoe sapo K(Z,7) = (y(Z - §) +r)¢, rae v > 0,
3) rayccoso aapo K (z,7) = e 1279

4) curmonguoe aapo K(Z,y) = tanh(y(Z - y) + 7).

PexkoMennyercsa nmepBoHaYaJbHO BEIOPATH MayCCOBO SAPO

_ _ a2
K(z,y)=e 12=9F" | Mmerorcs cIIydan, KOTJa rayCCoOBO PO /a-
€T HeyIOBJIETBOPUTEIbHBIE pe3yabTaThl. HampruMep, 3T0 MOKeT
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[IPOUCXOJUTD B CAydae, KOTJa Pa3MePHOCTh IIPOCTPAHCTBA 00b-
€eKTOB O4eHb Oosibliasi. B srom ciyuae xopoiiue pesy/ibrarsbl
MOZKET J1aBaTh JINHEIHOe spo.

e [IpoBecTu mepekpecTHYIO MPOBEPKY JJisT HAXOXKICHUST HAWTY Y-
muX 3Hadennii mapamerpos C u . 3aMeTUM, UTO HEJOCTATOUHO
nono0paTh 3HAYEHUs [IaPAMETPOB, KOTOPBIE AT HAMJIYUIITY IO
TOYHOCTH TOJILKO Ha 0bydaromeii Beioopke. IIpocreiimmit ctocod
— pa3aesiMTh BBIOODKY Ha JIBE YacTH, HANTH HAMIYYIINe 3HATe-
HUsI TAPaMeTPOB PU 00YYeHNN Ha MMEePBOil YacTU U WCIIOIB30-
BaTh PE3yJIbTAThHI KJIACCU(DUKAIINY HA BTOPOU YaCTU B KA9eCTBE
OIIEHKU Ka4yecTBa 0DyueHus .

MNMmeercs Gostee ciiokHasg Oporeaypa MEPEeKPecTHON NPOBEPKH
(cross-validation), mpu KoTopoit 06ydarorias BEIOOPKa pa3/iess-
erca Ha N paBHbIX dacreii. [locmenoBaresibHO BHIOUpAETCS OfI-
HO U3 TIOIMHOYXKECTB, TOCJIe 9TOT0 KJIACCU(PUKATOP 00yTaeTca Ha
obbenuaerur N — 1 OCTABIIUXCS TTOAMHOYKECTB U TTPOBEPSIETCS
Ha, BRIOpaHHOM mOAMHOMXKeCTBe. Bohibupatorca 3madenunsa mapa-
MEeTPOB, JAIue HAubOJIBIIYI) TOYHOCTb HA OJHOM M3 TaAKUX
IIOAMHOXKECTB.

TTon6op mapamerpo C' u 7y MOXKET MPOU3BOAUTHCS MTPOCTHIM
mepebopoM 110 HEKOTOPOMY IHCKPETHOMY IIOAMHOMKECTBY — pPe-
mwerke. HegocrarkoM 9Toro Meroua aBisiercss DOJIbIIOE BPEMsi
BBIUKCIeHAs. [IpuMeHsioTcs pa3ndHble SBPUCTUIECKHAE METO-
bl epedopa C' u 7.

e Bribparh fjis ucmop30BaHus napaMerpsbl C' 1 -y, KOTOPBIE JTAI0T
HAMIYYIIYI0 TOYHOCTD KJIACCH(PUKAIIIA.

e Ilposectu kiaccuduranmuio Ha TecToBOit BhIGOPKe. OdopMuTh
PE3YJAbTATHI C COMOCTABJIEHUEM TOYHOCTH KJaccuUKAIUU Ha
obyuaroreil m TeCTOBON BHIOOPKAX.

Wwmeercs psm caiiToB, COAEPKAIMX MPOTPAMMHOE ObecrevueHme
SVM u coorBeTcTBYIOIINE IIPUMEDPHI s ITPOBEIEHUS SKCIEPUMEH-
TaabHBIX pacyeToB. OTMETUM HEKOTOPBIE U3 HUX.

IIporpammuoe obecrieuenne SVM MoxKHO HallTh Ha caiiTax
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http://www.csie.ntu.edu.tw/cjlin/libsvm/
WWWw.support-vector.net

TTo ampecy
http://www.csie.ntu.edu.tw/cjlin/papers/guide/guide.pdf

MOKHO HafiTH WHCTPYKIIUU IO TPAKTAIECKOMY MTPUMEHEHUIO IIPO-
rpamMM SVM U mOAroToBKE MCXOMHBIX JAHHBIX. 1aM K€ IpHBeIeHBI
TTPUMEPHI.

Ha caiite

http://archive.ics.uci.edu/ml/

COMePIKATCA MCXOAHBIE TAHHBIE IS PEITeHus 33037 KIacCHUKAIUN
U PETrpecCrum.

Jlaboparopuaa pabora 1
TTposectn obyuenne u KaaccuuKAIMIO PYKOTUCHBIX Tudp. Jlan-
uole B popmare MATLAB MoxKHO HaiiTH 10 agpecy

http://www.cs.toronto.edu/roweis/data.html

B uacTtrocTH, 110 3TOMY ajipecy umerorcs ganubie uz 6a3er USPS, co-
Jepkarie mdpoBbie 00pa3bl PA3JUYIHBIX HAMUCAHUN PYKOTUCHBIX

mndp.

JlaboparopHas pabdora 2

IIpoectn obydenne m KIaCCHPUKAINIO IO JAHHLIM M3 CJIEIYIO-
mux caifToB. Beibpars HabOp maHHBIX, TpoBecTH 00yuenne Ha SVM u
TECTHPOBAHNE Ha TECTOBOH BBIOOPKE.

Bbubmoreka LIBSVM /151 Mallui ¢ OLOPHBIMU BEKTOPAMU HAXO-
JIHUTCSI TIO aPecy

http://www.csie.ntu.edu.tw/cjlin/libsvm/
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Baza mannabix g MammHeHOTO 00y U€HUS HAXOMUTCS 110 AJAPECY

http://www.csie.ntu.edu.tw/cjlin/libsvmtools/datasets/

IIpumeps! TaHHBIX U 3370a4:

1) ITposecTn 0O6yveHMe 1 KITACCU(DUKAIUIO BUIOB JIEHKEMUN 110 Mé-
JUIIMHCKUM JIAHHBIM U3 CJIEIYIONIErO caiiTa:

http://www.csie.ntu.edu.tw/cjlin/libsvmtools/datasets/

2) OtkanubpoBaHHBIE JaHHBIE g Kiaaccudukanuun Bul (mo 13
NPU3HAKAM ) UMEKTCS 110 aJIPecy

http://www.csie.ntu.edu.tw/cjlin/libsvmtools/datasets/
multiclass/wine.scale

Baza gammeix UCI Machine Learning Repository maxomwres ma
cafiTe

http://archive.ics.uci.edu/ml/datasets. html

Omna comepxur 190 HabOpOB JMaHHBIX /I KJacCUu(UKAIUU U PErpec-
CUN.

JlaboparopHas pabdora 3

IIpoBecTn 06yuerue u KIACCUMUKAIIIIO HA, TIPEIBIIYITAX JTaHHBIX
C TIOMOIIIBIO TIEPCeNITPoHa U ajqroputMa Pozerbaarra. [Iposectu cpas-
HeHnue BpemMenu paboTol.
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I'1aBa 2

YHuBepcaJbHBIE
IIpeIcKa3aHusl

2.1. YHuUBepcaJibHOe IIPOTHO3UPOBaHUE
B pexKuMe OHJIANH

PaccmarpuBaerca caemayiomas 3amada TPOTHO3UPOBAHN: TIPeICKa3a-
TeJIb TTOJIY9aeT B pPeKrMe OHJIAWH HEKOTOPYIO UHUCJIOBYIO TIOCTIETOBA-
TETLHOCTh MCXOMOB W1, W2, ..., Wnp—1, ... LIpW 9TOM TpeackasaTe-
JITO He U3BECTHO paclipejesieHre BePOATHOCTEN NCTOYHUKA, TeHEPUpPY-
IOIIETO 3TY MOCAE0BATEIFHOCTE. 3a/iadeil mpeIcKa3aTe/Isl siBIsIeTcs
BBIYUCIEHNE OIEHOK BEPOATHOCTEN P, Oymymmx coObITHil w, MO yKe
W3BECTHBIM 1 — 1 UCX0maM wi, W2, ..., Wnp_1-

Hucao p, MOXKET PacCMaTPUBATBLCA KAK BEPOATHOCTH COOBITHS
wp, = 1 B TOM caytdae, Korga w; npuanMaior 3uadenns O mm 1. Jlerko
BHUJIETH, YTO B 9TOM CJIY4ae YUCJIO Py TAKXKE SIBJILETCH MaTeMaTude-
CKUM OXKHUJIAHUEM COOBITUSA wy = 1.

B chydae xkoHEUHOro 4ncsia MUCXOJOB BEIUUNHA P, MOYKET OBITH
BEKTOPOM BEPOATHOCTEN BCEX BO3MOYKHBIX MCXOI0B.

Hcroputeckn mepBoit mporeypoii YHUBEPCATHLHOTO TPOTHO3UPO-
BAaHUS SIBASETCS MpaBwmiio Jlammaca. DTa mporeaypa UCnoab3yer TH-
TTOTE3y O TOM, UTO UCXOTHI w; TTOPOKTAIOTCI HEKOTOPBIM UCTOTHHKOM,
KOTOPBIA I'eHepUupyeT UX HE3aBUCUMO APYr OT Apyra C OAHON u TOH
ZK€ BEPOSITHOCTBIO €JUHUIIbI, paBHO# p. OCOOEHHOCTL JaHHON 3a1auu
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3aKJ/II0IAETCA B TOM, UYTO MbI He 3HaeM HCTHHHOTO 3HAYCHUA P U XOTHM
IIOCTPOUTH MPOIEAYyPY IIPOTHOBUPOBAHUS, KOTOPast Obl IOAMIACH JJIs
Bcex p Takmx, 9To 0 < p < 1.

ITycts mexonpl w; npunamiekar muoxkectsy {0,1}. Mbl Takxe

TpejimoaraeM, 9To B KaXKIbIM MOMEHT Bpemenn ¢ = 1,2, ... uc-
XOJT w; TOPOXKIAETCSI HE3ABUCHMO OT TPEILIIYIMTAX MCXOJ0B C HEW3-
BECTHBIMM HAM IOCTOSIHHBIME BeposTHOCTSIMU p = P{w; = 1} u

q = P{w; = 0} = 1 — p. HeobxoanmMo OIEHUBATH 3T BEPOSTHOCTH
B pekuMe OHJIAMH Ha OCHOBE CTATUCTUKHU MPEABIIYIINX NCXOM0B.

[TycTs MBI HABIIOIAEM HCXOIBI W' = W1, . . . Wy, B KOTOPBIX HMEET-
Csl My €MHUAIL U No HYJIEH, n1+Ng = N. BEpOATHOCTD MOIYyYNTH TAKyTO
MOCJIEIOBATEILHOCTE UCXOI0B paBHa P’ (1 — p)™2, ecyim BEPOATHOCTH
eqnHUIB paBHa p. Tak Kak WCTUHHAST BEPOSITHOCTH P HEW3BECTHA,
paccMoTpuM 6afleCOBCKYI0 CMeCh BEPOSTHOCTEN MOC/IeI0BATE TbHOCTH
JUTHHBL 7 TI0 BCEM BO3MOXKHBIM P

1
P(w") = / P (1 — p)"dp.
0

3nagenne 3TOroO nHTerpaJia JIETKO BbIYUC/IIUTD.

Jlemma 2.1.
1

1
0/pn1(1 —p)"dp = m

Joxasameavcmeo. IlposepunM 3T0 paBeHCTBO 0OPATHON WHIYKITH-
1
eit o ny. Ipu ny = n umeem [ pdp = ﬁ
0

IIpenmonoxkum, 90

1
P =) dp =
O/ (n+ 1)(TL1+1)
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Nuarterpupysa mo 9acTaM, MOTYIAM

1 1
—n
/p pydp = o : /pm“ p)"tdp =
0 U

n—ny 1

ni+1(n+ U(nﬁrl) - (n+ 1)(7?1)

Ycii0BHAS BEPOATHOCTD COOBITUSA Wp41 = 1 [PU U3BECTHBIX UCXO-
Jax Ww" =wi, ..., Wy PaBHA

1
Pw")  @)(0F)  ng+ 1
- 1

P =1w"} = = .
temin = 1) =5 n+2

(n+1)(,))

Takum obpazom, mosryuaem npasusio Jlammaca:

ni+1
P = 1|lw"} =
{Wn—i-l |LU} n+25
ng + 1
Plw,+1 =0lw")} = —-.
fenn = O} = 2

Kagectso Takoit mpoteaypbl TPOrHO3UPOBAHISA MOYKHO OIEHUBATH
¢ IOMOITBIO KaKoU-Hubyab pyHKInn moTeps. IlpuMep Takoit dbyHKINKT
moTeps — JorapudmMudeckas (PYHKINA TOTEPb:

Ly(w") =—Inp(w") = —In(p" (1 — p)"?).

N3 teopun mHOpMAITMN U3BECTHO, YTO 3T BEJIUYHHA C TOIHOCTHIO
0 1 coBHaIAeT CO CPEHUM KOJMIECTBOM JBOWYHBIX OMTOB, HEOOXO-
OVUMBIX JJIsT KOAWPOBAHUST TOCJeJ0BATEILHOCTEH W', COCTOSINX W3
N1 eIUHUIL U No HYJIEH W TOPOXKIAEMBIX UCTOUYHUKOM C JAHHBIM Pac-
IpeesieHueM BepPOATHOCTEH.

Jnsa npasmira Jlanmaca

1
L(w") =InPWw") = —ln/p"l(l — p)"2dp.
0
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Torma m1a TPOU3BOJIBLHON IOC/IEI0BATETEHOCTH W' BBIIIOJTHEHO

sup p™ (1 —p)"
. 0<p<1
) = it L) =2
[ p(1—p)r2dp
0
(5™ ()™
1
(n—&-l)(n”l)

=1In <In(n+1).

Taxkwum 06pazoM, UCTOAB3YS JJIsT KOAUPOBAHUSA BEPOATHOCTHU, BHIUNC-
JIeHHBIe TI0 TipaBuy Jlammaca, Mbl ucrparum In(n + 1) gonosHATE -
HBIX OWUTOB TI0 CPABHEHWIO C JIWHON OMTHMAJIBHOTO KOIa, T.e. KOJa,
TTOCTPOEHHOTO Ha OCHOBE HCTHHHBIX BEPOSITHOCTEH HCTOTHNKA, TOPOK-
JTATOTIIETO MCXOIBI W;.

3amaga. /lokazarn, 9TO

n\" N9\ N2
sup p" (1 —p)" = (—1> (—2) .
0<p<l n n

Hpyroii, bosiee TOUHBI, METOJ TMPOTHO3BUPOBAHUA OBLT TPEIIOKEH
Kpuuesckum u Tpodumossim. PaccmarpuBaerca HaitiecoBckasi cMecCh
BEPOATHOCTEH TOC/TeIOBATETEHOCTH JITMHLI N TT0 BCEM BO3MOYKHLIM P
¢ miorHocThio 1/(my/p(1 —p)) -

1
P(wn) — /pnl(l 7p)n
0

¥

dp.

m/p(1 —p)

3ana4a. Ilokazars, 4T0 B 3TOM Cily4ae YCJAOBHAsS BEPOATHOCTH 1 110-

ciae n Habsogenuit w" = w1, ..., W, paBHA
1/2
Py = T2

n+1

3amaua. /lokasars OIeHKY

1
[ 2 o () ()
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Orcroyia 1mosTygaeM OIEeHKY Ha JOIMOJHUTEIbHOE YUC/I0 BUTOB IIPH
KOAUPOBAHUNU C KUCIOJIb3OBAHUEM IIPOTHO3UPOBAHUA 11O METOLY KpI/I-
1eBckoro u Tpodumona:

sup p™ (1 —p)"

ny s ny _ 1. 0sp<l
L(w ) 0%221 Lp(w ) - ln fl p”l(l—p)"2

0 7y/p(1—p)

1
= <In(2y/n) = ilnn +In2.

DTa OIeHKa ACUMIITOTUYECKH B IBA Pa3a JIyUIle, YeM COOTBETCTBYIO-
mas oleHKa s MeTojda Jlammaca.

2.2. KannbpyemocTh TPOTHO30B

B tom ciywae, Korga OTCyTCTBYeT THUIIOTE3a O MEXAHHU3ME TTOPOXKIe-
HUST UCXOJIOB Wi, JIJI OIEHKM KAYeCTBa MPOTHO30B UCIO/Ib3YIOTCS 18-
neBbie PyHKIMOHATE (PYHKIMHU TTOTEPH), KOTOPBIE BHIGUPAIOTCS MC-
X0 W3 KOHKPETHBIX 3aJad, JJs PENIeHUs] KOTOPBbIX TPOU3BOIUTCS
POrHO3UPOBAHUE.

TunuaHbIM TPUMEPOM 33J1a9K HA TPOTHO3UPOBAHUE SIBJISETCS 3a-
Iada mpeCcKa3aHus MOroIbl Ha 3aBTPa, HampumMep, cobbitue w, = 1
MOXKET MHTEPIPETUPOBATHCA KaK JIOXKJb B N-il JIEHb, & YHUCJIO Dy —
KaK €ro BEPOSTHOCTH, BHIYKCJ/ICHHAs HA OCHOBE HAOJIIOMEHUI TOTOIbI
W1, w2, ..., Wp—1 38 Opeabymme n — 1 aHei.

IIpeackazaresib HOroapl CIUTACTCS XOPOIIO KAJIUOPyEeMbIM, €CJIH
IOXKIb CJIYIaeTCs TaK K€ 9acTO, KAK OH ITPOTHO3UPYETCH TTPEeCKa-
sareneM. Hampumep, ecim n0oxkap caydaercs B 80% Beex aHed, s
KOTOPBIX TIPEACKA3aTEeNb JaBaJ mporao3 p, = 0.8, m T.a. Bemmuu-
Ha CPEJIHET0 OTKJIOHEHUs] YACTOThI UCXOJOB Wy OT IMPOTHO30B Py, TIE
Dn & PF, NIA PAsIUYHBIX 3HAYEHWI p* MOXKET HCIOJB30BATHCI KaK
TECT JJIsl BBIABJICHNS <IJIOXUX» IIPeAcKa3aTeelt.

B upenpiaymem npumepe p, € [0,1]. MoxHo paccmarpusarb
[TOCJIeIOBATEILHOCTH JTaHHBIX DoJiee obiero xapakrepa. Hampumep,
MYyCTh Wy = Spt1 — Sy — IpUpAIEHe [EHbBl HEKOTOPOTO (DUHAHCOBO-
I'0 UHCTPYMEHTa B HEKOTOPBIE TI0CJIE0BATEbHbIE MOMEHTHI BPEMEHU
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n = 1,2, .... Torga uncao p, paccMaTpuUBaeTCs KaK MPOTHO3 CPe-
HEro 3HA4YEHWs ITOr0 mpuparieaus. B aTom npumepe p, MOXKeT 1Ipu-
HUMAaTb OTPUIIATEIbHBIE 3HATEHUSI.

B paznene 2.3 Mb1 GyneM paccMaTpuUBaTh OMHAPHBIE UCXOIBI W, &
YUCIIO Py, JIEKWUT B eguHngIHOM oTpeske [0, 1].

Ecsn 6b1 33/1a1a BOCCTAHOB/IEHUST UCTUHHBIX 3HAYEHUN BEPOSITHO-
cTell p; pemajach TPAJUIMOHHBIMU CTATUCTUUYECKUMU MEeTO/IaMU, TO
MbI ObI TIPEIOJIATAIN, YTO UCXO/IbI TEHEPUPYIOTCS C IOMOIIBI0 HEKO-
TOPOIt BEPOATHOCTHON Mepbl P T.e.

pn = P(wp, = l|lwi,wa, ..., wp—1) mpun =12 ...

— YCJIOBHAS BEPOSITHOCTEH COOBITAA W, = 1 MPU M3BECTHBIX 3HATCHUAX
w1,Wws, ..., Wp_1. B 9TOM ciydae mpeacKa3aTesb J0JKeH ObLl Obl
peIaTh KJIACCUIECKYI0 3329y MaTeMaTUIeCKOH CTATUCTUKH — BOC-
CTAHOBJIEHNE BEPOSITHOCTHOM Mephl P 1o Habstonerusam. OOBIYHO TTPH
9TOM KJIACC BO3MOZKHBIX ME€D CUJIBbHO OTPaAHNYINBACTCA Ha OCHOBE HEKO-
TOpoit anpuopHo# nudopmarun 06 ucrounuke. Hampumep, npeamnosia-
TAeTCsl, 9TO PACIpeesieHne TPUHAIIEKUT 3aJaHHOMY [TapaMeTpuye-
CKOMY KJIACCY U MbI JIOJI2KHBI 110 HaOJIIOJIEHUSIM BOCCTAHOBUTH HEKO-
TOPBLII HEUM3BECTHLIN napaMerp 9TOM Mephl.

O/iHaKO HA MpPaKTUKE Mbl 9acTO UMEEM JIEJI0 C €IMHCTBEHHOH 1C-
TOPUUIECKOHN TTOCAEI0BATEBHOCTHIO UCXOJ0B W1, W2, «.., Wp—1, ... U
HE MMEEM HUKAKOTO MPEACTABJICHUA O MEXaHU3MaX, TE€HEPUPYIOIINX
9Ty MOC/IEI0BATETLHOCTD. MBI Jake MOXKeM He 3HATh, SBJSIIOTCS JIN
9TU MEXAHU3MBI CTOXAaCTUYECKUMMU.

B nanHo#t riiaBe mpeamoJioiKeHHe O HAJUYUKM Takoi Mepbl P He
UCITIOJIb3YyeTCA. B YCJIIOBUAX OTCYTCTBUA MEPhlI BO3HUKACT €CTECTBCH-
Has TPYJIHOCTH — HEW3BECTHO, KAKUM 0DOPa30M OIEHUBATH KAaueCTBO
nporao30oB. Tpebytorcss KpuTepuu KauecTBa, UCIONBIYIOMINE TOJIHKO
TOCJIEI0BATEILHOCTD JIAHHBIX, IOy IaeMyI0 [IPEJICKA3ATEEM B PDEKH-
M€ OHJIANH.

Tem He MeHee MOXKHO YKa3aTb METOJ MPOrHO3UPOBAHUS MPOU3-
BOJIBHOM TIOC/IEIOBATENBHOCTH W1, W, ..., Wp_1, YAOBIETBOPSAIOIINIL
TaK HA3bIBAEMBIM TECTAM HA KAAUOPYEMOCMD.

B nammoit raBe Ajis MPOCTOTHI MBI PACCMATPUBAEM ITOCTIEIOBA~
TeJILHOCTH ODUHAPHBIX MCXOJI0B Wiws . .., e wy € {0,1} s Beex n.
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MBI He 6y/IeM pas3iesisaTh JIeMeHTH OHHAPHBIX [TOC/IeI0BATEIBHOCTEH
3aIIATOMH.

IIycte E = Up{0,1}"™ — MHOXKeCTBO BCeX KOHEUHBIX OMHADHBIX
nocsieoBareabHocTedi. I1of qeTepMuHIPOBAHHON npedckasamenvhot
cucmemoti TOHUMAETCs ponsBosibHas dyukuus f: = — [0, 1].

IIpuBesieHHOE BBIINIE TIPABUIO MPOBEPKU MPEICKAZATEST TOTOIBI
MOYKHO 3aITUCATh B CJEJYIOIEM BUJE: I JHOO0TO JeHCTBATETBHOTO
wnciia p* € [0, 1] BbImoIHEHO

n
zi:l&pizp* Wi ~ pt, (2.1)

> 1
i=1&p;~p* TDi=P*

ecJIi 3HaAMeHaTes b oTHOIIeHus (2.1) cTpeMuTest K GECKOHETHOCTH MPH
n — 00. 3/1eCh MBI UCIOJB30BAIH CHMBOJI A MPUOJAMKEHHOTO PABEH-
CTBa, MOTOMY YTO HA NPAKTHKE YUCI0 P* MOXKHO 33/1aBaTb TOJBKO C
HEKOTOPOM TOYHOCTHIO. YCJIOBUE p; & p* Tpebyer maabHENIero yrod-
HEHUS.

IIpuBemem TOUHOE OTpesieIeHne KAJTUOPYEMOCTH, TTPETOKEHHOE
Heiisugom [8]. Paccmorpum npousBosibHbLe o/piHTepBasibl I = [a, b],
(a,b], [a,b), (a,b) nareprana [0, 1] 1 ux XapakTepucTHIECKHEe QYHK-
T

I(p) = 1, ecim p € I,
PI=3 os IPOTUBHOM CIIYYae.

[Ipenckazarenphas cucrema f ropowo kaaubpyemcs Ha HECKOHETHOI
MOCJIEIOBATEILHOCTH W{W? . . . , €CJH JIJIs XapPaKTEPUCTHIECKONH (DYHK-
i I(p) xaxporo nogbiarepsada [0, 1] kaaubposounas owubka crpe-
MUTCST K HYJTIO, T.€.

Z?:1 I(p;)(wi — pi)
Z?:l I(pi)

ecJTi 3HaAMEHATesb OTHOIIeHN (2.2) cCTpeMHUTCA K GECKOHETHOCTH MIPH
n — oo, rae p; = f(w'™!). XapaxTrepucrnaeckas dynxuus I (p;) ompe-
JIeJIsieT HEKOTOPOE TIPABUIIO BBIGOPA, KOTOPOE OPEIESET Te HOMEPa
UCXOJIOB 4, JI/I KOTOPBIX MBI BBIYUC/ISIEM OTKJIOHEHHE MIPOTHO3a P; OT
COOTBETCTBYTOIErO UCXOJA W

0, (2.2)
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L7151 HeKOTOPBHIX TOCJEeN0BATENLHOCTEM JIETKO ITOCTPOUTH XOPO-
110 Kajubpyemyto 1pejickazaresbHyto cucremy. IlociesoarensHocrs
W1w2 ... Ha3blBaeTCsd CTAIMOHAPHOR, eCc/iu IpeJies

1 t
Jim 2 Zl wi
1=

CYIIECTBYET.
3ama4a. /lokasarh, 9TO IpeacKa3aTeabHas CHCTEMA, OMpPeIe/IeH-
Hag cooTHoienugaMu p; = 0 u

1 i—1
pi = i_1 zzle
]:

npu ¢ > 1, xopoito Kajaubpyercs: Ha MOCIEJ0BATETBHOCTH WiW? . . .

TIpocThie coobpaskeHns TOKA3BIBAIOT, YTO HUKAKAS TEeTEPMUHUPO-
BaHHAs IIPEJICKA3ATEbHAST CHCTEMA HE MOXKET XOPOIIo KaJIubpoBaTh-
cs Ha JII000I GECKOHEUHOM MOCIe0BATEIbHOCTH UCXOJ0B. A NMEHHO,
JIJTs1 TIPOUBBOJILHOI MTPEJICKA3ATETBbHOM CUCTEMBI f MOYKHO OIIPEJIE/IUTh
TTOCTETOBATEFHOCTD W = WiW3 ... TaK, UTO

1
i — 1, ecmm p; < 3,
! 0 B OPOTHBHOM CJIydae,

e p; = f(wi...wi—1), ¢ = 1,2, .... Jlerko BUAeTH, 9TO I WH-
tepsasos [ = [0,1) wmm I = [},1) ycnosue (2.2) napymaerca npu
n — o0o.

JaHHas mocIenoBaTeNbHOCTD W = Wiwg ... SIBISETCS MPOCTEH-

HIAM IPUMEPOM «AJAINTUBHO BParxKAeOHON» mearenbHocTd [Ipupodsi.
[Ipu remepanyum o4epenHoro uexona w; Ipupoda yKe 3HAET HAII IPO-
THO3 p; W WCHOJB3YyeT 3TO 3HaHue Mg (GOPMHUPOBAHESA OYEPEHOTO
HCXOJA.,

Tlomobubie TpymHOCTH TPEACKA3aHUS OKA3AJJIUCH MPEOAOJTUMbBIMA
C IOMOIIBIO MOHATHSA PAHJIOMU3APOBAHHON IPEACKA3aTEILHON CHCTE-
mbl. ITycrs P[0, 1] — MHOXKECTBO BCEX BEPOSTHOCTHBIX MEp Ha OTPE3Ke
[0, 1]. TToa pandomusuposartot mpeacKa3aTebHON CHCTEMOI TOHNMa-
ercs dyukuus f : = — P[0, 1], 3HAUCHUSIME KOTOPOI SABJISTIOTCST PAC-
npejiesiernst BepogTHocreit Ha orpeske [0, 1]. Mbr Takske obo3Havaem
Pr,(-) = f(z), rme x — KoHewIHAsT GMHAPHAS TOCIEI0BATEIBEHOCTE.
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O6ozmagaeM w'™! = wy...wj_1. Jna Kaxmo0it 6eCKOHEUHON MO-

CJIEJIOBATE/ILHOCTH W = WiWwe . .. (KOTOPAs B JAHHOM CJIyUae sIBJISAETCS
apaMeTpoOM) YCJIOBHBIE BEPOATHOCTHBIE pacipeiesenus Pr i1 (+) mo-
POXKIAIOT pacupezeenne sepostaocTeit Pr = [[7°) Pr -1 Ha MHOXKe-
CTBe BCEX DECKOHEUHBIX TOCAEI0BATETHHOCTEH TTPOTHO30B P1, P2, - - .,
rme p; € [0,1], 9 =1,2, ... JanHoe pacupejenenue BepositTHocTel Pr
ABJIAeTCHd OECKOHEYHBIM TIpom3BejiennemM mep Pri-1, 4 = 1,2,

B aTom cayuae npu pUKCHPOBAHHOIT TTOCIIE0BATEIBHOCTH W MOXK-
HO pacCcMarpUBaTh BEPOATHOCTH Pr cobbrtust (2.2).

Samernm, uTo Takas Mepa Pr cymecrByer u B ropas/o 6osiee 06-
IIEM CJIyHae, & UMEHHO, KOIJIa I10C/I€/[0BATEIbHOCTD W = WiW3 ... 3ar
BHUCHUT OT TIOC/IEI0BATEBHOCTH ITPOTHO30B P1, P2, ..., TOUYHEE TIOC/Ie-
JI0BaTEJAbHOCTH wl = W1 ...W;—1 ABJIETCS M3MEpPUMON (PyHKITHEH
OT TIOCJIeZIOBATETFHOCTH P1, ..., Pi—1 JJId BCeX i. B sToMm ciaydae mo
reopeme Monecko—Tyabum (3] 0 mpomoizKeHnn Mephbl CyIIeCTBYeT Be-
positHOCTHast Mepa Pr na mHoxkecte [0, 1]°° Bcex GeCKOHEUHBIX Tpa-
€eKTOPHUil TPOTHO30B P1, P2, ... TaKasg, UTO YCJIOBHbIE BEPOSTHOCTH,
COOTBETCTBYIOIIHE ITON Mepe, IJIsT BCEX N YAOBIETBOPSIOT YCIOBUIM

Pr{p, € Alp1, ..., Pn—1} = Pryn-1(A)

JUIsA J1I000r0 6OPENeBCKOro MOAMHOXKECTBa, A e JMHUYHOr0 MHTEPBaJIA.

®ocrep u Boopa [9], a Takxke Kakame u @ocrep [11| onpenenmmu
JUTsT TIPOM3BOJIBHOTO Tlapamerpa, A > 0 paHIOMU3UPOBAHHYIO TPE-
CKaz3aTe/IbHYIO cUcTeMy [ Takyro, 9To JJjIs IPOM3BOJILHON OecKoHed-
HO MOCIeI0BATEIBHOCTH W = W1Ws ... C Pr-sepogarHocThio 1

IJle TPAEKTOPHUHN IIPOTHO30B ]31, D2, ... PACOPEIETEHBI 10 BEPOSTHOCT-
Hoit mepe Pr, a I(p) — xapakrepucruaeckas pyHKIHS TPOU3BOIBHOIO
nogsaTepBasa [0, 1].

BoJiee TOUHbIE OLIEHKM, TIPUBEIEHHBIE B 3TUX U MOC/IEYIOIINX Pa-
foTax, MOKA3BIBAIOT, YTO 3TO YCJIOBUE MOXKHO 3aMEHHTDL, HAIIPHMED,
HA yCIOBHE

lim sup <A,

msu ﬁZI (wi — Pi)
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rie a(n) — IpOU3BOIbHAS HEOTpAHWYCHHAs HEeyOBIBAOIas QyHKIIHS.
B sTom cayuae (2.2) takzke BbinosiHeHO s anropurma Kakage u
Docrepa, ecan

2.3. AaropuTM BBIYHCJIEHUS XOPOIIIO
KaJINOpyeMbIX IIPOTHO30B

[TpuBemem HEKOTOPBII MOAEPHUBUPOBAHHDBIN BAPUAHT PAHIOMUBAPO-
Bannoro aaroputma Kakane n @ocrepa. IlycTs wiwy . .. — TpOU3BOIL-
Hag T10CIe0BATEIbHOCTD 3aemenToB {0, 1}, nocrynaromas B pexxume
omnaita. IlocTpoum amropmTM A/ BBIYUHCIEHUA CIyJIaHONW BeJIHTIH-
HBI, BBIIAOIMIEH mporuos p, € [0, 1] 6yaymero snauenns w, € {0,1}
MO0 HATATBLHOMY (DPATMEHTY w1 . . .wn—1. OcHoBHOE TpeboBaHmMe K Ta-
KWUM IPOTHO3aM: OHU JOJIZKHBI C BEPOSITHOCTBEO 1 yIOBIETBOPSATD YCJIO-
Buto Kasubpyemoctu. COOTBETCTBYIOIEE pACIIPEIECHNE BEPOSITHO-
cTeil ABJISeTCd BHYTPEHHUM 110 OTHOIIEHHWIO K aJATOPUTMY U CTPOUTCS
B POIECCe KOHCTPYKITHM.

IIpeasapurensHo pazobbem uarepsad [0, 1] Ha paBHBIE 9acTH JJTH-
el A = 1/K ¢ nomompo0 panuoHAILHBIX TOYEK v; = 1A, Tae
1 =20,1, ..., K. llycts V obo3Hagaer MHOXKECTBO BCEX ITHUX TOUEK.
Jloboe uucao p € [0, 1] npeacrasasiercs B Buje JuHERHOH KOMOMHA-
IIUU COCEJIHUX TOYEK IIOJBIHTEPBAJIA PA30UEHNd, COJEPAKAIIEro P :

p= Z wv(l))v = Wy;_, (p)UFl + Wy, (p)via
veV

rae p € [vi—1,vi], i = [p/A+1],u

D —Vi-1

Vi —p
T’ wvi(p) =1-—.

in—l(p) =1- A

[Monaraem wy,(p) = 0 17151 BCex OCTATBHBIX 3Ha4YeHWT v € V.

B nanvmeiinem neTepMUHUPOBAHHLIN TPOTHO3 P, BLIIABAEMBI aJI-
TOPUTMOM, TTPUBEJIEHHBIM jaJiee, Oy/1eT OKPYIJISATHCS JI0 Vi1 C BEPO-
SITHOCTBIO Wy, , (P) U 70 V; € BEPOSTHOCTBIO Wy, (D).
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CHavaja MoCTpOUM aJITOPUTM, BBLIAIONINI HEKOTOPbIE JTeTepPMHU-
HUPOBAHHBIE TTPOTHO3HI.

IlycTh pOTHOZHL D1, ..., Pp—1 YZKe onpenesnesl (mycTs p; = 0).
Buramenum nmporuos py, .

Paccmorpum BeromoraTebHyI0 BEIUYUHY

n—1
un_l(v) = Z wv(pi)(wi - pi)-
=1

neem

(1 (0))? = (pn-1(0))? + 2wy (D) 1 (v) (Wi — ) +
+(wv(pn)>2(wn *pn)Q' (23)

Cymmupyewm (2.3) o v :

D (1n(0)? =Y (pn-1(v)* +

veV veV
+2(wn - pn) Z Wy (pn)MTL—l('l}) +
veV
+ > (wy(pn))*(@n — pn)’- (2.4)
veV

Namennm IOPAA0K CYMMUPOBAHUA B CyMME€ BCIIOMOT'QTC/JIBHBIX BEJIN-
YMH

Z Wy (p)ﬂn—l (U) =

veV

n—1
=Y w(p) Y wu(pi)(wi — pi) =
% i=1

n—1
=3 O wop)wu(pi)(wi —pi) =
i=1 veV
n—1
=) _(w(p) - w(pi))(wi — pi) =
=1
n—1



e

w(p) = (Wi, ..., Wyr) = (0, ..., wy,_,(p), wy,(p), ..., 0)

— BEKTOD BEPOSATHOCTElH OKPYIJIeHusl, p € [v;—1,v;], n

K(p,pi) = (0(p) - w(p;)) (2.5)

~ CKaJIIPHOE TTPOM3BEJIEHNE COOTBETCTBYIOMMX BEKTOPOB (s1po). TTo
onpegenennto K (p, p;) — HenpepbiBHas (DYHKITHS.

Bropoit unen mpasoit wactu cymmbl (2.4) mpu mOgXOAAIIEM 3HA-
YEHUH P;, BCETJA MOKHO CIEIaTh MEHBIIAM MM PABHBIM Hysm0. [leii-
CTBUTEJIBHO, B KAYECTBE P, OE€peM KOPEHb P, = P YPABHEHUS

n—1
> wy(p)pn-1(v) = > K(p,pi)(wi —pi) =0, (2.6)

veV =1

eCJIM OH CYIIECTBYeT. B IPOTHBHOM Cilydae ecyin JieBas 9acTh ypaBHE-
Hus (2.6) (KoTopast SBJIsIeTCsT HEMPEPLIBHOI 110 p dyHKImEd) Gobiie
HyJIsT JIT BCEX 3HAYEHUI Py, TO MoOJaraeM p, = 1, eClIM OHa MEHbIIE
HyJIs1, TO nojaraeM p, = 0. OupeeseHHoe TakuM 06pa3oM 3HAYEHHe
Pn BbLJIAEM B KQ9eCTBE JETEPMUHUPOBAHHOIO ITPOIHO3A.

Tperwit anen (2.4) orpanwuen ancaom 1. JleficTBuTENHHO, TAK KAK
lwi — pi| <1 nag Beex 4, UMeeM It TIPOU3BOJIBLHOTO N

Z(wv(pn))2(wn _pn)2 < Z wy(pn) = 1.
veV veV

Orcrona n mo (2.4), ecau nocaeA0BATELHO BHIOUPATL TPOTHO3BI P;
COITTACHO YKA3aHHOMY IPABHILY, Oy IHM

D (a()? <Y D (wop)*(wi = pi)* < n.

veV i=1 veV

Tak kKak cyMMa KBaJpaTOB He MPEBOCXOIUT N, KaXKILIH “JIeH 3Toi
CyMMBbI Takzke He npesocxoauT n. [Tosromy mra kaxkmgoro v € V mmeer
MeCTO HEPaBEHCTBO

> wy(pi)(wi — pi))| < V. (2.7)
=1
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[TycTh Temepb p; — caydaiiHas BeJMYUHA, TPUHEMAIONIAS 3HAYCHUST
v € V ¢ BeposTHOCTsIME Wy (p;) (HA camoMm gesie, i KazKjaoro p
HEHYJIEBBIMU SBJIAIOTCS TOJBKO 3HAUCHUS Wy (P) AL ABYX COCETHUX
IPaHWIl TOABIHTEPBAIa Pa3OUeHNs, COMEPKAIIEro JTeTePMUHUPOBAH-
HbIiT Iporao3 p;). Ilycrs Takske I(p) — xapakrepucrunyeckas (yHKIWsI
IIPOU3BOJILHOTO WHTepBasa. s o00ro i MaTeMaTHIecKoe OXKMIa-
Hue caydaitnoit semanust I(p;)(w; — p;) pasro

E(I(B:)(wi = 5i) = ) wu(pi)I (v)(w; — v). (2.8)

veV

Cornacuo yCHIeHHOMY MapPTHHIAILHOMY 3aKOHY OOJIBIINX YHCENT
(eM. crencreue 3.39 Huxe) ¢ Pr-sepositHocThIO 1 -

%Zl(ﬁi)(wi —Pi) — %ZE(I(@)(% - Ni))‘ —0 (2.9)
i=1

i=1

mpu n — 00.
TTo ompenmenenuio meTepMUHUPOBAHHOTO MPOTHO3A p; W (DYHKINN

Wy (p)

D we(p)I(0)(wi —v) = > wye(p)I(v)(wi —pi)| <A (2.10)

veV veV

JIIs KaXKJI0T0 4.

Tak xak (2.7) mmeer MecTo st Kaxkgoro v € V, cymmupys (2.10)
mo ¢ =1, ..., n, Dogy4aeM BEPXHIOI OIEHKY /i aDCOJIOTHON BN~
MHBI CYMMBI MATEMATHIECKUX OXKUIaHuH (2.8) :

> E(I(pi)(wi — ]52‘))‘ =
i=1

n

S 3 w(p) (@) (wi - v)

=1 veV

< (2.11)

< An+ Kvn (2.12)

st Beex n, e K = 1/A - 9ucio nogbiHTepBaios pasoueHus.
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Puc. 2.1. Tlpumep mocsie1oBaTEILHOCTH JAHHBIX W1Ws3 . .. W TTOCJIEIOBATEb-

HOCTHU KaJIHOPyeMbIX TPOTHO30B D1, P2, - - -

U3 (2.11) un (2.9) moaywaem, aro ¢ Pr-sepostHocThiO 1 -

n

1
lim sup | ~ > I (wi — pi)| < A (2.13)

n—00 :
=1

Cdopmynupyem pe3ysibTaThl 9TOr0 pasjesia B BUJE CJAeIYIOMIEit
TEOPEMBI.

Teopema 2.1. /Jlas xascdozo A > 0 M02CHO NOCMPOUMS PAHIOMU-
3UPOGANHYIO NPEICKA3ameabny1o cucmemy | maxy1o, 4mo 0aa npous-
604510 Beckoneutoli NOCACIOBAMEADHOCTIN W = W1W?2 ... C 6EPOAI-
Hocmbio 1 66IMOANEHO:

1 n
li —» I(pi)(wi —pi)| <A,
im sup n; (Di)(wi — Pi)

n—oo
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20e beckoneuwHble MPAEKMOPUY NPOLHO3068 D1, D2, ... PACIPEICAEHDL
no mepe Pr, I(p) — zapaxmepucmuyeckas GYHKUUL NPOU3EOALHOZ0
nodvnmepsaaa [0,1]. Taxas Pynxyus Hazuweaemes npasuiom obopa,
onpedesertvim nPoeHO30M.

2.4. IIporuo3upoBaHme C MPOMU3BOJIBHBIM
APOM

CyImecTByIoT J1Ba, MOIX0/1a K YHUBEPCATBHOMY MPOTHOZWPOBAHMIO:

- VHUBEPCAIBHOE IPOrHO3UPOBAHNE, IPH KOTOPOM B Ka4eCTBe MPO-
THO32 BBIJAETCA PACTIPEIETEHNE BEPOATHOCTEH HA MHOMXKECTBE BO3-
MOXKHBIX TPOTHO30B (B YACTHOCTH, B CAydae OHHAPHBIX MOCTIEI0BA-
TEJILHOCTEH MHOXKECTBO BOZMOYKHBIX MTPOTHO30B COCTOUT U3 JIBYX 3JIe-
MEHTOB, KaK B MPEJBIIYIIEM Dpa3Jese); TP 3TOM B KadecTBe pa-
BIMJ1 BbI60pa HCIIOJIB3YIHOTCA TIPOU3BOJIbBHBIC TTOABIHTECPBAJIBI € AUHUY-
HOIO MHTEPBAJIA;

- YHUBEpCATbHOE MPOrHO3UPOBAHNE, TTPH KOTOPOM TIPOTHO3 SABJIsI-
eTcs JeTePpMUHUPOBAHHBIM, OJHAKO B KavUeCTBe MPABWI BHIOOpaA pas-
PEIaeTCst UCIIOIh30BaTh TOJBKO [VIaJIKNE MPHOJIMKEHNs K XapaKTe-
PUCTUYICCKUM (byHK]_[I/IHM IOABIHTEPBAJIOB €JUHUYIHOTO MHTEPBaJIA.

B mepBoM ciyuae MOCIeI0BaTENbHOCTD TIPOTHO30B YI0BIETBOPSI-
eT yCJIOBUIO KAIHOPYEMOCTH C BEPOATHOCTHIO €JIMHUIEA. BO BTOpOM
ciiydae yeJaoBre KaJubpyeMOCTH TIPOCTO BBIOIHEHO JJIs MOCIe10Ba-
TEeJIBHOCTHU JCTCPMUHUPOBAHHBIX ITPOTHO30B C IVIAJKUMHW BECaMMU.

MoxKHO TIOKa3aTh, 9TO 00a 9TH MOJX0/A, 110 CYIIECTBY, SKBUBA-
aenrubl (eMm. [11]).

Bropoii Meros nporuosupoBanust 0yaerT pacCMOTPEH B 5TOM pas-
Jerte.

Meto nmocTpoenust aIrOPUTMOB YHUBEPCAJIHLHOTO MPOTHO3UPOBA-
HUs, TIPEJIOKEHHBIN B paboTax Pocrepa u Boopsr [9], a Takzxke Kaka-
ne n @ocrepa [11], 6b11 06061en B. BokoMm Ha carydaii Ipon3BoIbHBIX
szep B paborax [21] u [23]. B sToM pasmesie MbI IpeJCTABUM OCHOBHY O
W0 3TOr0 0OODIImeHMsT.

Cdopmynupyem 3aady TPOTHO3UPOBAHUS B BUJE HEKOTOPOI UI-
pbl Mexay urpokamu: Ilpupoda, Ilpedckazamensv u Crenmuk.
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B s1o0it urpe mporfosnl OyayT JeTepMUHUPOBAHHBIMU, MOT0GHO
IIPOTHO3aM P;, KOTOPBIE BBIUHUC/ISIOTCS B BU/JI€ KOPHEN ypaBHEHWN TH-
ma (2.6) B pazzgene (2.3). Mb1 paccmorpim 6ostee 00IILy 0 TOCTAHOBKY,
a UMEHHO, BBEJIeM JOMOMHUTENbHYI0 HHMOPMAIHIO — CU2HaAAbL.

Barano muoxkecrso curnaaos X C R™ — MHOMXKECTBO mM-MepHbIX
BEKTOPOB T = (I, ..., Ty,), HA KOTOPOM PACCMATPUBAETCST OOBITHAS

m
>~ 2. CHrHAJIBI MOKHO MHTED-
i=1
NPETUPOBATH KAK JOMOJHUTE/IBHY0 WHMOPMAIINI0, KOTOpas HOCTYIIa-
et Ilpedcrazamento B peskuMe OHJTAMH.
ITosaraem HavaabHbIN BRI Ckenmuka Ko = 1.
Wrpa perysupyercss CaeayrOmmuM TPOTOKOIOM.
FORn=1,2, ...
IHpupoda aroncupyer curHaI T, € X.
Ckenmux aHOHCHPYET HeMpPEpBIBHYIO 1o p dyHKImo Sy, : [0,1] — R.
ITpedckasamennv anoHCHpPYeT IPOTHO3 Py, € [0, 1].
IIpupoda anoucupyer ucxon yy, € {0,1}.
Cxenmuk BBIUUC/ISIET CBOW BBIUTPHIII HA [TATE 1 UTPHI
Kn=Kn-1+ Sn(pn)(yn - pn)-
ENDFOR
Crenyromast TeopeMa MOKa3biBaeT, ato Ipedckasament uMeer cTpa-
TErUIO, TPU KOTOPOI BHIUTPHINT Ckenmuka He BO3PACTAET.

m-MepHasi eBKJINI0Ba HOpMa |T| =

Teopema 2.2. [Ipedckasamens umeem cmpamezuto, npu Komopot
KozKi>2..K,> ...

Jlokasameawvcmeo. Crparerus ITpedckasamens 3aKII0IALTCA B CITe-
JIYIOITIEM.

Ha npoussosaOM mare n urpst IIpedckasament BEIMUCIAET CBOT
IPOTHO3 Py, caeayionmM obpasom. Eciu Sy, (p) mosoxKATeTHO 115t
Beex p € [0,1], To monaraem p, = 1. Ecan Sy, (p) orpunarensro st
Becex p € [0, 1], To momaraem p, = 0. B npoTuBHOM cJiydae U3 TEOPEMBI
O MIPOMEXKYTOYHBIX 3HAYECHUAX CJAeAYET, 4TO YPDaBHEHUE

Sn(p) =0, (2.14)

paccMaTpUBaEeMOe OTHOCHTEJILHO P, MMEET KOpeHb. B 3ToMm ciyuae
IIpedcraszamend BEIDUPAET B KAUeCTBE P, OJINH U3 TAKUX KOPHEIL.
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Jlerko BHIeTh, YTO IpU TAKOM BBIOODE P, BhIUrpBIN Ckenmuka
BCEr/la HE BO3PACTaeT, KaK Obl OH HE BHIOMPAJ HEIPEPBIBHYIO O P
dbyuknuio S, (p), T.e. Bcerma BBHIIOTHEHO

Ko2Ki>..Kn>...

s Beex n. A\

Mubr 6ymem ucnosiszoBarh sapo K ((p, Z,), (pi, i) - BerecTBeH-
Hy10 riagkyio dysxmuio ma ([0,1] x X)2. IIpumep sapa — rayccoso
AIPO:

K((p, n pzwrz =
9 m
D —Di xns xzs
= exp <( > S _ Z ) (2.15)
, O,

tae Tn = (Tp1, -y Tnm), Ti = (Tig, -y Tim) — IapaMeTphl
a7pa.

PaccmorpuM caenyomyto crparernto Ckenmuka, KoTopag Oymer
BRIHYKJATh [Ipedckasamens neaTh Ha KasKJOM IIare 7. «XOPOIIo Ka-

JHbpyeMble» TPOTHO3DI:

n—1

Su(p) =Y K((p,Zn), (pi, 7)) (yi — pi).

=1

[Mycre Ilpedckasament UCHIONB3YET CTPATErAO, OIMUCAHHYI B TEODE-
me 2.2. Torga Beinrpeim Ckenmuka 38, N 111aroB UTpbl YIOBIETBOPSIET
COOTHOIIEHUSIM

N
Ky — Ko = Z Sn(pn)(yn - pn) =
N
=Y A K((pn Tn)s (Pis i) (Yi — Pi)(Yn — pn) =
LN
=3 Z ZK((pn, Tn), (Dis i) (Yi — Pi) (Yn — Pn) —

1 N
) Z K((pna fn)v (pna jn))(yn - pn)Q' (2'16)

n=1
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[To Teopeme Mepcepa (cm. pasmen 1.4.3) cymecrByer ruibbepToBO
npocTpancrBo npusHakos H u orobpaxenume @ : [0,1] x X — H
TaKoe, 4To

K(a,b) = (®(a) - 2(b))
upu a,b € [0,1] x X, r1e «-» — CKaigpHOe IPOU3BEJIECHUE B IIPOCTPAH-
crBe H (magee || - || — cooTBercTByIONIas HOpMA).
Tepenumewm (2.16) B Bue

1| &L
ICN — ’CO = 5 Z @(pn,.f'ann — pn) _
1nN1 _
_52“(1)((1%73_371)(1/71 —pn)HQ, (2.17)
n=1

Jomyctum, 910
sup ||®(p, 7)|| < oo.
p,z
ITo Teopeme 2.2 mepasercreo Ky — Ko < 0 BBIIIOJIHEHO JJIsi BCEX N.
Torma u3 (2.17) caexyer

1

N
= 1
9 Z (I) pnaxn _pn) < §NC’2 (2.18)

Hepagsercrso (2.18) nepenuiem B Buje

N
Z (i)(pna i‘n)(yn - pn) < \/NC (2'19)
=1

Nupivu ciioBaMu, cpejiHsis OMMUOKa PeJICKA3aHUs OIPAHUYIEHA

mn _pn)

Ncron3ys mosiydeHHy o ONeHKY CPeJIHEl ommmubKY TpecKa3atus, mo-
JIYVIUM PEe3YAbTAT O KAJHOPYEeMOCTH, aHAJOTUYHBLIA pe3y/abTaTy M3
pazzena 2.3. Hag 3T70ro BO3bMEM B KadeCcTBe dpa KaKoe-HUOYIL ce-
MEMCTBO IVIAJKUX MPUOIMKEHNH K XapaKTePUCTHIECKUM (DYHKITASIM
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ojiHO3IeMeHTHBIX MHOXKecTB { (p*, Z%)}, rue (p*,z*) € [0,1] x X, T.e.
cemMeiicTBO QyHKINI BUIA

K((®",7%), (p, 7)) = e z+) (0, T)- (2.20)

[Tpumepom Takoro cemeiicra Iy« (p) sBIsAETCS CEMENCTBO IayCCOBBIX
snep tana (2.15).
Jlist mporHO30B P; OyneT BBITOIHEHO

Caencrue 2.1.

(2.21)

=R

N
1 —
N Z T z#) (P> T ) (Yn — Pn) | <
n=1

daa Kaorcdotd moury (p*,z*) € [0,1] x X.

Hoxaszameavcmso. Tlo croficTBy sapa cyinecTByerT Takas QyHK-
st ®(p,T) €O 3HAUEHUSIMU B HEKOTOPOM THJILOEPTOBOM MPOCTPAH-
cree mpu3HakoB H, aTo

K((p",27), (7)) = I(pe 2 (p, ) = (2(p",77) - 2(p, 7))

[Ipumennm rHepasencTBo Komm—ByrskoBekoro K HepaseHcTBy (2.19)
" TI0JTyYUM

N
Z I(P*,f*)(pnv Tn)(Yn — Pn)
N ] n=1 7
( (z Q(pns Tn) (Yn — pn)) - O (p*, f*)>
n=1
N

Z i)(pn> jn)(yn - pn)

n=1

N

<

| 180,79 < CVF.

Orcroga nmomyaaem (2.21). A
Benuuuna



SBJIIETCH [JAJKHM AHAJOTOM UHCIA Tap (Pp, Tr), HAXOAAIIUXCH B
«MArKON» OKpecTHOCTH napsl (p*, T*).
HepagencrBo (2.21) MOXKHO HEpENUCaTh B BHUJIE

N
ngl I(p*,:f*)(])mmn)(yn _pn) C2\/N

(2.22)

N

M=

N
21 I(p*’j*)(p”7jn) ](p*,:f*)(pnajn)

n=1

Onenka (2.22) mMeeT CMBICT IPH
N
Z I(p*,j*)(pnv i’n) > \/N,
n=1

T.€. CXOJIMMOCTH YacCTOT K HpPOrHo3am OyJieT MeThb MECTO TOJIBKO B
TTOAMTOCTEIOBATEIBHOCTIX «CTATUCTUIECKN 3HAUMMOW» JJTHHBI.
MoxkHO moKa3aTh, 9TO PE3YAbLTATH Pa3nesna 2.3 CJIeAyIOT U3 CIeI-
creud 2.1.
TTpeacrasienubiil B 9TOM pasaese aaropuT™M YHUBEPCATBHOTO TIPO-
THO3WUPOBAHUS MOXKHO JIETKO PEAJTM30BATD B BUJIE KOMITBIOTEPHOH TPO-
I'DaMMHBI.

2.5. JIabopaTopHBIE PAOOTHI

Anropurm, onmcanmblii B pasgesne 2.3, MOXKET OBITb JIEKO peaJiu-
30BaH B BUJIE KOMIBIOTEDPHON mporpammbl. Ilpm 3TOM st BBIYHC-
JIeHUsT KOpHsI ypaBHeHus (2.6) JIydie BCETO UCIO/Ib30BATDL IVIAJIKOe
npubmskenne k sapy (2.5) — rayccoso sapo K(p,p/) = e V@)?
a1 HekoToporo v > 0. ! Moxkno Takze HCHIOMB30BaTh A7po BUIA
K(p,p') = cos(y(p — p')?). Kopens ypasrenus (2.6) mmm (2.14) Mox-
HO WCKATh METOIOM JIEIEHUsT OTPE3KA TOTIOIAM.

Paznmunvie Bpemennble paabl MOXKHO 3arpyzKaTh C caiiTa:

http://old.finam.ru/analysis/export/default.asp

'B nmammoM ciiyuae CHTHAJIB OTCYTCTBYIOT. JIjIs HCTIOMB30BAHMS CUIHAJIOB MOK-
HO KCHO/IB30BaTh 41po (2.15).
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Hampumep, M0XKHO 3arpy3uTh MOMUHYTHLIE JAHHBIE ITeH aKITHAH
KaKOH-HUOY/Ib KOMIIAHUN:

So, 51,5, ..., Sn,
COCTaBUTDL U3 HEe IIOCJIeIJ0BATC/ILHOCTD HpI/IpaH_LeHI/IfI
ASp,ASy, ..., AS,_1,

rae AS; = S;y1—S;upui=0,1, ..., n—1, orkaaubpoBaTh UX TaK,
q106b1 AS; € [—1,1] ans Beex 1.

Jlaboparopuaa pabora 1

Peanuzosars aaropurm paszena 2.3. Hammcars mporpavmy mis
BBEIUMCJIEHHS] XOPOIIO KaJuOPyeMLIX IPOTHO30B P1,P2, ..., Pp IJIs
JIBOMYHOMN T10C/I€I0BATEIBHOCTH WiWs . . . Wy, Tae w; € {0,1}. Cpas-
HUTH 3THU IPOrHO3LI ¢ IPOTrHO3aMHU 10 IpaBuiay Jlamiaca.

JIBOMYHYT0 TOC/IE0BATENBLHOCTE MOKHO 06PA30BATH M3 MOCET0-
BareabHOCTH TpEparenuit ASy, ASy, ..., AS,_1 Tax, 9T0

{ 1, ecrm AS; > 6,
wi =

0 B IpOTHUBHOM CJIyUag,

e 0 — HEKOTOPOe MOJIOKUTETLHOE TUCTIO.

TIpoussectn orbop TMoaMOCIEAOBATEILHOCTEH, Ha KOTOPHIX MPO-
THO3 p; > € IJId PA3INIHBIX MOJ0KUTENLHLIX 3HAUEHHUI €.

Cozmarh rpadgudeckoe TpeCTaBIeHe Pe3YIbTATOR.

JlaboparopHas pabdora 2

Peanmzosate anropurMm pasznmena 2.3. IlpoBepuTh, 9TO 3TOT aJ-
TOpUTM, HpI/IMeHHbeI K 110CJIe J0BaTC/IbHOCTI /I[eﬁCTBI/ITeJIbeIX quceJr
W1,Ww2, ..., Wy, e w; € [—1,1], Takxke BbIIAET XOPOIIO Kaaubpye-
Mble TIPOrHO3bL p; € [—1,1].

Hamnucares nporpammy Jjid BBIYUC/IEHHS XOPOIIO KauOpyeMbIxX
HPOrHO30B P1,P2, ..., Pp AJsd OTKAJIUOPOBAHHON IOC/IEI0BATEIbHO-
crm uncesn ASy, ASy, ..., AS,_1, tae AS; € [—1,1].

IIpoussectr 0T6OpP TMOAMOCTEIOBATENIBHOCTEM, HA KOTOPBIX IPO-
THO3 p; > € WIN p; < —€ JIJIA PAa3AUYIHBIX 3HaUeHmit € > 0.
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Coznarb rpadudeckoe mpejcTaBieHe PE3YIbTATOB.
Jlaboparopuaa pabdora 3

IIpenyiokuTh ¥ peasn30BaTh MPOTPAMMBI-DOOOTHI IS UTPHI HA
Kypcax akIiinii, NCIOIb3YIOIIIEe XOPOIT0 KAIUOPYEeMbie MPOTHO3bI.
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I'maBa 3

DJIeMeHThI CpaBHUTEJIbHOI
TEOPUU MAIINHHOI'O
o0yueHusd

Bazgaqa IOIPUHATHSA ITPABUJIIBHOT'O PAUOHAJIBHOI'O PEIICHUA ABJIACTCA
IIeHTPAJIbHON B HayKe U IPaKTUKe. Pelmrenne mpuamMaeTca Ha OCHOBE
HEKOTOPBIX HAOJII0aeMBIX TaHHbIX. Kak ¥ B IpepIayINeil TIaBe, MBI
OyzaeM paccMaTpuUBaTh 33439y MPOTHO3UPOBAHUS TTAPAMETPOB KAKOTO-
smbo mporiecca. Toabko Temeps MbI HyAeM OIEHUBATHL TPABUIBHOCTH
HaIIINX TPOTHO30B PYKOBOACTBYACH MHBIMU TIPUHITUIIAMHA. M1 TaK>Ke
He OyJIeM HCITOJIb30BATh HUKAKUX IPEJIIOJIOKEHUN O MIPUPOJEe MeXa-
HU3Ma IeHepanuy IPOTHO3UPYEMOHR ITOCTIeA0BATEIBHOCTH.

IIpaBuabHLIT TPOTHO3 MWW TPaBUILHOE PeNeHne BeIyT K MEHb-
IIIAM [IOTEPAM, YeM HempaBuiabHbe. [lpu TpagumonHOM cTaTHCTHYE-
CKOM TIO/IXOJI€ MBI OIICHUBaEM IIOTEPH IIPY HAIINX IPOTHO3aX B CPaBHE-
HHUU C HEKOTOPOH M/IeaJIbHON MOJEABIO NPUHATUA ITPABUJIBHBIX PEIe-
HU#, KOTOpas 0OBIYHO OCHOBAHA, HA HEKOTOPOI CTATHCTUYIECKOH MOIe-
JIA, OTHChIBatOIIEl Hab 0gaeMble Janube. [Ipu TpagunmnonaoM mom-
XOAEe CHadaJa OINEHUBAIOTCA MaPaMETPhl CTATUCTUYECKONR MOJeIn Ha
OoCcHOBe HaOJIIOJICHII, & TOTOM TIPOU3BOIUTCS MPOTHO3 HA OCHOBE 3TOit
MOAeJIn ITPpU OECHEHHBIX TTapaMeTpax.

Ilpu cpaBHUTETBEHOM TOAXO/E BMECTO OTHOH WIeasbHOM MoIenn
paccmaTpuBaeTcd HabOP BO3MOXKHBIX MO, KOTOPbIe HA3BIBAIOT-
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€A 3KCIIEPTHLIMU CTPATErUsIME, HJIN IIPOCTO, SKcrmepTaMu. MHOKeCTBO
TaKNX IKCIICPTHBIX CTpaTeI‘I/Iﬁ MOZKET 6bITb KOHE€YHBbIM MJIU 6eCKOHeLI-
HBIM U JayKe HecueTHLIM. VICIIo/b3ysa UCXOIbI, IOCTYIIAIOIINE B PEXKHU-
M€ OHJIAMH, SKCIEPTHLIE CTPATETNH IIPOU3BOIAT IPOTHO3LI OYIyIIero
ncxoma. IIporuo3wpyromuit aaropuTM MOXKeT HaOII0AATh TPOTHOBE
SKCIIEPTHBLIX CTPATErHH 1 OIMEHUBATEH X 9P (MEKTUBHOCTD B IPOIILIOM.
[Tocse aToro amropuTM™ memaer cBoit mporuo3. I[Iporrnoser Hallero aJ-
TOPUTMA OIEHHBAIOTCS B CPABHEHNH C MPOTHO3aMHU 3KCIIEPTHLIX AJro-
putMoB. OOBIYHO TTPOU3BOAUTCS CPABHEHUE MTOTEPD HAIIETO aJTOPUT-
Ma 33 HEKOTOPBIH ePHOI IPOrHO3UPOBAHUA C TOTEPSIME HAMJIY 9IIIero
Ha PEeTPOCIEKTUBE IKCIEPTA.

CpaBHeHrne MOXKET MIPOM3BOIUTLCI KaK B HAHXYIIIEM CIydae, a
TaK YKe B CPEJHEM, €CJAM HAIl aJrOPUTM HCIOJb3YeT PaHAOMU3a-
IHUI0. 3aMEeTHM, UTO PACIpeIeseHIe BEPOATHOCTEH, KOTOPOe HCIIOIb-
3yeT PAaHIOMH3UPOBAHHLIN AJTOPUTM, ABJISETCS BHYTPEHHUM BCIIO-
MOTraTeJIbHBIM pPaCIIpeJe/ieHneM aJropuTMa; OHO HEe MMeeT HUKAKOTO
OTHOIIEHHUSI K UCTOYHNKY, TeHEPUPYIOMIEMY HUCXOabl. MBI caMu reme-
pupyem Cﬂy‘{aﬁHbIe YUCJIa AJId HAIIeTo aJropuTMa.

Ob6cynnM Tak»Ke TUILI IMPOIECCOB, T€HEPUPYIONINX JaHHbIE, s
KOTOPBIX OyIyT PacCMaTPUBATLCH HAIMH METObI TPOTHO3WPOBAHUI.
[loBenenne HEKOTOPBIX MPOIECCOB HE 3aBUCUT OT IPOTHO30B IIPEICKa-
zaress. Takue MpPOMECChl YacTO PacCMATPUBAKTCA B KJIACCHUIECKOM
MexaHnuke, ¢pusuke. Hampumep, moroma He 3aBUCUT OT IIPeACKa3aTe-
Jist moroel. IlpuBoumMbie HUXKE METOIBI PAOOTAIOT TAK KE U B CJIy-
qae, KOrJa XapakKTePUCTUKH IIPOTECCa 3aBUCAT OT IIPEICKA3AHAI. DTO
TaK Ha3BIBAEMBIN CIyYail «aJaIrTUBHO BpaxkaeOHoil mpupoani». Ha-
opuMep, JaHHOE TIPEATIONIOXKEHNE ABJIAETCA €CTECTBEHHBLIM IIPpU IIPO-
THOBUPOBAHNU (PUHAHCOBOT'O PBIHKA. PaccMaTpUBaeMble ajJrOPUTMBI
oyayT achbdekTuBHO PABOTATH BO BCEX ITUX CAYUIAAX.

3.1. AaropuT™M ONITUMAJILHOTO PAaCIIPeIeIeHUS
noTePh B pPexKMMe OHJIANH

B stom pazzese MBI pacCMOTPHUM TPOCTENIITYIO MOJETh U aJTOPUTM
ONTUMAJIBHOI'O CJAEI0BAHNS 32 SKCIEPTAMU B peKnMe OHJANH /I TO-
r'o cjaydad, KOI'Zla HaM JOCTYIIHBI TOJIbKO BEJUYUHBI IOTEPD DKCIIEPTOB
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Ha KayKJIOM Irare (Kakag-nbo KOHKpeTHas (byHKIHs TOTEPb OTCYT-
creyer). Dror asropurm 6bl npeoxken Ppoiinyom n [MTanupe [10].

Tunuuselil npuMep TAKOH 3a/1a41: PACHPE/IETUTE/ b UMEET HECKO b~
KUX JAPY3€il, AeJaroluX CTABKU Ha CKAYKAX W BBINTPHIBAOIINX WJIN
TEPAIOIUX Ha KaXKIAOM IMare HEKOTOPbIE CyMMBI. PaCHpe,Z[e.HI/ITe.Hb
pacnoJiaraeT Ha KaxKJAOM Iare HEKOTOPOW CYyMMOI, KOTOPYH OH XO-
9eT pacCiupenejnuTb MeKAY APY3bdMU C HEJbIO TIOJYYUTH MaKCUMaJIb-
HBI{l BBIMTPBINI (MM MUHUMAJIbHBIE moTepn). EcTecTBeHHBIH KpHUTe-
PpUil OLEHKY YCHENTHOCTH CTPATETUH PACIIPENEeANTENA — €TI0 BBIATPHIII,
C HEKOTOPOIT TOYHOCTBHIO, JIOJ2KEH ObITH HE MeHbIlle YeM y Hanbojiee
VAAMIUBOTO JIpyTa.

IIycrs umeerca N crparermit: 1,2, ..., N. B kaxmgpiii MmomeHT
Bpemenu t = 1,2, ..., T pacupenesuresib ONPEIEIAET BEKTOD Pac-
upenenenus crpareruit py = (p}, ..., pN), tme p} +---+p¥ =1
mp, >0mpui=1,2, ..., N.Ilocie 3Toro Kaxmas m3 CTpaTerwmit
00LABISET CBOM MOTepH Ha mare t — umcio [f, tae i = 1,2, ..., N.
[Torepu pacmpeseauTesisi pABHBI CMECH TTOTEPDh SKCIIEPTOB

N
(Pe - lt) = Zpilia
i=1

rme Iy = (I}, ..., I¥) — BekTop moreps Bcex crpaTernii Ha mare t.

Mui GyieM npejrnosiaraTh, 9T0 MOTEPU YKCIEPTOB Ha KAXKJIOM I1are
orpanmYdeHsl, HampuMmep, Ii € [0, 1] aas Beex i u t.

B ciayuae OrpaHMuUeHHBIX HA KAXK/J0M IIAre MOTePb HET HPUHIM-
MUATBHON PA3HUIBI MEZK/y aJrOPUTMAMU, KOTOPBIE JOOUBAIOTCS MU~
HUMAJTBHBIX TOTEPh, W AJTOPATMAMHU, KOTOPbIE JOOUBAIOTCA MAKCH-
MAaJIbHOTO BBIMTPBIIIA; MOXKHO OT MOTEPD [; Ha KAXKJIOM IIare mepeiTu
K BBIATPHIITY 1 — Iy u o6paTHO.

Kywmynarusabie morepu skcmepra ¢ ma marax t = 1,2, ..., T
. ro.
pasubl L), = ) I}, CooTBETCTBEHHO, KyMYJISITUBHBIE IIOTEPH PACIIPe-
t=1

T _
nemurenst Ha marax ¢t = 1,2, ..., T pasubl Lp(A) = > (pr - lt).
t=1
Llenb pacupemenurens 3aKII0YACTCS B BBIOOPE TAKO CTpaTeruu

pacupenenenust pg, t = 1,2, ..., T, 9T0OBI MUHUMU3UPOBATE BETH-
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THHY A
Lp(A) — min LY.
7

[Mpusoxnm anropury Hedge(3) uz pa6orst [10]. Ero napamerpowm sis-
naerca ancyio 3 € (0,1), m BexTop Becos wy = (wi, ..., wl). Ipex-
N .
noJslaraeM, 9ro y. wj = 1.
i=1
FORt=1,2, ..., T

Bribupaem pacnpenenenne 3KCIEPTHBIX CTPATErHit:

w
Dt = L (3.1)

N .
>, wy
i=1

[ToryuaeM BEKTOp TIOTeph SKCIepTHLIX crpaTermii: [; € [0, 1]V,
[MoxcanrsiBaem norepu pacrpepennresst: (Pg - ly).
[IpousBonumM nepecyeT BECOB SKCIEPTHBIX CTPATErUii:

wiyy = wifl (3.2)

miai=1, ..., N.
ENDFOR

JlemMma 3.1. Jlas 4106017 n0caedo6amesvHocmu GEKIMOPOs Nomeps
li, ..., lp sxcnepmuvir cmpameauti 1, ..., N 6bnoaHeHo HepaseH-
cmeo

N
In <Z w’m) < —(1 = B)Lr(4), (3:3)
i=1

2de Lp(A) — nomepu aszopumma pacnpedeaenus Hedge(3) sa T wa-
206.

Joxazamesvcmeo. VI3 BBITTyKIOCTH SKCIIOHEHTHI IMEET MECTO Hepa-
BercTBO 7 < 1—(1—f)r upuseex r € [0,1] m 0 < 8 < 1. Ucnone3ys
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9TO HepaBeHCTBO U KoMOmHUpys (3.1) u (3.2), moayguaem
Y wiy =) wifhi <
i=1 i=1
N . .
<D wil—(1-p)) =
i=1
N . —
= <Z wi) (1=@1=8)De 1)) (3.4)
i=1
[Mocnenoarensuo npumvenss (3.4) mpu t =1, ..., T, nomxyanm

N

i
E wryp S
i=1

31ech ObLIO MCIIOIB30BaHO HepaBeHCTBO 1 + = < exp(z) 1is Beex .
N
MBI TakzKe HCIIOIB30BATN CBOMCTBO y | w} = 1 /I HAYANBLHBIX BECOB.
i=1
OTcrofa HeMeIJIeHHO ClIelyeT yTBepXK/IeHUe JeMMbl. A

TTo (3.3) nmeem
N .
—In (z w}ﬂ)
i=1

Lp(A) < 3.5
() < —= (35
U3 onpepenenus secos (3.2) caemyer
. . T y . 7
Wy = wi Hﬂl% = wiphr. (3.6)
t=1

Otcronia moIydaeM CIeIYIONIY0 TeOpeMY.
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Teopema 3.1. Jas 410000 nocaedosamesvbHOCIU BEKMOPOS NOMEPD
l1, ..., lp axcnepmuns cmpamezuti i = 1, ..., N 0as npousdcosvhvis
tu T 66INOAREHO HEPABEHCMEBO

—In(w?) — LL1In B3
1-0 ’

ECTecTBEHHO MOIOXKATL HAYAJBHBIE BECA SKCIECPTHLIX CTPATETH
PaBHBIMU W] = % st Beex i, Torma (3.7) MOXKHO mepenucars B Buje

Lp(A) < (3.7)

(3.8)

Hepagencrso (3.8) MOXKHO WHTEPIPETHPOBATH KaK TO, UTO KYMYJIsi-
TUBHBIE TIOTEPU pacnpeaenurenbaoro aaropurva Hedge(3) me mpe-
BOCXOJIAT MOTEPh HAMJIYUIIErO SKCIEPTa, YMHOXKEHHBIX Ha KOHCTAHTY
% LJIIOC «Perpers» %

B pabore [10] nmokazato, uro onenka (3.8) sipasiercss HeysrydIae-
MOii. A MMEHHO MMEET MECTO TeOpeMa.

Teopema 3.2. Ilycmv B — npoudsoavtvili aa20pumm pacnpedescrus
NOMEPL € NPOUZBOADHBIM YUCAOM dKCnepmos. Jlonycmum, wmo cy-
WECMBYIONM, TAKUE NOAONHCUMENDHBLE JeUCTNBUMEABHBIE YUCAL A U C,
wMmo OAA NPousdeoavhozo wucae N cmpameeuti u das 410000 nocae-
dosamenvrocmu sexmopos nomeps 15, ..., T sxenepmuox cmpame-
euti, 2del' = (It, ..., ) nput =1, ..., T, 6vinoareno nepasencmeo

Ly(B) < emin Ly 4 aln N.
(2

Tozda dan scex B € (0,1) 6ydem svinoanero 00Ho U3 HEPABEHCMNE:

3a cuer moabopa mapaMerpa 3 MOKHO TOOUTHCS TTepepacipe;Iee-
HUsl KOHCTAHT TaK, YTOOBI MYJbTUILINKATUBHBIN MHOXKUTENb B (3.8)
CTaJT PaBHBIM €JITUHUIIE 3a CHET YBECJIMYICHUA aJIUTUBHOTO MHOZXKUTEJIA.
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Jlemma 3.2. ,ﬂ~0n~ycmum, ymo 0 < L < L w0 < R K R. ITyemo
maxoice 3 = g(L/R), 2de

1
ﬂ@—1+¢?

1 1 —
_Hi%L+1_BR<L+VﬂR+R. (3.9)

Joxasamesavcmeo. Mb1 bymem ucmobp30BaTh CIEIyIONEe HEPABEH-
2
crBo: —1In 3 < 155° npn 8 € (0,1]. Caeayromas nenouxa mpeobpaso-

Toz0a

28
BaHMUI IPUBOJAUT K HY>KHOMY Pe3YJIbTaTy:
—Inp 1 1+ 8 1
L —— R<L—C+ - —— R=
1—ﬁ+1—ﬁ 23 +1—6
1 1 1
2 < * 6) T gt
1. /2R 1

<L+ V2LR +R.

Tax xak Mbl mpefnosaranu, aro 0 < I8 < 1 g Beex i u t, Ky-
MYJIATUBHBIE TOTEPU KarKJOro 3KciepTa orpanndenst: Ly < T s
seex i u T. TTosromy MoxHO B Hepasenctse (3.9) nooxurs L = T.
[onaraem Takxke R = In N. Torma mo jgemme 3.2

L(A) <min L%+ V2T In N +1n N,
(2

riae Ly(A) — kymynsitugnbie orepu anropurma Hedge() 3a T ma-

TOB.
HenmocrarkoMm 9To# OIEHKYU SIBISIETCS TO, 9TO TapaMerp [ 3aBUCUT

ot ropu3onTa 1. CM. Takyke KOMMEHTapuil B KOHIE pasjesna 3.3.
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Heckosibko GoJiee TOUHBIE OIIEHKU MOTEPH CMEITMBAIOIIErO AJITO-
purMa OynyT MOJIyYEHBI B CJAEAYIONIMX Pa3jiesiax, rje IOTEPU KC-
IIEPTOB ¥ CMEIIHUBAOINIET0 aJrOPUTMA HA KaXKJIOM Miare OyayT BbI-
YUCIATHCS B BUJIE (DYHKIIUM OT PEIEeHUsT SKCepTa (peICKa3aHusl) 1
WCXOJTa TIPUPOJIHI.

3.2. 3agaya HaX0XKJEHUS OINTUMAJIbHbIX
peNIeHnii ¢ y4eTOM 3KCIEPTHBIX CTpaTerui

Hanomanm, 910 R — 5TO MHOYKECTBO BCEX BEIECTBEHHBIX (I1€fiCTBU-
renbHbIxX) unces. [lycrs ) — MHOXKeCTBO nCx0/10B, [ — MHOXKECTBO pe-
[IeHWH WK npeacKa3annil (IpOrHO30B), © — MHOXKECTBO TAPAMETPOB
(9KCTIEepTHBIX cTpaTerui, 3xcrnepros). [Ipennonaraem, uro © — KoHeu-
Hoe MHOXKecTRO, I' C R™. B 310i1 r1aBe §) — npou3BoIbHOE MHOYKECTBO
00BEKTOB JII0O0H TTPUPO,THI.

Ouenka mpuasTOro pemenus (unm npeackazanns) v € [ mpm uc-
x0JIe w € ) MPOM3BOIUTCS € TOMOIIBIO (DYHKIUHU TOTEPh A(w, ), TpH-
HUMAaFoIeil HeoTpuTiaTeIbHbIE e CTBUTEIbHBIE 3HATEHN. Jlajiee MBI
HyeM TIpeanoIaraTh, YT0 3HaYeHnsT (PYyHKIUN MTOTEPD JIEYKAT B 0TPE3-
ke [0,1].

PaccmarpuBaeTca urpa ¢ moHo# wHOOpMAIIei MexXK Ty TpeMs Ur-
pokamu: Cmamucmus (Learner), Muooicecmeo axenepmos (Decision
Pool), IIpupoda (Nature). Irpa npoucxofuT B COOTBETCTBUU CO CJIE-
JIYIOTIIAM TTPOTOKOJIOM.

FORt=1,2, ...

Sxcnepmu § € © meraror npeackazanus: £ € T

Cmamucmux TPUHIMAET CBOe perrerue: v; € [

Ipupoda anoncupyer ucxom: wy € ).

Ixcnepmor € © BHIYUCIAIOT CBOM CYMMapHBIE MMOTEPU HA Imare t
HUTPBI:

Li(0) = Li—1(8) + Mwr, &)
Cmamucmux BEIMECISET CBOM CyMMapHBIE IIOTEPH Ha IIare ¢ UrPBL:
Ly = Li—1 + Mwt, 1)
Baecy Lo(0) = Lo = 0 mis Beex 6.
ENDFOR
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IIpoTokost ompeiesisier MOpsIOK JeiicTuil (xo7p1) UTPOKOB. Kax-
Jblit UTPOK MOXKET IIPU OIIPEJIEJIEHNN CBOEro JIefiCTBUS NCII0J1b30BATH
BCIO0 WH()OPMAINTO, KOTOpasd M3BECTHA, K HAYATIY €Tr0 XOJa.

Hensio Cmamucmuka ABISETCS BHIOOP TAKOH TOCTETOBATETHHO-
CTH TPOTHO30B 71,72, ..., YTOOBI JId KAXKJIOrO t €ro CyMMapHBIE
norepu L; ObLIH OB ¢ HEKOTOPOH CTEMEeHBI0 TOYHOCTH He HOJIBINE TeM
cymMapubie orepu Hanbossee 3¢hPeKTUBHOTO SKCIEPTa, T.€. He 00/Ib-
e geM iIelf L(0).

Hpupoda moxkeT ObITE 6pastcdebrofl 10 OTHOIIEHUIO K Cmamucmu-
KY: BblaBa€MbI€ €10 MCXOJbl W¢ MOTYT 3aBUCETH OT IIPOTHO30B 7, TaK
xak Ilpupoda BBITAET WCXO Wy TOTMA, KOTIA TMPOTHO3 Y YKE BBIIAH
Cmamucmukom.

KonngecTsernmoit orieHKOM METOA TPOTHOZUPOBAHUS SIBIIETCI KY-
MyJISITUBHAS OIMIUOKA, WK KyMYJISITUBHBI pezpem (cumulative regret)
OTHOCHUTEJIHLHO IKCIIepTa, 6§ :

T

Ry = Z(A(wt,%) — Mwe, &) = L — Lp(0). (3.10)
t=1

[Mess MeToma mpeacKazanmsd 3aKII0TACTCT B TOM, ITODBI

1
limsup —(Lp — inf L7(0)) < 0. (3.11)
T—o0 T 0
BameTnm, 9TO 34€Ch He HCKII0YACTC TOT Caydail, korga Cmamu-
CMUK MOYKET IIPEJICKA3BIBATD Jazke JIydIlle, 9eM IKCIEPT, MMEFOIiii
HAMMEHBbIIIUE [I0TePU.

3.3. AJropuTm 3KCIIOHEHITNAJIHLHOTO
B3BENINBAHNSA YKCIIEPTHBIX PEHIEHUN

[Iporuoser Oy1yT 3j1€MEHTAMU N-MEPHOTO €BKJIUIOBOTO IIPOCTPAHCTBA,
R"™. Takum 06pa3oM, UX MOYXKHO CKJIQJIBIBATH WU YMHOXKATh Ha BEIIle-
CTBEHHBIEC YUCJIa (KaK BEKTOPHBI C BEIIECTBEHHBIMMN KOOpﬂHHa,Ta,MH).

ITogHOX)eCTBO Z €BKJIMIOBOTO MPOCTpaHCcTBa (HampuMep, R™) Ha-
3BIBACTCH 6bINYKABLM, €CU JIIs JI0OBIX TOueK z,2 € Z u j106oro
qucsa 0 < p < 1 rouka p2’ + (1 —p)2" € Z.
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Oyuxrus h(z), onpeneseHHas Ha BBITYKJIOM MHOXKECTBE Z, HA3bI-
BAETCsl BBLLYKJION, ecain ee najarpaduk {(x,y) : y = h(z)} — Bbinykioe
MHOKECTBO. DTO SKBUBAJEHTHO TOMY, UTO €CJIM J/Id JTIOObIX 2,2 € Z
u oboro uyucaa 0 < p < 1 BHITTOJHEHO HEPABEHCTBO

h(pz' + (1 = p)z") < ph(2) + (1 = p)h(z"). (3.12)

3aaHbl MHOXKECTBa, MCX010B () u MHOXKecTBO nporuosos I'. Samana
HeKoTOpas QyHKIU ToTepb A(w, 7).

ITycrb MuOKecTBO 9KCHepTOB KoHeuHo: © = {1, ..., N}. B srom
pasjiesie MpeanoaraeM, IT0 MHOXKECTBO TPOrHO30B ' — BBIMYyKJIOE
nogMuokecTBo R™, a dynkius norepb A\(w,y) siBASETCs BBILYKJIOM
10 TTPOTHOZY 7.

ITpocreiimuit anropuT™M B3BENTUBAHUS SKCIIEPTHBIX MPOTHO30B BbI-
Tncager mporaod Cmamucmuka o dopmyste

N .
Ywi1& N
2 ‘
"= N = wit 1€ (3.13)
> wig—1 =
j=1

rae §§ € R™ — mporuos i-ro skcmepra Ha mare t, w; ;1,7 =1, ..., N,
— Beca, IPUIKCAHHLIE 9KCIEpTaM Ha Iare t,

Wi,t—1

N
> Wit—1
j=1

(3.14)

* JE—
W1 =

— HOopMupoBaHHble Beca. Tak kak I' — Belyksoe muOoXKecTBO, V¢ € T’
JJIs1 BCEX t.

B asnropuT™me 5KCIOHEHIHAIBHOIO B3BEIIMBAHNSA B KAYECTBE BECOB
9KCIIEPTOB 0epyT BeTUIHHBI

= 71 (0), (3.15)

Wi t—1

i=1, ..., N, rne L;_1(i) — cyMMapHbIe TIOTEPH i-TO IKCIEPTA HA
mrarax or 1 mo t — 1, 7 > 0 — HEKOTOpBIN mapaMeTrp — Napamemp
06YyueHu.
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B sTom caygae nporuo3z Crmamucmukae Beraucisercs 1o dhopmysie

N
S glem b1 (0)
=" = Zwm & (3.16)
Z e*nLtfl(J’) i=1
j=1

rue

(3.17)

*
Wit—1 = N
Z e—Mle—1(
N

— Bec 3KcmepTa 4, t =1, ...,
OnrrMaJibHbIE CBOHCTBA, AJrOPUTMA SKCIOHEHIINAJILHOI'O B3BEIIIH-
BaHUS U3YUAIOTCL B CACAYIOLLEN TeopeMe.

Teopema 3.3. Jonycmum, wmo pynruus nomepsv \(w,y) Asasemcs
BUNYKAOT NO BMOPOMY AP2YMERMY U NPuHUMaem shaverus 6 [0, 1].
Tozda dna mobwix n > 0, T u w1, ..., wr € Q KYMYAAMUGHAA
OWUBKA AN20PUMME IKCNOHEHUUAADHO20 8368EWUBAHUA YOOBAELTNEODA-
em HEPABEHCMBY

InN T
Lr— min Lp(i) < e/
i=1,..., N n 8’

IIpu n = /8In N/T sepruas ouenra umeem ud: 1/%Tln N.

Hoxaszameavemeo. OnpenesinM BCIOMOTATETBHBIE BETHIHHE

(3.18)

N N
We=> wiy =Y e (3.19)
i=1 i=1
Wy = N.
B nokazarenncTBe OymeT MCIOMH30BATHCS Hepasencmseo Xehoun-
20, KOTOpOoe chOPMYJIMPOBAHO U JIOKA3aHO B pasjesie 3.6 B Bujie jeM-
MBI 3.3. DTa JieMMa yTBep:XKIaeT caedyoliee: mycth X — ciaydaiiHas
peamanna 1 a < X < b. Torga gas mpon3BoabHOTO S € R

s2(b — a)?

In E(e*X) < sE(X) + 3 ,
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e E — MaremMmaTnyeckoe 0XKuTaHTE.

JlokazareabCTBO TeopeMbl OyIeT OCHOBAHO HA CDABHEHWH HUKHEHT
U BEpPXHEl OIEeHOK BeJUMYUHbBI In %

Huxkusis otienka moaydaeTces caeayomuM o6pazomM. 3aMeTuM, 4To

TaK KakK w;o = 1 gma scex 1 =1, ..., N,
N
W ;
In—=1In el ) _InN >
T O

i=1

> ln< max e_"LT(i)> —InN =
i= N

EERERS]

= -7 min NLT(Z') —InN. (3.20)

=1, ...,

Bepxwussa onenka Besmmaumst In ‘I//Vv—g MTOJTY9aETCS € TTOMOIIIBIO CIeTy-
IOMUX BRIKJAAA0K. VIMeeM 7j1sT TPOU3BOJIBLHOTO ¢

N )
Z e—ﬁk(wtfi)e—T]Lz—l(i)

In U = In =1 =
N
Wit S emnLi-1()

=1

N )

Z wi tile_nA(whE%)

=In=— = B(e M@ty (3.21)
j=1

rae MaTeMaTUYeCKOoe OXKUIAHNE PACCMAaTPUBAECTCA OTHOCUTEILHO Pac-
IpeesieHud BePOSTHOCTE]:

* _ Wi t—1
Wit—1= N
> Wji-1
j=1
1=1, ..., N.
IMpumennm wepasencreo Xedawura (3.34), B xkotopom a = 0,

b = 1, ciyuaiinag Beqmanaa X TpUHEMAET 3HaUeHHE \(wy, &) ¢ BEpO-
*
ATHOCTBIO 'I,U,L-7t71. I/ICHOﬂb3yeM TaK2Ke€ BBIITYKJIOCTH (byHKLU/H/I IIOTEPb
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Aw, ) mo Bropomy aprymenty. B pesyiabraTe mosydaem cieayoniie
HEPABEHCTBA:

N
wi 41\ (wy, &
Wi = (or-&0) n*
In < - + % <
W1 N 8
. W1
j=1
N .
Z wi,t—lé; 772
i=1 _
< A | wi, — | T e
2. Wit
j=1
2
= —nA(we, 1) + R (3.22)
rae ’Yt — TPOrHO3 TIO aJIFOpI/ITMy 9KCIMOHCHIINAJIBHOT'O CMCIIINBAHUA
(3.16).
Orcroma, cymmmpys (3.22) mo t =1, ..., T, nomyunm
W LW n?
T i
In — = In < —nLy + —=T. 3.23
n > W, S kTt g (3.23)

Ucmone3ys HukHIOW0 o1eHKY (3.20) 1 BepxHIOW0 o1eHKY (3.23), mosty-
qUM

InN n
Ly < in Lp(t)+ ——+ =T. .24
T 12{1711171]\[ (i) + » + 3 (3.24)
Teopema mokazama. A
Hanomuum, uro npu 1) = 1/81n N/T BepxHsist OlEeHKA UMeET BUJL:

v/ %T In N. OueBuiHBII HEJIOCTATOK IIPU BHIOOPE TapaMeTpa 1) 3aKJI0-

9aeTcd B TOM, 4TO Jjisi ero Beibopa Haao GhuKCMpoBaTh BeauauHy 1’
— TOPU30HT, 0 KOTOPOTO JlejlaeTcd TpeJcKa3anue.

IIpocreitimuii criocod npeojoieHns 3TOr0 HEJAOCTATKA 3aAK/II04YaeT-
Cd B IPUMEHEHUH TAaK HA3BIBAEMOTO «TPIOKA YIBOSHUS»: BPeMs pa3-
JeJideTcda Ha MepUOAbl € SKCIOHEHINAIBLHO BO3PACTAIONIEN IIUHOM.
BuyTpu kaxkmoro Takoro mepmoja MCIOJIb3YeTCs MOCTOSHHBIN Tapa-
MeTp 1), To0bpaHHBIH 11 KOHIA 1 Iepno/ia, Kak 3T0 YKa3aHO BHIIIIE.
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Koraa ouepenmoii mepnon 3aKaHIABAETCs, IaPAMETD 1) COOTBETCTRY-
FOIIIM 00PAa30M MEHSETCS.
B nanmoM ciydae MOXKHO IOJIYyIUTH PABHOMEPHYIO 110 1’ OIEHKY:

V2 1

Lr— min Lp(i) < §TlnN.

i=1, ., N V2 -1
BHaqHTeﬂbHO 60.]166 ﬂyqﬂlaﬂ OHeHKa7 OCHOBaHHas Ha HCIIOJIB30BaHUHU
NEPEMEHHOr0 napaMerpa 00ydeHus, MPUBEJAEHA B CJIEAYIOIMEM Pas3jie-
JIe.

3.4. AaropuTM 3KCIOHEHIINAJHLHOTO B3BEIINBAa-
HUA C TIEPEMEHHBIM TapaMeTPoOM ODyYdeHus

PaccMoTpum Texuuuecku 6ojiee CAOKHYIO KOHCTPYKIWIO AJITOPUTMA
9KCITOHEHITHAIBHOTO B3BEINBAHUA C TMEPEMEHHBIM TTapaMeTpoM 00y-
YeHUsT, peIoKenHyo Anekceem UeproBbIM [5].

Hanee, Lp(i) — cymMmapHble TIOTEpH i-r0 SKCIEpTa 3a nepsbie T’
IAroB, Ly - cymmaptble orepu Cmamucmuxa.

MuoxectBo skcnepros koneuno: © = {1, ..., N}, MHOXKeECTBO
nporuo3os ' — BeIykJIOe MOAMHOXKECTBO R™, a QyHKINsS TOTEPH
Aw,7y) sIBASETCS BBITYKJION 110 POrHO3Y 7.

Mojudurnupyem aaropuTM SKCIOHEHITUAJHHOIO B3BEIINBAHUST — B
KavIecTBe BECOB 3KCIEPTOB HepeM BeTHUHHEI

W1 = e_ntLt—l(i)7
i=1, ..., N, rme Ly_1(i) — cymmapHbIe mOTEPH i-TO IKCIEPTA HA
marax or 1 1o t — 1, ny > 0 — nepemeHnHbIil TapaMeTp 0OyUeHUs.

B sTom cirygae MoxkHO m0OUTHCH PABHOMEPHOI TI0 MIAraM BepXHEH
OIEHKHU OMIUOKM IIPEICKABAHUS.

Teopema 3.4. Jlaa 410600 nocacdosamesbHOCMU NOAOHCUMEALHBIT
BEUWECMEEHHBIT YUCEA 1] = Ny = ..., 048 w6020 n = 1 u das
MOOBIT W1, - .., wy € Q, owubka npedckasanus (peepem) aszopumma
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IKCNOHEHYUUAADHOZ0 636CWUBAHUA C TIEPEMEHHBIM TLAPAMETTIIPOM 06y—
HEHUA Tt y&oe/temeopﬂem HepaseHcmey

- N 1«
Lyr— min Ly(i)) < —+ - . 3.25
r—, min Lr(i) L tzlnt (3.25)
B wacmnocmu, das m = N t=1,...,n, ewnoaneno

Ly — minNLT(i) <VTInN.

i=1,...,

Jloxazameavcmeo. Hamare t Cmamucmusk BEIMUCISET CBOE TIPEACKa-
~ N ) —neLy—1(i
zanme mo dopmyme Dy = » .- §qwi 1 /W1, Tae wipq = e M 1(9)
N
u Wiy =3 ;0 wjg—1. Us Bemyknoctu GysKnum A 1o BTopoMy ap-
IYMEHTY LOJ1ydaeM

[Tpumensiem nepaercTBo XedaUHTa U Oy 9aEM

N t—1
e_ntzz 1&7/\%@ Wit=1 —meX(we &) —n7 /8
> E

th

[Tepenuiem 9T0 HEPABEHCTBO B BHE

N
Wit~ 1 —nmeX(wi,£8)—n? /8
e —neA(we,Pt) >Z 2 neA(we,€4)—n; /8 (3.26)
i=1 Wt 1

BBe,ZLeM BCIIOMOTaTCJIbHBIC BEJIMYIHBI

Slt 1=e 77,5_1Lt_ ()“!"ﬂt—l(Lt—l_*zk 177k)

n 3aMETHUM, 9TO

nt

1
Wj ¢ — S; -1
o w7 (3.27)

Wi Y (s70-1) ™
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JokazkeM, 9T0 Z i1 Ns] + < 1 MmaremaTnaecKoil MHIyKIned 110 t.
IIpu t = 0 370 yTBepH{;LeHHe BBIIIOJIHEHO, TAaK Kak S;0 = 1 jis BCex

i. JomycTum, 9ro ZJ 1 stt 1 < 1. Torna

¢
Nt—1

N o Ny
Z N Sjt 1 "t 1 Z st’t_l g 1 y (328)
J=1 J=1

TaK Kak QYHKIMA T +— % BOrHyTasg M MOHOTOHHad 1Mo z = 0
ua € [0,1] mw tak xak 0 < 1 < m—1. Ucmosmbsys (3.28) B Ka-
YeCTBE TPAHWILI 3HAMEHATenst w3 npasoii wactu (3.27), momyunm

g
Wi t—1/Wi—1 = (si¢—1)"—1 /N. Kombunupys sto ¢ (3.26), mosydaum

1
N

= U iy_2
e—ﬂtk(ptvyt) > (Si,tfl)ntfl e—ﬂtk(wuft) Un /8‘

WE

i=1
3aMerum, 4To

n ; ~\ o
Sit = (Si,t—l)nt_l e neA(we,&;)+meAwe,pe) —n; /8'

N 1
Orcrona momyamm Y5 xsjt < 1.
. N
Tak Kax /1 TPOU3BOIBHOTO ¢ BBITIOJIHEHO %Si,n < ijl %Sj,n <
1, momy4daem

. S 1L
_nnLn(Z) + M L, — g Zﬁk <InN,
oTctona caeayer (3.25). O

3.5. Panmomu3supoBaHHbIE TTPOTHO3BI

3agaHbl MEHOXKECTBA UCXOZ0B ) B MHOXKECTBO Iporuo3os . Meerca
N »skcnepros. 3agana nekoropast dynknus morepb A(w,y). B srom
paszese Mbl He TpeanosaraeM, 970 (byHKIHS TMOTEPh BLITYyKJIasd 110
BTOPOMY apTyMEHTY.

HamoMHUM IPOTOKOJI JeTepMUHUPOBAHHON UIPLI HA HPeCcKa3a-
HHUS C HCIOJBb30BAHAEM 3KCIIEPTHLIX POTHO30B.
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[Iycts Lo =0, Lo(i) =0,i=1, ..., N.

FORt=1,2,...

Dxcnepm i Boibmpaer mporuos: & € T, i=1,..., N.
Cmamucmusk BeIOHpaeT IporHos: v € I

Hpupoda eeibupaer ucxom: wy € ().

Idxenepm i BBIYACTSIET CBOW CYMMapHbBIE TTOTEPU Ha I1are ¢ UTphI:

Le(i) = Li—1 (i) + Mwt, &),

rmet=1,..., N.
Cmamucmuk BEITUCISIET CBOM CYMMAapHBIE TTOTEPH Ha, TIare ¢ urphbl:

Ly = Li—1 + Mwt, 1)

ENDFOR
Kaxaprit urpok MOKeT TpH OMpeNleIeHUN CBOEro TeHCTBUS WMC-
TTOJIR30BaTH BCIO MHMOPMAIINIO, KOTOPasi M3BECTHA K HAYAJIY €ro X0o/a.
Ilorepu Cmamucmuxa va marax t =1, ..., T paBHBI

T
Lr=> Aw,v).

t=1
[Torepu sxcmepra ¢ Ha marax t = 1, ..., T paBHBI

T

Lr(i) = Y Mw, &)

t=1

ITpumep. llpusegenm mpumep, KOTOPDIN TOKA3BIBAET, UTO B HEKO-
TOPBIX WI'PAX ¢ HEBBIMYKJIOW TI0 MPOrHo3y QyHKImeH morepb \(w, )
JIIO00I METOJ IeTePMUHUPOBAHHBIX TPEJICKA3AHMIT MMEET HEeJIOmyCTH-
MO OOJIBIIYIO OIMIMOKY, KOTOpas pacTeT JUHEHHO ¢ POCTOM JIJIUHBI e~
pHOJIa TIPEJICKA3AHUSI.

Paccemorpum ipoctyto urpy ¢ asywms skcneptamu 1 u 2. IIpocTpan-
cTBa MCXOJI0B M mporuo3os conagator: ) = I' = [1,2]. Tlorepu npu
IpeICKAa3aHuy Y U UCXO/e w PABHBL A(w,7) = 1,2y} — XapakTepu-
cruueckas pyHKIUs MHOKeCTBA {(Ww,y) @ v # w}.

Jlerko mposepuTh, 4TO 9Ta, PYHKIUA TIOTEPH HE ABIACTCA BBITYK-
JIOR IO IIPOTHO3Y.
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Samernm, 9To s 1060 JerepMuHUpoBaHHON crparerun Cma-
MUCMUKE Y1, Y2, ... CYyLIECTBYET TaKas 10CJI€0BATE/IbHOCTD UCX0/10B
Wi, w2, ..., 9o norepu Cmamucmuka MakcuMaibubl, 1.6, Ly = T
st Beex 1. [eitctBurenso, [pupoda MOXKeT OTpeseuTh I BCEX
t=1,2, ...

2, ecmm ¢ = 1,
Wt =
1 B mpoTuBHOM Cirydae.

Paccmorpum aByx 9KCepToB, OAWH W3 KOTOPLIX — IKCIEpPT 1, BCerma
IpecKasbiBaeT & = 1, a Apyroif — sKcIepT 2, Beera MpeIcKasblBaeT
&€ =21t=1,2, ... lycrs Ly(i) — morepu i-ro sxcmepta, i = 1, 2.

Bamernm, uro Cmamucmuk IPU TPOTHO3E Yy = 1 MPOCTO CJIe/lyeT
permenunto sKcneprTa 1, a Ipu mporHo3e vy = 2 — CAeJAyeT PEIIeHUO
SKCITepTa, 2.

Jlerko BUIETH, UTO, TaK KaK s TPOU3BOJIBHON TOCIEI0BATEb-
HOCTH UCXOJIOB W1, W2, ..., Wy IUCTO €IUHUI] WA IUCIO JBOEK OymayT
He GoJibiie ueM t/2, y OTHOTO W3 IKCIEPTOB moTepu OyayT He Gosee
wem t/2. Tlosromy min;—q o Ls(7) < t/2 must Beex t.

Taxum obpazom, st jt06oit crparerun Cmamucmukae «aTanTUB-
HO Bpazkaebuasty [Ipupoda MOXKeT MPEeTOCTABUTD TOCIEI0BATENFHOCTE
Wi, w2, ... TAKYH, 9TO

Ly — min L(i) > T/2
i=1,2

aost Bcex 1.

IIpuBenenubil TpUMeEp MOKA3BIBAET, UTO JIJIT HEKOTOPBIX HEBBI-
OYKJIBIX (PYHKOUAX TOTeph [Ipupoda MOXKeT BBIAABATH ITOCIEIOBA-
TEJILHOCTh MCXO/0B TaK, UTO MpHU JIFOOLIX JE€TEPMUHUPOBAHHBIX Jeii-
cTBusx Cmamucmuka ero TIoTepw 3a 000 mepmoa, urpbl 1 UMeroT
ommbKy npeackazanus > 1'/2.

Dror ke npumep nojgxoaur i Q =T = {1,2}.

Haunyto mpobaemy Cmamucmuk MOXKeT TPEOIOJIETh C TOMOIIBIO
PaHIOMUBAIIE [IPOTHO30B. TOUYHEe NPOTHO3aMU OYIAYT CMENIAHHBIE
CTpaTEruy — pacipeiesieHns: BEPOSTHOCTEN Ha MHOKECTBE BCEX JIETep-
MUHUPOBAHHBIX TPOTHO30B. BMecTo dyHKIINY TOTEPD OYIET paccMar-
PUBATHCS €6 MaTeMaTHIeCKOe OXKUIAHNE, K KOTOPOMY MBI TTPUMEHUM
pe3yabTaTH paznena 3.1.
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Ilycrs Temepns Ha KaxaoMm mare ¢t urpel Ilpedckazamens BbLIaeT
IIPOrHO3 B BUJE CMEIIAHHON CTpaTernu — pacrupepesenus BeposiTHO-
creit py = {p1t, ..., PN} Ha MHOXKecTBe 9kcmepros {1, ..., N}.

Mu1 BBezmeM erme OTHOTO UTPOKa — I eHepamopa cay4atinws wucea,
KOTODBIi Byj1eT reHepupoBaTh sjeMenTsl MHOKecTBa {1, ..., N} co-
IVIACHO 3aJaHHOMY €My PACIpemeJCHII) BEPOATHOCTEIL.

TIpoTokon paHAOMU3UPOBAHHON UTPHI UMEET CJAeIYIONINl BUI.

[Iycts Lo =0, Lo(i) =0,i=1, ..., N.

FORt=1,2, ...

Dxenepm i Boibupaer mporuos: £ € I, i=1, ..., N.

Cmamucmus BeLIAET PACIIPE/Ie/ICHIe BEPOSTHOCTEN: P ¢, ..., PN+ HA
MHOKecTBe 3kcnepTos {1, ..., N}.

Ipupoda eeibupaer ucxom: wy € ().

T'enepamop cayuatinwe wuces Boibupaer sxcuepra: ip € {1, ..., N} c

BEPOATHOCTDBIO P ¢.
dKcnepm ¢ BRITUCISET CBOM CYMMapHBIE TTOTEPH Ha, IIare ¢ Urphbi:

Li(i) = Li—1(i) + Mo, £),

rmet=1, ..., N.
Cmamucmuk BEITUCISIET CBOM CYMMAapHBIE TTOTEPH Ha, TIare ¢ Urphbl:

Li = L1 + Mwy, &1).

ENDFOR

T'enepamop caywatnuT “uces OTHOCUTEIBHO POU3BOJIBHOTO Pac-
TpeIesIeHnsT BEPOSTHOCTEN MOXKHO Peaan30BaTh Ha, OCHOBE TeHepaTo-
pPa PaBHOMEPHO PACIPEIEICHHBIX CAYIANHBIX TUCE] CAETYIONIM 00-
paszom.

Beoanm coygaiiabie mepeMerHble Iy, TaK 9To I = ¢ TOTJIa U TOJIBKO
TOTIa, KOTA

i—1 )
Ut € ij,tvzpj,t ;
=1 =1

roe penmuanasl Up, Us, ... — HE3aBUCHMBIE DABHOMEPHO PACIPEIE/ICH-
Hbl€¢ B ¢JIUHUYIHOM OTpeSKe CﬂyqaﬁHbIe BEJIMYUHBI. I/I3 OHpe’ZLeﬂeHI/IH
ciaeayer, aro P{I; = i} = p;; aus Bcex t.
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B rakoit urpe norepu Cmamucmuka A(we, §tlt) ABJSIOTCA CTyIaii-
Hoit Benmauno#. B sTom ciyuae kadectBo Cmamucmura m3MepsaeTcs
TaK)Ke CJAyJailHOl BeJIMYUHON — ciryuaiiHol ommbKoil mpe/cKa3aHus:

T
LT—i_I%lH.} Ly (3) Z)\ (wr, &) —i:rlr}.i{}N;A(wt,éé)- (329)

PaccmoTpuM mocTaHOBKY, pr KOTOPOit 1esibio Cmamucmuka aB-
JISIeTCST MUHIMU3AINST MATeMATHIeCKOrO OXKITaHns omuokn (3.29)
E(LT — min LT(Z)) =
i=1,..,N

[RAES}

= E(LT) - ':rlninN LT(Z) =

20ty

I
N

T
E(Mw, ")) — ff}?ﬁ}N; Awr, &) =

t

1

Il
M’ﬂ

N T
> MweE)pie — rg;gN;Auut,fz). (3:30)

1 4i=1

~+~
I

BysieM BLIMUCTATH PACTIPEIETCHAe BEPOATHOCTENH Ha MHOXKECTBE SKC-
nepToB ¢ moMomp0 coorromenuit (3.1) u3 pasmena 3.1. Ha mare ¢
OIpeJIeJ UM

tfllq_/
ﬁsgl 8
Pit = ——i (3.31)
N Z
z )
e lL = MNws, &) mpui=1,..., N,0< <1

ASropuTM BBIYHCICHUS BEPOSATHOCTHBIX cTpareruii (3.31) Oymer
Ha3bIBATHCH 8EPOANHOCTNHBIM GAOPUMMOM IKCTLOHERUUGADHOZ0 636€-
WUBAHUA.

N3 nemmsbr 3.2 ciejyer

Teopema 3.5. Ilycmv Lt — cayuatinvie KYMYAAMUSHDIE NOMEPU G4~
eopumma Hedge(B) 3a T wazos npu = g(T/InN), 2de

1
g(z) = T\/g
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Toz0a umeem mecmo OUEHKA MATNEMATIUECKO20 oorcudarus my%aﬂ—
HOLT NOMEPL BEPOAIMHOCINHOZ20 AA0PUMMAE IKCNOHEHUUAADHOZ0 B36E-
WueaHUA

E(Ly) < mln Lr(i)+ V2T InN +In N. (3.32)

HemocTaTKOM 9TOM OIEHKHN ABJISETCS TO, 9TO TapaMeTp (3 3aBUCHT
ot ropusonTa 1. CM. TakKe KOMMEHTapuii B KOHIE pas3zesa 3.3.

BameTnm, 9TO 1171 JIF060r0 ¢ BEKTOp BeposTHOCTEH {p1 ¢, ..., DNt}
Ha MHOYKECTBE IKCIIEPTOB 3aBUCUT OT TOCIEJOBATETLHOCTH TPEIITe-
CTBYIOIIAX HCXOJIOB W1, ..., Wi_1, BbLAaBaeMbIxX [pupodot, a 1ocie-
JIOBATETBHOCTD W1, ..., Wi, B CBOI0 OYepesb MOXKET 3aBHCETh OT MO-
CJIeJIOBATeILHOCTH pacupenenennit {pi1s,..., PNs}t, S = 1,...%, BbI-
naBaeMblx Cmamucmukom.

ITo Teopeme Womecko—Tynpum (cMm. [3]) cymiecTByer pacmpese-
JIeHne BeposiTHOCTeH P, ompemenenHoe Ha OECKOHEUHBIX TPACKTOPH-

X BBIOMPAEMBIX IKCIEPTOB i1,12,..., rae iy € {1,... N}, upu Bcex
t=1,2,..., IOPOKJIEHHOE BCEMU DACHPEIETeHUAME {P1 ¢, ..., DNt}
t=1,2,...

Ucnonesys caencreue 3.6 w3 HepaBeHcTBa XedauHra—A3ymbl (J1eM-
Ma 3.4 HUKE), MOKHO MOJYIUTh CIEIYIOIEe CIEJCTBAE U3 HEPABEH-
cTBa 3.32.

Craencteue 3.1. ITyems 0 < § < 1. Tozda Ppynkyusa nomepov gepo-
AMHOCTNHOZ0 AALOPUMMA IKCNOHEHUUAADHOZ0 B36EWUBAHUA C 8EPO-
amunocmuvro 1 — § ydosaemeopaem Hepasencmey

T

ZA(WtagtIt) -

T
min g A AR
i=1,.. N (i, &) <
t=1 t=1

1 1
<V2T'InN +InN + \/§T1ng.

ZHoxazameavcmeo. 1lo onpenenennio cayvdaiiHble BETHINHEI

X = Mwn, &) = B(AMwi, &) =
N

- )\(wt7 )\ wtagt pzt
1

i=
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IPEACTABIAIOT CO0O0I ITOCIe0BATEIFHOCTD OIPAHUIEHHBIX MAPTHHTA-
paznocreit. [Tosromy st ux cymm

T
ST - Z Xt
t=1

MO CJEJCTBUIO 3.6 BBITIOJIHEHO HEPABEHCTBO

2c2

P{Sr>c}<e T,

TJIe ¢ — IPOU3BOIBLHOE TTOIOKUTEIBHOE Inc/I0 (CM. HepaBeHCTBO (3.37)).
Orcronga s mpousBoaLHOro § > 0 BBIIOJIHEHO HEPABEHCTBO

1 1
— — < o.
P ST>\/2T1115 <4

YTBepKIeHne CIeJCTBUS TeNeph MPSIMO CJIeJyeT U3 9TOT0 Hepa-
BeHCTBa U HepaseHcTs (3.30) m (3.32). A

Tpesckazarens HA3BIBAETCS COCTOSITENBHBIM 110 XaHHAHY, €CIH C
‘P-BeposiTHOCTHIO 1

T T
1 4
limsupf g )\(wt,ftl‘)—i_?linNE Mwe, &) ] <0. (3.33)
t=1 T =1

T—o0
Crencreue 3.1 Biieuer ceyroiee CAegCTBIE.

Canencrsue 3.2. Bepoamuocmuoili as20pumm 3KCNOHERUUAADHO20
636EWUBAHUA ABAAENCA COCMOAMEALHBIM N0 XAHHAHY.

Tlosicunm, Kax COOTHOCHTCH TIPUMED, IPUBEICHHBIN B HAYAIE 9TOTO
paszzesa, co caeacrsueMm 3.2. B npumepe Cmamucmuk npu nporao-
3e 74 = 1 Ha mrare ¢ TPOCTO CJIeAyeT PEeNIeHnio 3Kchepra ¢y = 1, a
TP TIPOTHO3€ 7y = 2 - CJIeAyeT PeleHnio skcnepta i; = 2. llomyaaem
DECKOHEYHYIO TPACKTOPHUIO BHIOMPAEMBIX DKCIEPTOB: 11,12, ... llpm
PaHIOMU3UPOBAHHOM BBIOODE IKCIIEPTOB P-BEPOATHOCTHU BBIOPATDH TY
TPAEKTOPUIO, & TAKKE JIO0YIO APYI'YIO, HA KOTOPOH HAPYIIAeTCH yCI0-
Bue (3.33), pasus 0.
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3.6. HekoTopble 3aMevaTe/ibHbIe HEPABEHCTBA

[TpuBemeM HECKOIBKO 3aMevUaTEIbHBIX HEPABEHCTB, KOTOPHIE HEOIHO-
KpaTHO UCIIOJIb3YIOTC B JI0KA3aTEIbCTBAX TeopeM. (JCHOBHBIM TaKUM
HEpaBEHCTBOM OyIeT HepaBeHCTBO XedIuHra.

JlemMma 3.3. Ilycmov X — cayvaiinas eeauvuna u a < X < b. Toeda
0AA NPOU3BOALHO20 S € R

s2(b — a)?

In E(e*X) < sE(X) + 3

(3.34)
,ﬂonasameﬂbcmso. TaK KaK
In E(e*X) = sE(X) + In E(e5X~EX)),

JIOCTATOYHO [I0KA3aTh, 9TO Jyid Jit00o# ciyuaiinoii Bemuunasl X C

E(X)=0,a <X <b, 6yner
E(esX) < 652(b—a)2/8_

i} BBIMTYKJIOCTU IKCIIOHEHTHI UMEeM

sx T—a g b—z sa
e’ < e
b—a b—a
mpu a < = < b.
Ob6osnauny p = —3%. Tak xax E(X) = 0, To upumenss mare-

MaTH4YeCKOe 02K JaHUue K 06eI/IM TaCTAM 3TOT'O HEPABEHCTBA, IIOJIYYUM
mpu =X :
a b
sb sa
——e _|_ e e
b—a b—a

E(esX) <

riae u = s(b—a), o(u) = —pu+ In(1 — p + pe*).
ITpoussoanast p(u) Mo u paBHA

"(u :—p—i—#.
# ) P (d—pe
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Nmeem ¢(0) = ¢'(0) = 0. Kpowme Toro,

woy . pd—ple™ 1
o) = A e S T

HeticrBurenbro, obozuaaum ¢ = (1 — p)e™™. Torga HamO mokasaTh

HepaBeHCTBO ﬁ < 1, KoTopoe crexyer us (p —q)% = 0.

ITo dbopwmyne Teiimopa mnst mekoroporo 6 € [0, u] momyaaem

u? u?  s%(b—a)?
p(u) = ¢(0) + up'(0) + 5%0”(‘% < g 8

Tak Kak u = (b — a). Jlemma goxkazana. A
PaccMoTpuM HECKOIBKO CIICTBH, PA3bsICHSOIINX 3HAYEHNE 3TO0-
IO HEPABEHCTBA.

Caencrsue 3.3. llycmv X — caynalnaa 8eAudUHG MAKAA, “MO
Pla < X <b}=1. Toeda

2

__2c
P{|X — BE(X)| > ¢} < 2¢ a7, (3.35)

Zoxazameavcmso. IIpenBapuTe/lbHO HAITOMHAM HEpaBEHCTBO Map-
koBa. Ilycts X — cayuaiinaa seauuuna, X > 0. U3

B(X) = /XdP > / XdP > cP{X > ¢}
{X>c}

caenyer, aro P{X > ¢} < E(X)/c.
Hcnons3yst 3T0 HEPABEHCTBO W HEPAaBEHCTBO (3.34), mosryunm

52 (bfu‘)2
8

P{X — E(X) > ¢} = P{esX=BX) 5 cosy L emost

qutst Beex §. Haxopum MuaMMYM mipapoii yactu mo §. OH jgocTuraercst
mpu s = 4c/(b — a)?. Orciona moTyTaem

2c2

P{X —E(X)>c}<e -2,

Ananorngso mosyuaem

2c2

P{X - E(X)< —c} <e (-2,
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OxoHYaTebHO TOJyYaeM

2

_ 22
P{IX —E(X)| > c} <2e t-22.

A

BoJiee uzBecTHbIM siBIgeTCH CaEAyIONIEe CIEJACTBAE U3 TOM JeM-
MbI — HepaBeHCTBO UepHOBa. '

Caencreue 3.4. ITycmv X1, Xo, ... — nocaedosamesvhocms He3a-
BUCUMDBLL CAYHATHBIT SEAUNUH MAKUL, wmo npu ecer i = 1,2,
svinoaneno P{a; < X < b;} = 1. Toada das arwbozo € > 0

P g XZ-—EE Xi>ep<exp| — |,
=1 i=1 > (bi — a;)?

i=1

a mawxositce

PIN X -EY Xi<—cp<exp| -
i=1 i=1 S (b — a;)?
i=1
Joxasamesvcmeo. J1oka3zaTebCTBO aHATOTHIHO JOKA3ATEIBCTBY
caegcreus 3.3. U3 nepasencrsa Mapkosa u nepasencrsa (3.34) mo-

! st ynobersa mHoraa mcmosb3yem obosHadenne exp(x) = e”.
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JIydaeM

s
7
ks
|
&
s
v
7

B (et 3505 - B0

i=1
exp(se)

= <
exp(es)
L SQ(bi—CLi)
flom (20520)
= <
exp(es)
n
s> > (bi — a;)?
<exp | —es+ —=L S <
2¢2

> (bi — ai)?

=1
[Tpu mpexome oT BTOPOI CTPOKM K TPETHEH MBI MCIIOJIb30BAIN HE3a-
BUCHMOCTE COyYallHBIX BeqnduH X1, Xo,

ITpu mepexoje oT mpeanocaeHeil CTPOKY K TTOCTETHEH CTPOKE MbI
HCIIOL30BAJIN MUHAMM3AIINIO TI0 S. BTOpoe HepaBeHcTBO MOsTyYdaeTcs
AHAJIOTUYHBIM 0DpazoM. A

3 sToT0 CIeCcTBIA MOYKHO OTYIUTD OIEHKY CKOPOCTHU CXOIIMO-
CTU J7IsT 3aKOHA OOJBIUX YHUCET.

Caencrsue 3.5. Ilycmo X1, Xo, ... — nocaedosamenrvrocms Hesa-
BUCUMDBIL CAYSATHBL BEAUNUH TMAKUT, Ymo npu ecex ¢ = 1,2,
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swunoaneno P{a; < X < b;} = 1. Toeda dan awo6oz0 € > 0

1|« 2n2e?
P{=D (X —EB(X;)| > ep <2exp | -
(o > (bi — a;)?
i=1
Ecau a; =0, by =1 daa scex i, mo

n

P % > (Xi— E(X;))| > € p < 2exp (—2né’) .
i=1
TlocienoBarebHOCTD caydaiiubix Beawaws Vi, Vo, ... HA3bIBAETCH
MapTUHIAJI-PA3ZHOCTBI0 OTHOCHTEIBHO IOCJIEI0BATETbHOCTH CJIyYaii-
HBIX BesmauH X1, X2, ..., ecau jajist joboro ¢ > 1 Benmawna V; ecthb
dyukmus or X1, ..., X; u

E(Vig1| Xy, ..., X5)=0

¢ BepogTHOCTRIO 1. Creayiolnee HEPABEHCTBO HA3LIBACTCA HEPABEH-
crBoM Xedauura—A3yMbl.

JlemMma 3.4. Ilyecmov Vi, Vo, ... — mapmunean-pasnocms OMHOCU-
MEABHO NOCAEIOBATNENLHOCTNY CAYHATHHY seatvur X1, Xo, ..., KpO-
me amoeo, Vi € [A;, A;j + ¢i] daa mexomopoti caywatinot eeaunurol

A;, usmepumoti omnocumenvno X1, ..., X;, u nexomopoti nocaedo-
k
BAMEABHOCTIU NOAOHCUMEALHUE Konemanm ¢;. Fcau S, = > Vi, mo
i=1
ons a0bozo s > 0

(s2/8) 3 2
e i=1

E(BSS") <
Joxasameavcmeo. Nmeem

E(e*5") = E(e*5n1E(e*V"| X1,. .., Xn_1)) <
< E(eSS"_ICS%%/S) _
= 5 /B E(e55n1), (3.36)

371ech IIpU TIEPExoIe OT MEPBOii CTPOKK KO BTOPOIi ObLIa UCIIOIL30BaHA
JgeMMa 3.3.
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Pesynbrar leMMbI OJTy 9aeTcs My TeM nTepanny HepaBeHcTsa (3.36).

A

Cremyroree CJIeICTBHE TOKA3LIBAETCSI AHAJTOTHIHO CAEICTBUIO 3.3.

Cnencreue 3.6. ITycmo Vi, Vo, ... — mapmuneas-pa3nocms om-
HOCUMEADHO TOCAEA0BAMEADHOCTNUY CAYHATHDIT seaunun X1, Xo, ...,
kpome amozo, Vi € [A;, A; + ¢;| daa nexomopot cayuatnol eesusumol

A;, usmepumoti omuocumenvno X1, ..., X;, u Hexkomopotl nociedo-
n

BAMEABHOCTIU, NOAOAHCUMEALHUT Koncmanm ¢;. Eeau Sy, = >V, mo
i=1
ona awbozo n > 0

2¢?

2
Z G
=1
Zoxazameavcmeo. Ucnionb3ayeM HepaBeHCTBO Maprosa

P{X > ¢} < B(X)/e

u HepaseHcTBO (3.34). Tlosyanum Jyist TPON3BOILHOTO N

n
2y C?
P{S, > ¢} = P > ¢} Sexp | —es —i=o

it Beex §. Haxopum MuauMyM mipaBoii yactu 1m0 §. OH jgocTuraercst

n
npu s = 4c/ Y ¢7. Orcroma monyaaem
i=1

P{S, >c} <exp | — (3.37)

AnamornyHo mogydaeM

P{S, < —c} <exp | —
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OxoHYaTebHO TOJyYaeM

2¢2

n
>
i=1

P{|Sy| > c} <2exp | —

Cunencrsue 3.7. B ycaosuax caedcmeua 3.6, 20e x momy orce ¢; = 1
ONA BCET T, NOAYHAEM

2

1
P {ysny > c} < 2e7 20, (3.38)
n
Tak Kak ps/l 9KCIOHEHT B TPaBoii gactu HepaseHcTBa (3.38) cxo-
muTes, o jgemme Bopena—Kanremm momyanm

CaencrBue 3.8. B ycaosuazr caedcmeus 3.6, 2de £ momy oice 8bi-
noaneno By < ¢; < Bg 0af 6cex i, 04 HEKOMOPHIT NOAOHCUMEND-
Houx Koncmanm B, By noayuaem ycusenuuli Mapmun2aasbtioili 3aK0H
bOABWUT HUCEA:

P{lim Sn:()}:l.
n—oo n
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I'1aBa 4

YcuiieHne mpocThIX
KJIACCU(PUKATOPOB — OYCTHUHT

B sToit ri1aBe paccMaTpuBaeTcd METOJ YCUJIEHUS HPOCTHIX KJIACCH-
bukaTopos, KoTopblii HazpiBaeTcst bycmune (Boosting). Dror Mertos
OCHOBAH Ha KOMOMHWPOBAHWY TTPUMHUTUBHBIX «CIA0BIXY KJaCCHU(pUKA-
TOPOB B OJMH «CHILHBINY. Ilog «cmmoit» KmaccumdrraTopa B JAHHOM
Corydae mopasyMeBaeTcst 3hPEKTUBHOCTD (KAIECTRO) PEIeHnst 3a,1a-
un KJaccuUKaIum, KOTopoe OObIYHO U3MEPSETCH CPEJTHUM THCJIOM
ommboK Kaaccupukamm Ha 00yvIaromeii BeIOOpKe.

B macrosmelt rnaBe peub moiier o ceMeficTBe aJTOPUTMOB, B
ocHOBe KOTOpBIX jexknT anroputm AdaBoost (or anrmmiickux cyios
«aJIAlITHBHOCTbY W «yCHJIEHHE» ), mpeokennbrit @poitagom u Hla-
mupe [10]. Dror asropurm GbLI YCIEIIHO UCHONB30BAH BO MHOIUX 00-
JIACTSX, B YACTHOCTHU JJId 3a/Ia49¥ [TOUCKA JIKIT HA u3obpaxkenuu. Pac-
CMATPUBAEMbBIH METO/T YCUJIEHUsT TTPOCTHIX KJIACCH(PUKATOPOB MPUMe-
HAETCA BO MHOTHUX 33/a49aX U 0 CUX TTOP SIBJIIeTCS 00HEeKTOM MHOZKE-
CTBa KaK NPUKJJIATHBIX TaK U TEOPETUUECCKUX UCCTETOBAHUIA.

4.1. Anroputm AdaBoost
B sTom paznese aaropuT™ ONTUMAIBLHOTO pACIpeesleHnsd T0Teph, U3~

JIOKeHHBIN B paszesne 3.1, Oyaer IPpUMEHEH K PEIIeHUIO 3aJa9u yCu-
JIEHUST AJATOPUTMOB KJIACCUPUKAIINN.
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Paccmorpum crenyiomyio 3aaqy MOCTPOEHHUS KJIACCH(PUKATODA.
[peackazarens nomyuaer Boibopky, S = ((Z1,y1), ..., (T, 1)), vae
Z; € X ny; €Y. Mbl upennosaraem, uro Y = {0,1}, X = R"™ — nox-
MHOYKECTBO N-MEPHOTO apudMeTHIeCKOTO BEKTOPHOTO TPOCTPAHCTBA.
Meb1 Tak»ke mpejioJgaraeM, 9To st BCeX ¢ napbl (Z;,Y;) OJANHAKOBO
M HE3ABUCHUMO PACTIPEIETCHBI COTIACHO HEM3BECTHOMY HAM pacIpejie-
sernto BepostTHOcTel P ma X X Y.

Cmpozuil ar2opumm MaUWUHHO20 06YYeHUs T TPOU3BOIBHBIX
€,0 > 0 mpu obydyeHnn Ha JOCTATOTHO OOJIBIION CydaiiHOil BRIOOD-
ke S ¢ BepodTHOCTHIO 1 — § BBIJAaET rumoTely KJaccuduranun hg,
KOTOpag mMmeeT ommubky o0obmenus ue 6osee €. Kpowme sroro, Bpe-
MsI pabOTBI TAKOTO AJTOPUTMA JOJZKHO MTOJUHOMUAATHHBIM 06Gpa3zoM
sasucersb ot 1/€, 1/0 u pazmepa BeIGOPKH.

Caabuili aszopumm MewWuHH020 06Y4erus 110 OIIPEJIeJIEHUI0 J10JI-
JKEH Y/IOBJIETBOPSITL TEM K€ CBOMCTBAM, 3a WCKJIIOUEHWEM TOTO, UTO
TO YK€ CaMO€ BBITIOJTHEHO I XOTA OBl OTHOTO € < % — v, ey >0 -
KOHCTAHTA.

IMycts D(i) — nponsBobHOE paciipeiesieHne BeposSTHOCTel Ha WH-
nekcax (smementax) Beibopkn. 1o onpenerennto D(i) > 0 ny1st BCex @
"u

EcrecTBenHbBIll IpUMED TAKOrO DPACIIPEIEIeHUsT — PABHOMEPHOE DPAC-
Ipejesienne Ha daeMentax Boibopku: D(i) = 1/l nas Beex .

Owubka obyvenus kiraccudukaropa h Ha obyuarorieit BIGOPKE S
OTHOCHTEJILHO pactpe/iesierns D ornpenensercs Kak

e=D{i:hZ;) #yt= > D).
i:h(Z;)#y;

B uacrrocTn, npu pacnpenenenun D(i) = 1/l omubka 00y4yenus pas-
Ha JI0JIe YUCJIa HEIPABUJIBHBIX KIaCCH(PUKAIUT 00bEKTOB:

e =|{i:h(z) # yitl/l.

MHorue aaropuTMbl KIaccuUKaIUU MO3BOJIAI0T UCIOIb30BATh PAC-
npegesnerne D(i) Ha 31emenTax obydaromed BHIOODKH B KadecTBe
BXOJIHOTO TTAPAMETDA.
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B aTom pasziesie Mbl perraeM 4YacTHBI ciaydaii obieit 3ajaun —
MBI PACCMOTPUM METOJ yCHJIEHHUs CJIa0O0r0 ajropurMa KJjaccuduka-
nun Ha obydaromieil Beibopke. Bymer mpusenaen anropurM AdaBoost
(mpemoxkenusrii @poitagom u Ilammpe [10]), KoTopsIil mepecTpan-
BAeT MPOU3BOJIBHBIN Caa0bIl AJTOPUTM KJIACCU(MUKAIIAN, UMEFOIIIIi
omubKy obydenusi € < % — 7, B CWJIbHBII aJTOPUTM, UMEIOIIIH KaK
YTOZHO MATYI0 OmuOKy 00ydeHusi € (Bce OmmbKYM — OTHOCHTETBHO Pac-
npegeneaust D).

Anropurm AdaBoost

Bxon amaropurma: Beibopka S = ((Z1,y1), ..., (Z1,y1)), pacmpe-
nenenne D na {1,...,1l}, cnabeiit anropurm knaccudukanun Weak-
Learn.

Onpejiennm HavdasbHble 3HaYeHust Becos: W} = D(i) jsii =1, ..., L.
FORt=1, ..., T
1) Monaraem npm i =1, ..., I
. wg
Pi =
> wi
i=1

2) BespiBaem asropurm WeakLearn, B kotopom D(i) = p; ams Beex
1 ¥ KOTOPBIN BO3BpAIAeT Tunore3y Kaaccuduranmu fy.
3) Brerauciagem ommbky ob0yuenns Kiaccuduraropa hy :

z
e = pilhe(E:) — vil-
=1

4) Tlonaraem [y = /(1 — &).
5) Ompenesium aJanTHpOBaHHBIE Beca pu ¢ = 1, ..., [

wzl‘:+1 _ wlz;/@tlﬂht(fi)*yﬂ '
ENDFOR

Pesysnbrar paborsl ajropurMa: BbLAATH FUIOTE3Y
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T T
nz) — 4 1ecm > In(1/B)he(z) = 5 3 In(1/5y),
(Z) = t=1 t=1
0 B IpOTUBHOM CJIydae.

DKBUBAJIECHTHO, PACCMATPUBACTCS JTUHEHAsST KOMOUHAIWsT THoTe3 hy (T)

C BECAMU
= 0015
> In(1/5)
t=1
rmet =1,..., T. Pe3ynpTupyromas runore3a — UHANKATOPHAA (DyHK-

s h(Z), 3aaeTcs yCIoBHeM :

I8 1
h(z) = { 1, ecm h(Z) > 3,

0 B IPOTUBHOM CJIyYae.

ITpuBemeHHBIN AMTOPUTM MPEACTABIACT CODOI HEKOTOPYIO BEPCHIO
AJITOPUTMA ONTUMATBHOTO PACIPEIETEHI TIOTEPh B PeKUMe OHJIAMH
Hedge(3) (cm. pasgen 3.1), B koropom napamerp 3 JMHAMUYECKH U3~
MEHSIETCSI TI0 IaraM ajaropurMa. Kpome Toro, paccMaTpuBaeTcst JBO-
CTBEHHAsT BEPCUST ITOTO AJTOPUTMA. B JAHHOM aJTOpUTME BECa MpH-
MU CBIBAIOTCA HE CTPATETUAM, a dJIEMEHTAM BbI60pKI/I. TaK KaK Ternepb
TIOTepH Ha Imare ¢ m3MepsaioTcs Bemaunoit [F = 1 — |hy(Z;) — y;|, Taxue
TOTEPH PABHBI HYJIIO, €C/IN TUIOTE3a hy HETPABUILHO KIacCuuimpy-
eT 06beKT X;, U OHH MAKCHMAJbHBI (€IMHUIA), €CJIU KIaCCH(DUKATINST
— mpaBunbHasg. COOTBETCTBEHHO, BEC HEMPABUIBHON KIaCCH(pUKAITNN
pacTerT, a BeC MPaBUALHON KIaccuuKanun yMeHbinaercs. Takum o6-
pasom, agaroputm AdaBoost BeimessieT npuMepsl, Ha KOTOPBIX aJIN0-
putm WeaklLearn maer mempaBuibHbBIE KIACCU(DUKAINN U 3aCTAB/IIET
ero o0yvarTbCs Ha ITUX HPUMEPAX.

[Ipm amasmze 6ymeT CyNECTBEHHO MCITOMB30BATHCA CBOWCTBO CJla-
6oro asropurma WeakLearn — mpu 1r060M pactpeesieHnn Ha, 3J1eMeH-
Tax BHIGOPKHU ero omubka o0ydeHust MeHblle YeM 1/2 Ha HEKOTOPYIO
TMOJIOKUTENLHYIO BEJTHUNHY 7.
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Pesynbrar pa6orer amropurma AdaBoost onenuBaercs B cireayro-
el Teopeme.

Teopema 4.1. IIpednoaooicum, 4mo caabvili ar20pUmMM KAGCCUPUKQ-
yuu WeakLearn npu ezo ewsosazr anzopummom AdaBoost wa wazax

t=1, ..., T swdaem aunomesnv, ¢ owubkamu 06Y4eHUA €1, ..., €T
(ommocumensvro coomeememeywux pacnpedeserud, 360aGHHBLT 6 Gek-
moprom eude py = D, pa, ..., pr). Toeda owubra obyuernus
e=D{h(x) # vy} = Y D)
h(z:)#y;

pesyavmupyrowel 2unomesvs h, evdannot aszopummom AdaBoost
nocae T wazo6 pabomot, 02paHUYEHE

€ < ZTH e(1 — €). (4.1)

Joxasameavcmeo. Tak ke, Kak B J0Ka3aTeabCTBE JeMM 3.1 n 3.2
!
i
U3 pazzesa 3.1, MBI OEHUM CBEDXY ¥ CHHU3Y BEJIMUHHY » | Wi 4 1- Uwme-
i=1
€M BEPXHIOI) OLECHKY:

1 |t (Z4) —yil
Zwm = Zwt <
l

Z (1= (=B = |he(xs) —wil)) =

<Zwt> (1-(1-3)1—e)). (4.2)

Ucnonbsys (4.2) T pas, noaydum

l T
> why <JJ -1 =B8)1 - ). (4.3)
i=1 t=1
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31ech ObLIO MCIIOMB30BAHO OIpEIe/eHrne OMMNOKN O0yUIeHNs €; aJro-
purma WeakLearn na mare ¢ :

! ! ;
i - w -
e =y pilh(@) —yil =Y | 7 [ k(@) — wil-
=1

= ]
j=1

JlemMma 4.1. Pesyavmupyrowut xaaccuguramop h desaem owubry
Ha obsexme T; mo2da U MOAbKO Mo20a, Koz20a

T T -1/2
Hﬁt_‘ht(fi)_yi| > <H ,3t> _ (4.4)

t=1 t=1

Hoxazameavemeo. J1eficTBUTENLHO, 3TO YTBEPKIACHHIE IIPSIMO CJIe-
Jyer u3 onpeJenenus Knaccudukaropa hy B ciydae, kKorga y; = 0,
TaK Kak B TakoM ciaydae G 1M (@) =vil = 3=ht(@) 151q eex ¢. Io ompe-
JeseHno paBeHCTBO h(Z;) = 1 MoxKeT 6BITH TOIJIA U TOJBKO TOIJIA,
KOrza,

T

T
S n(1/8he(E) > 5 > n(1/6) (45)

t=1 t=1

Hepagencrso (4.5) sxBuBanenTHO HepaseHCTBY (4.4).
Ilycts Teneps y; = 1. Torma hy(Z;) < y; mag seex t. [losromy
@) —vil — g=(1=he(Zi) 11g Beex t. B srom cayuae

T T i T _
HIB;\ () —yil _ Hﬁ—l-&-hz(%‘) — H/@ht(%)l@—l. (4.6)
t=1 t=1 t=1

Pasencrro h(z;) = 0 110 onpeaeneHnto BO3MOKHO TOJBKO IPU

T

T —1/2
T[5"@ < (H @) .
t=1

t=1

HepagercTBo (4.7) 9KBUBAJIEHTHO HEPABEHCTBY

T T 1/2
18" > (H ﬁt> : (4.7)
t=1 t=1
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Hepagsencrso (4.7) ¢ yaerom paBeHcTsa (4.6) SKBHBaJIEHTHO HEPABEH-
crBy (4.4) nemmbr. Jlemma nokazana. A

Bossparmnascs K J0Ka3areIbCTBY TEOPEMBL, 3aMEeTHM, ITO II0 OILIpe-
JIeTTEHITEO

i 1- h z 1
Wheyy = Hﬁ e s (4.8)

U3 (4.4) u (4.8) moxywaem

l
7 7
Dowr = Y wh >
=1

i:h(fci)#yi

WV

T 1/2
Y. D) (H@) =
©:h(Z;)2Yi t=1
T 1/2
:€<Hﬂt> ) (4.9)
t=1

rie € — omubka obydeHust pe3yabTUPYONEro kiaccudukaropa h or-
HOCHTENBHO pacupenenenns D.
Kombunupys (4.3) u (4.9), moxyumm

T 1-(1-8)1-e«)
. 4.10
t];[1 NG (4.10)

Tak kak 37ements npoussegenus (4.10) HEOTPUIATETBHBI, MOXKHO
MUHUMH3UPOBATH 10 [J; KaXKJbIl COMHOXKHUTEIb 0TAesbHO. [Ipupas-
HUBAEM K HYJIIO IPOU3BOAHYIO 10 [ :

C;zﬁt<1—(1—\/ﬁﬁ%(1—6t)> —0

u ostygaeMm: By = €;/(1 — ¢ ). [loacrasiasiem 510 BhIpaykeHue st 3y B
(4.10) n nosnyuaaem (4.1). Teopema nokazana. A
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Cuencrsue 4.1. Quwubka 06y4erus PesysbmMuUpyOuULe20 Kiaccudu-
xamopa h ydosaemsopaem nepageHcmey

T
€ < exp (—2 nyf) , (4.11)
t=1

20e et:%—’yt, Y% >0nput=1, ..., T.
B cayuae, xozda vy = v dan ecex t, nepasencmeo (4.11) ynpowa-
emes do

e < exp(—2T7?). (4.12)

Aokazameavcmeo. IeiictBurensro, B ornenke (4.1) reopemsbr 4.1
1
npu € = 5 — Y Oyzer

2V e (1 —e) = /1 — 472

6<H\/1—4’Yt2:

t=1

T
1
= exp (Z 3 In(1 — 47?)) <

t=1

T
< exp <—2 nyf) . (4.13)
t=1

Hepagencrso (4.11) mokaszaHo.
Hnsg nokasarenscrsa (4.12) 3amernm, uro HepaseHncTBo (4.11) B

Orcrona

9TOM CJIydae TPEeBPAITaeTCs B
e < (1= 492772 = exp((T/2) In(1 — 47%)) < exp(—2T7?).

Omenka (4.12) mpeacraniaser coboii 06bBITHYO IKCITOHEHITHAIBHO YObI-

BAIOIIYIO OIEHKY OIMMOKU O0yYeHNs TUTIa HEPABEHCTBA 1epHOBA.
Hepagencrso (4.12) mo3BOJIA€T OIEHUTH HHCIO WTEPAIHI aIro-

purma AdaBoost, HeoOX0UMBIX jiJIst JOCTHKEHUsT OIMUOKT 0DYyIeHnst

< € pes3yJAbTUPYIONIEro Kiaaccudukaropa h
1

1
T>_—>5hn-.
2y €
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4.2. JIabopaTopHbIe PabOTHI

JlaboparopHas pabora 1

Hammcats mporpammy anropurma AdaBoost, ucmombayromntero B
KavuecTBe cjaboro ajgropurma kiaaccudukaiuun WeakLearn rorosoe
nporpammMuoe obecriedernne SVM, onucannoe B paszgene 1.8. IIposecru
YCUJIEHHE aJITOPUTMA KJIACCU(DUKAIINN PYKOITUCHBIX (D U3 caiiTa

http : //www.cs.toronto.edu/roweis/data.html
Ilo stomy ajgpecy mmerorcs ganuble u3 6a3el USPS B dopmare

MATLAB, coagepxkaiiue nudpoBbie 00pa3bl PA3TUIHBIX HATTMCAHUI
PYKOIHUCHBIX ITHDP.
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I'maBa 5

DJIeMeHThI TeOPUU UTrP

B namboit ryiaBe MBI cHavaja PacCMOTPUM KJIACCHYECKNE BOMPOCHI
TEOPUH UTP — UTPHI ABYX JIUI C HYJIEBOH cyMMmoi. Mbl moKakeMm Mu-
HUMaKCHYI0 Teopemy K. dpom Heiimama, a Tak:Ke pacCMOTPHM METO-
bl perenust Takux urp. Jlanee, B pa3zesne 5.4, Mbl TPUMEHUM MUHU-
MAaKCHYIO TEOpEMY JIJis PeIleHns OECKOHETHO MOBTOPSIONINXCS UTD HA
npenckazanug. B wacTHOCTH, OYIeT PACCMOTPEH HOBBI TEOPETHKO-
HUTPOBOI MOJXO0JT K TEOPUH BEPOSTHOCTEM, TIpeITI0KeHHBI BoBKkOM 1
[Meiidepom [14]. B pamkax sroro mojxojaa Hanbosee eCTeCTBEHHBIM
obpazom GoOpMyJSIUpyeTCs ¥ PEITAeTCd 3a/1ada [MOCTPOEHUs! YHUBEpP-
CaJIbHBIX TPEJICKA3aHNM, PACCMOTPEHHAs B TyIaBe 2.

5.1. AHTaroHNCTUYEeCKne UrPhl JABYyX UTPOKOB

IIycte X m Y — MHOXKecTBa NpOM3BOJILHOM Tpupoasl. PccmoTpnm an-
TArOHUCTHYIECKYIO UTPY AByX Jjuil. 1lepBoiit urpox BeIOUpaeT cmpa-
mezuto £ € X; OJIHOBPEMEHHO C HUM BTOPOIl UI'DOK BBIOMpAET cTpa-
Teruto Yy € Y. B nopmaavroti popme urpbl KazkIblit UIPOK BBIOUpAET
CTpPaTErHIO HE3ABUCUMO OT BbIOODA JIPYIOro UrpoKa. 3a/1ana (pyHKIus
f(z,y) BbIMUIPBIIIA IEPBOIO UIPOKA, KOTOPAs OJIHOBPDEMEHHO SBJISIETCS
dbyukumeit mponrpsiria Broporo urpoka. @yukuns f(x,y) onpenere-
Ha Ha JEKapPTOBOM Tpou3BejeHnn X X Y.

B ciyuae f(z,y) < 0 BBIUCPBIII [IEPBOTO UTPOKA OTPHIATENLHBIH,
T.€. SIBJIAETCSI €0 IPOUTPHIIIEM.
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Henms mepBOTO WUTPOKA — MAKCUMU3BAIHST CBOETO BBIUTPBIIIA, TETh
BTOPOI'0 UI'POKA 3AKJIOYAETCH B MUHUMU3AIUU CBOEIO ITPOUTPHIIIIA.

Ecan nepBeiit urpok BBIOpaJ CTPATETHWO T, TO €r0 BBIUTPHIIT Oy-
aer He Menbine 4deM infycy f(z,y) He3aBuCHMO OT BBIOOpPA BTOPOTO
UTrpoKa. STa BeJIMYUHA HA3BIBACTCA TaAPAHTUPOBAHHBIM PE3YJIHTATOM
JUUTst TIEpBOTO UTpoka. Hawaydninii rapaHTHPOBAHHBIN PE3yJIBTAT JJIst
MTEPBOTO UTPOKA!

= sup inf f(z,y)
zeX YeY

Ha3bIBACTCA HUNCHUM 3HAYEHUEM U2DbL.

Crparernst ¥ mepBoro nrpoka Ha3LIBACTCA MAKCUMUNHOL, SCIIN

inf f(2°,y) = v.

yey

C TouKHM 3peHust BTOPOr0 UI'POKA, BBIDOD CTpATeruu y rapaHTHPyeT
eMy MaKCHMAJIbHBIH IPOUTPBIIT: Sup,cx f(,y) — ero eapanmuposan-
nouli pesyavmam. Hannydmmii rapanTupoBaHHbIil pe3y/ibraT BTOpPOoro
UT'POKA — BEJIUYUHA

v = inf sup f(x,y)
YeY zex

HA3BIBAETCH BEPXHUM 3HAUYEHUEM WUTPHI.
Crparerns 1 BToporo Urpoka Ha3bIBAETCS MUHUMAKCHOLL, €CJIH

sup f(z,y") = 7.
rzeX

Jlemma 5.1. B aw0bofi anmazonucmuneckol uzpe v < U, m.e.

sup inf f(z,y) < inf sup f(x,y).
zeX yeY YeY zeXx

Hoxasamesvcmso. Uveem jiyis siiobbix t € X ny €Y

inf f(x,y) < f(z,y) < sup f(z,y).

yey zeX

Orcrona

inf f(z,y) < sup f(z,y).
yey zeX

JleBast 9acTh TOCTEIHETO HEPABEHCTBA 3aBUCUT OT I, & [IPaBas — HET.
IToaromy

sup inf f(z,y) < sup f(z,y)

zeX YeY zeX
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JIJId BCeX Y, CJIeJIOBATEJIbHO,

v =sup inf f(x,y) < inf sup f(z,y) =7T.
zeX Yey yeY zeX
Jlemma mokazana. A
Touxa (2°,9y") € X x Y mazwsaercs cedaoeoti mowkoti GyHKIHT
f, ecomm

fla,y?) < f(a°,9°) < f2%y) (5.1)

maBcex r € X nyeY.
Yeqosue (5.1) SKBUBAJIEHTHO YCIOBUIO

maxf(m,yo) = f(a:O?yO) = minf(:rO?y)‘ (52)
rzeX yey
3aMeTuM, YTO KOraa Mbl IHIeM min sMecto inf win max BmecTo sup,
TO UMeeM BBHUIY, YTO ITH IKCTPEMAJBHBIC 3HAYEHUSA JTOCTUTAIOTCA B
HEKOTOPO# TOYKE.

T'oBopsiT, 9TO aHTAroHWCTWYIECKAs WUIPA UMEEM PEWEHUE, €CTU
byukius f(x,y) nmeer ceosyio rouxy (20, 4%). Yucao v = f(2°,4°)
HA3BIBAETCA 3HAUEHUEM, WIN UeHOU WTPHI, 20, yo — ONMUMANDHDLE
cmpamez2uu UTPOKOB, (xo, yo, V) — pewenue uzpvl. ITH HA3BAHUS OTIPAB
JbIBAIOTCA CJICAYIOLIeH TeOPEeMO.

Teopema 5.1. 1) Jlaa mozo umobu, dyrxyus f(,y) umera cedrosyro
mouKy, HeobTodUMO U JOCTaAmMOUH0, 4mobol 6vIAO BBINOAHENHO YCAOBUE

mayx inf flz,y) = Iﬁiﬁjg}'} f(z,y). (5.3)

2) ITycmo svmoaneno (5.3). Tozda napa (2°,9y°) mozda u moavko mo-
20a asasemca cedaosoti mouwoti, xozda ¥ — makcumunnas, a y° -
MUHUMAKCHAA CIMPATME2UY UZPOKOS.

Jlokazameavcmeo. Jlokazarenberso Heobxoaumoctn 1) u 2). Ilycrs
(20, 4°) — cenmosas Touxa dynxnmm f(x,y). Toraa

o < sup f(z,y°) = f(°,¢") = v = inf f(z%y) <w (5.4)
zeX yey
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Otzcioma v < v. Ilo smemme 5.1 numeem pasencTso v = v. Torma B
(5.4) uMeroT MeCTO paBeHcTBa, U Ho3TOMYy 40 — MakcummHHAs, a Y —
MUHUMAKCHAs CTPATEruu.

Jokazameavcmeo docmamovnocmu. domycrum, uro (5.3) BBITOJ-

0 _ MaKCUMUWHHYIO, yO — MUHUMaKCHYIO CTPATEruu.

nerno. Bozbmem x
[Tokazkem, uro mapa (xg,yo) ABIIETCS CeIIOBOH ToUKOM. [leficTBr-

TeJIbHO,

f(xoayo) > inf f(xovy) =V =7=sup f(xayo) > f(x(),yO).
yey zeX
Orcroma ciiesiyer, 9T0 BO BCEX TUX HEPABEHCTBAX MOXKHO OCTABUTH
3Hakd pasercTsa. Takmm obpazom, (2°,9y") — cemoBas Touka. A
Hrpa B opJsistHKY, MpH KOTOPOit MEPBBIH NTPOK 3araJIbIBAeT IUCIIO
0 myim 1, a BTOPO# OTrajibiBaET, C MATPUIIEH BBHITLIAT

()

He UMeeT CeJIOBON TouKh. [l Hee HaWIydINui rapaHTUPOBAHHBIH
pe3yabTaT JJis epBOro MIpOKa paBeH: v = max;minja;; = —1, a
HAWTY YA TapaHTUPOBAHHBIN PE3YJIbTAT JIJIST BTOPOTO UTPOKaA (T.€.
ero IMPOMTPBINI) paBeH: U = minjmax; a;; = 1. DTa urpa He nmeer
pelnenns.

5.2. /TocTraTo4yHOe ycJiOBue CyHleCTBOBAaHUSA
CeJIJIOBOII TOYKU

JlokazkeM JOCTATOYHOE VCIOBHE CYIIECTBOBAHUS CEIIOBOM TOUKH,
CIeACTBUEM K KOTOPOMY sIBJIAE€TCA MUHUMAKCHAA TEOPpEMa.

IIpenBapuressbHO HATIOMHIM, 9TO TOAMHO2KeCTBO Z C R™ eBKH-
JIOBOTO IIpOoCTPaHcTBAa K" HABBIBACTCH GHINYKALIM, €CIAU s JIFOOBIX
ToueK 2,2 € Z m moboro ancaa 0 < p < 1 rouka pz’' + (1—p)2” € Z.

Oyukrust h(z), ompeesieHHAsT HA BBIMYKJIOM MHOMXKECTBE Z, Ha-
3BIBACTCHA BBITYKJIOM, ecu s aobblxX 2,2’ € Z u moboro ymcia
0 < p < 1 BHITIOSITHEHO HEPABEHCTBO

h(pz' + (1 = p)2") <ph(Z) + (1 = p)h(z"). (5.5)
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Dyuknus h(z) HasplBaETCSt BOTHYTOM, €CJIM BBIIOJHEHO HEPABEHCTBO
(5.5), rje 3HaK < 3aMEHEH Ha >.

Teopema 5.2. [lycmv X, Y - swnyravie nodmmnoosicecmsa R™ u R™
coomeemcemeento (20e N U M — NPOU3BOALHBIE HAMYPAALHBIE YUCAL),
Y — xomnaxm, pynxyua f(x,y) onpedesena na X XY, npunumaem
BEULECTNGEHHDIE SHAMEHUA U 02POHUYEHE NO abCOAOMNHOT Besu UHE,
dynxyua f(x,-) — ewnyraaa u nenpepwsnaa (no y) oaa Kascdozo
snauenus € X, f(-,y) — soenymasn dan xascdozo snavernua y €Y.
Tozda

sup inf f(x = inf su T,Y).
Iegyeyf( ) yeyx@r;f( . Y)

Zoxazameavcmeo. Ilo memme 5.1 HaIO JT0KA3ATH, 9TO

inf sup f(z,y) < sup inf f(z,9).
yeY peXx zeX YEY
Homyctum ggyigr mpoctotsr, uro f(x,y) € [0, 1].
Qukcupyem pocrarodno majnoe € > (0 m jpocrarouHoe 6oJbITIOE
HaTypaabHoe ancao n. 3 kommakTaHOCTH Y CAEAYeT, 9TO CYIEeCTBYeT

e-ceThb B Y, T.e. KoHeuHOe MHOXKecTBo Touek {y!, ..., ¥y} Takoe, aro
KaxK/lasg TOYKa i € Y HAXOJUTCH B €-OKPECTHOCTH OTHOM M3 TOUeK i’
OnpemesnM MOCIeI0BATEILHOCTE TOUEK Y1, Y2, ---, Yp € Y U TIO-
CJIEIOBATE/IbHOCTD TOYEK T1,T3, ..., Ln € X pekypcusno. Ilycts xg
— nrobasg Touka X. Onpenesum nipu t =1, ..., n
N o .
S yle =0 F(@s0")
y= " : (5.6)
Z e " Zi;%} f($37yj)
j=1

rae 7 = +/(8In N)/n u x; BeiGupaercsa Tak, 9ToObI OBLIO

1
f(xe,ye) = sup f(z,ye) — —.
reX n

Tak kak GyHKIUSA [ ABIAETCA BBIMTYKJION IO BTOPOMY apryMEHTY, MbI
MOZKeM TPUMEHUTH TeopeMmy 3.3 ¢ dbyHkImeii morepb A(x,y) = f(z,y).
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B anropmrMe SKCIOHEHINATBHOrO B3BemMBaHUA (5.6) BeIHTIHHBL
y* — nporuo3sel 3kcepros, ¢ = 1,..., N, xy —ucxogpl, t = 1,...,n, Y
— nporuo3z Cmamucmuga. Llo (3.18) momymm

n n
. ) 1
;f(xtayt) < i—T}_?N;f(xt’yw + W

HesmmM 9TO0 HEPABEHCTBO HA N :

1 — 1 & , In N
- < min — )+ —. 5.7
- tzlf(xt;yt) i:T}'?Nntzlf@?t y') + on (5.7)

[Monb3yeMcst BBIYKJIOCTBIO QYHKIUK f 10 BTOPOMY apTyMEHTY U BO-
FHYTOCTBIO TI0 TIEPBOMY, 8 TAK¥Ke UCTOJL3yd (5.7), mosydaem

1nf sup f(x,y) <
YEY geX

mm Zf (¢, y
gi:mln < th, >+

1
< sup mln fla,y') + \/ + — (5.8)
reX =1, 2n n

[Tepexom ot 1-i1 cTpOKM KO 2-if MPOMCXOANT TI0 OTPEIETEHUIO; TTIePEeXO]T
ot 2-it K 3-it — 110 BBIYKJIOCTH f(2,-); IEpexox oT 3-if K 4-if mpoucxo-
JIAT, TAK KaK CYIPEMYM CYMMBI HE TIPEBOCXOUT CYMMbI CYIIPEMYMOB;

_'_i

3
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nepexo oT 4-if K 5-ii IPOMCXOIUT [0 ONPEJEIEHHUIO X¢; TEPEXO] OT
5-ii x 6-it npoucxoaut 1o (5.7); nepexox or 6-it k 7-it npoucxoauT 10
BorayToctu GyHkmmu f(-,y); mepexoq or 7-it K 8-if MPOUCXOUT IO
OIIPeJIEIEHUIO CYTIPEMYMA.

Takum 06pa3omM, MbI JOKA3aIN, UTO /I BCEX N

; InN 1
inf sup f(z,y) < su min z,y") +4 —+ —.
yemegf( Y) sup _min @) on T

Yerpemsisiem n K H6CKOHEYHOCTH U [10JIyYaeM

inf sup f(z,y) < sup min_f(z,y").
YEY geX zeX =1,

Verpemissiem € — 0 u mmosiyvyaem

inf sup f(z,y) < sup inf f(x,y).
yeY zeX zeX YEY
Teopema nokazana. /A
JlokazaTeIbCTBO TEOPEMEL 5.2 COEPIKUAT METO, BLIYUCIEHNSI TIEHEI
UTDBI, TAK KakK w3 1-if, 5-it u 8-it crpok nepasencrsa (5.8) ciemyer, 9T0

n
1
BeJUIHHA tzl f (x4, y4) aBIIETCS KAK YTOTHO BIU3KUM TPUOTHZKEH-

€M K II€HE UT'DBI IIPpU JOCTATOYHO MaAJIOM € U JOCTATOYIHO OOJIBIIIOM 7.

5.3. CMmeniaHHbIE PACIIUPEHUS MATPUIHBIX UTP

5.3.1. MuHuMaKcHass TeopeMa

[Mycrs Teneps X = {1, ..., N}, Y ={1, ..., M}. Coorsercryo-
masl Urpa Ha3plBaeTcsd Marpudnoil. @ynkuud spmrpsima f(i,j) = a; j
MOKeT OBITH TIPECTABIEHA B BIIe MATPHIILI. 11epBbIil NTPOK BHIOWpA-
eT HOMep CTPOKH, BTOPOif HI'POK — HOMEeD CTOJIONA, IEMEHT ¢; j, HAX0-
JAIMUIACA Ha UX TI€PECETEeHIH, OTIPEE/IsieT BLIMIPHIIT IIEPBOr0 UIPOKA
U MIPOUTPHIIIT BTOPOTO.

Cmewannol cmpamezueti UrPOKa HA3BIBAETCA PACIIPE/IEJIEHUE Be-
pPOATHOCTEH Ha MHOXKeCTBe ero xom0B. CMermannoe pacimpenne MarT-
piranoit urps (X, Y, f(z,y)) onpenenserca kax urpa (X,Y, f(p,q)),
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rae X — MHOMXKECTBO CMeNIaHHBIX CTPaTeruii IepBoro Urpoka, ) —
MHOYKECTBO CMENIAHHBIX CTpareruii Broporo urpoka, f(p,q) — cpej-
Hee 3HaYeHUe BLIAIPLIIA OTHOCUTENBLHO MEPBI P X ( :

N
=1
M
=1
N M

F0:0)=>.> i, )pigj-

i=1 j=1
Nwmeer mecto MmuamMakcHas Teopema k. don Hefimana.

Teopema 5.3. Beakaa mMampuutas u2pa UMEEm PEULEHUE 8 CMEULGH-
HOLL CTNPATNE2UAL:

max min f(p, g) = min max f(p, q).
Joxasameavemeo. JoctaTodno nokazaTh, urto dbyHKmma f(p,q))
umMeer ceiyioByio Touky. [Ipuvenum Tteopemy 5.2. Muoxecrsa X u )
— CUMILJIEKCHI B €BKJIMJIOBBIX IIPOCTPAHCTBAX, [T09TOMY SIBJISIOTCS BbI-
nykabvu. Oyaxnus f(p, ) — 6UIHHeAHAS U TO3TOMY HeIIPepLIBHA, IO

000MM apryMeHTaM, BOTHYTa ¥ BBITYKJa, 10 HAM. /A

3ameuanne. MoXHO Tak>Ke pacCMOTPETH TTOCIe0BATEIBLHBIN Ba-
PUAHT UIPBI ABYX UIPOKOB: CHAJaJIa MEePBBIl UIDOK BLIOMpAET 3Jie-
MeHT p € X, mOTOM BTOPOit UTPOK BhIbmMpaer ¢ € ); Upu ITOM BTO-
poit urpok 3HaeT BHIOOP EPBOro Urpoka. B aToM ciydae nepsbiii ur-
POK TO-TIPEXKHEMY MPEII0JAraeT, ITO BTOPOil UTPOK CBOUM BBHIOOPOM
Hyser mBITATHCH MUHUMW3UPOBATHL e€ro BeMrphiii. lloaTomy ero orm-
TUMaJIbHAsS CTPATErUs COCTOUT B TOM, 9TOOBI IOOUTHCS TOrO, UTODBI
JocTHraIC maxXpey mingey f(, §).

IIpm npyroit mocnenoBaTe bLHOCTH JAeHCTBUIT CHAYaJa BTOPOM WT-
POK BBIOWpAaeT ¢ € ), a 3aTeM TePBbIil UT'POK, 3HAS €r0 BHIOOD, BHIOU-
paet p € X. 31eck BTOPO# UT'POK 3HAs, UTO MTEPBBI UTPOK B OTBET HA
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ero xoj| OymeT MaKCUMHA3HPOBATH €r0 IPOUTPLII, BLIOEpET CBOH X0
g € Y Tak, urobsl gocruraics mingey maxzex f(p, q).

Herpyauo y6eauTbes, 9T0 B 9TOM CIydae HO-IPeKHEMY BepHA MU-
HUMAaKCHasg Teopema 5.3, T.e.

maxmin f(p,q) = min max f(p, 7).
max min f(p, g) = min max f(p, q)

5.3.2. Huctble cTpaTeruun

Paccmorpum marpuunyto urpy na X = {1, ..., N}, Y ={1, ..., M}
¢ dynkuueit Beiurpoima f (4, j) = a; ;. llpusenem Tpu npocteix yrBep-
JKJTeHUsI, KOTOpBIE HoJiee TeTATHHO OTUCHIBAIOT CTPYKTYPY OMTUMAJIb-
HOT'O pelieHnyd B TEPMUHAX YUCTHIX CTpaTeFI/IfI.

O6osnaunm 1; = (0, ..., 1,..., 0) — wucmyro cmpamezuio, KOTO-
past ipecTaBaseT coboit pacipefeeHne BEpOATHOCTEN HA MHOXKECTBE
X, cocpenorouennoe Ha i € X (BexTop JuHBI V| ¥ KOTOPOTO -5 KO-
opjmHaTa paBHA 1, OCTANbHBIE KOOPAMHATHI PABHBL (). AHATOTUIHBIM
00pazoM pacCMaTPUBAIOTCH YHUCThIE CTPATErWH HA Y. 3aMETHM, 4TO

f(1i,15) = f(i,5) = ai;.
Teopema 5.4. /[ mozo wmobw, napa cmewarnmx cmpamezud (p*, §*)
bwina peweruenm (cedaosoti moukotl) CMEWaHH020 PACUUPEHUSA MAT-

puunoti uepw, (X, Y, f(p*, 7)), neobrodumo u docmamouno, wmobu
BHINOAHANOCD HEPABEHCTNGO

fi, @) < f(07,q7) < £(77, 1) (5.9)
onseceri € X ujeyY.

JHoxazameavcmeo. Heobxoammocts cienyer u3 teopemul 5.1. Jlaa
JOKa3aTe/IbCTBa JIOCTATOYHOCTH 3aMETHM, YTO KaxKIad CMelllaHHad
crparerust p = (p1, ..., PN) MATPUIHON UTPBI SABASETCS JTUHEHHOM

N
KOMOWHAITMEH YUCTHIX CTPATernti p = Z pil;, AaHATOTHYIHBIM 00PaA30M
i=1

M

IPEJICTABIAETCS CMeNTanaas crparerns ¢ = . ¢j1;. TTosromy mox-
Jj=1

HO PACCMOTPETH JIBAKJIBI JIUHENHHY 0 KoMOuHanuio HepaseHcTa (5.9).
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N N
0.0 => pif(Li,q) < _pif ("7 = F". 7).
) 2_;4 ) z—lM ) )
F@050) = af(0".0) < a;f (0" 15) = f(9*,q)
j=1 J=1

qutst Beex p u ¢. OTciona moayvyaeM yCaoBHe CeJJIOBON TOUKH:
fo.q) < f@".3) < f(7".9)
JUTsT TIOOBIX P 1 . A\

Teopema 5.5. Jlaa cmewanh0zo pacuuperus npou3sosbhotl Mam-
PULHOT, U2PDl CTIPABECAUGDE COOMHOWEHUSA

min f(p, q) = min f®,15),
max f(p, q) = max f(Li, q).
Hoxazameavcmeo. O4eBUIHO, 9TO
min f(p,q) < mm f(D,15),
mng(p, q) < mng( i q)-
HpOTI/IBOHO.HO)KHOG HEPABEHCTBO CJIEAYyECT U3 HEPABECHCTBA

N M
q) = Zzai,ﬂ%% =

i=1 j=1

—Ir.‘l]lnzpzazj—mlnf<p7 )7
=1
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KOTOpPOE UMEET MECTO I JTF0D0T0 ¢. DTO HEPABEHCTBO O3HAYAET, UTO
MHHUMYM B3BEIIEHHON JuHENHON KOMOWHAIINM JOCTUIAETCS, KOUJA
BECh BEC COCPENOTOYEH Ha HauMeHbIeM d1eMente. CieaoBaTe/bHO,

min f(P,q) > min f(p, 1;).
J
Bropoe HepaBeHCTBO MOKA3BIBACTCA AHAJTOTHIHBIM 00pazoM. A
13 370it Teopembr moTyUaem

Cuencrue 5.1. B cmewantom pacuuperuy npoussoibHot mam-
PUYHOT UZPBL 6HINOAHEHO PAGEHCTNEO

v = maxmin f(p, 1;) = minmax f(1;, ),
p J q %

2de v — 3HaMEHUE uzpal.

3anava. /lokazars, 4TO B CMEIIAHHOM PACIUPEHUH TTPOU3BOJIb-
HOIl MAaTPUYHOM WI'PBI OPOU3BOJIbHAA MAKCHUMUHHAA (MUHIMAKCHAS)
CTPATErus OJHOTO WTPOKA JOCTUTAETCS TPU UUCTONW CTPATETWH JPY-
TOro UrpoKa:

max f(p,q") = max f(1;, q"), (5.10)

rie (p*, @") — pemenne Urpel (CeaI0Bas TOUKA).
Haiijilem perieHue urpbl B OPJISIHKY B CMEIIAHHBIX CTPATErHsX.
Marpuita BoIIaT 310 Urpsl THIA (2 X 2) UMeeT BUJ

(V)

Cwmermannblie crpareruu 91oit urpsl: p = (p,1 —p) u ¢ = (¢,1 — q), a
CpeaHeeC 3HAQUYCHUE BbIUI'DbIIIa UMECT BU/L

2
F0.0) =Y aijpip; =
i,j=1
=q(-p+1-p)+(1-q(p—(1-p)=

38
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CpenHee BLIUIPHBIIIA;

f(p,q)—4< —;)( —;) (5.11)

npejcTaB/ser coboil ypaBHEHUE OJHOIIOJIOCTHOIO IUlepOoIonIa.
IIycTb

J

[To caepcrButo 5.1 perienue Urpbl JOCTUTAETCs B TOUKE p*, Ha KOTOPOit
v(p) AOCTUTAET CBOETO MAKCHMyMa — 9T0 p* = %
AHaJOTUUYHBIE PACCYKIEHUS TTOKA3BIBAIOT, 4TO ¢* = % SHauvenue

urper: v* = f(p*,q*) = 0. Touka (p*,¢") aBasgercsa ceoBOIM TOUKOI
oziHOTIONIOCTHOTO Turepbosonaa (5.11).

5.3.3. Pemenne marpuuHoii urps: tuma (2 x M)

ﬂf[ﬂ HaXO0XKACHU A pe]_HeHI/Iﬁ B CMEIIAHHBIX PACHIMPCHUAX MATPUIHBIX
urp (2 x M) (mmm (N X 2)) MOXKHO HCIOIL30BATH [€OMETPHIECKOEe
npescrapienne crparernii. CoracHo ciaeacTBnio 5.1 3HAMEHME TAKOi
WTPHI PABHO

— i ; (1 — ).
v mgxlglgnM(aLgp+az,g( p))

3/eCh TEPBBIT UTPOK BHIOMPAET CMENTaHHYI0 CTPATErHi0 — pacipeie-
JieHue BepositHocTelt p = (p, 1 — p) Ha CTPOKAX MATPHIIBI, a BTOPOIi
WTPOK BBIOMPAET UHUCTYIO CTPATErUI0 — CTOJIOEI J MATPHIIHI.

SHAYUT, JIJI HAXO0XKJIEHNs] 3HAYEHUsI UTDhI U €€ PEIeHns JIJIs 1ep-
BOI'O MI'POKA HAJA0 MPOCTO HAWTH 3HadYeHWe p = p*, upum KOTOPOM
dyHKIIST

v(p) lg;lgnj\/[(al,jp + ag;( p))

JIOCTUrAeT CBOEr0 MaKCUMaJbHOIO 3HavdeHust p* Ha orpeske [0, 1]. Dro
suadenue v(p*) u 6yaeT 3HAYCHUEM HUIDHI.
Jlist Haxoxierus perenus crpouM Bce M mpsMbIX BUA

Lj(p) = a1,jp + az;(1 —p),

e j=1, ..., M.
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s kazxzgoro p € [0, 1] IpoBoAMM BEPTUKATIBHYIO IPAMYIO 110 TIe-
pecedenust ¢ MPAMON C HAMMEHLIINM 3HAYEHWEM OpAMHATHI. TouKM
mepecedeHnsi 06pa3yoT JOMAHYIO JUHUIO Y = v(p) — HudicH1010 02uba-
10UWYr0 A1 BCeX TUX MPsSMBIX. BepxHsist TouKa HUKHEH orumbarorreii
OnpesIegeT ONTUMAIBLHYIO CTPATErNIO TIEPBOro nrpoka (ee abcmmeca
p*) u 3HaveHwe Urphbl (OpAMHATA TOUKY v(p*)).

3anaga. Haiitu perenne CMEIaHHOTO PACIIUPEHUST MATPUIHOI
UTPHI:
7 3 31 -10
( -1 -1 1 0 5 3 > '

Crponm Bce mpsmble Buga Lj(p) = aijp + az;(1 — p) npu j =
1, ..., 6 :

Li(p)=Tp— (1 —p),
Ly(p) =3p— (1 —p),
L3(p) = 3p+ (1 —p),

Ly4(p) = p,

Crponm HIKHIOIO orubdaronyo. Touka p* sBJsIeTCS TOUKON nepeceye-
HUS TIPSIMOIE 4 1 TIpsiMoii 5, T.e. peraeM ypaaerue p = —p+ 5(1 —p).
[Monyuaem: p* = 5/7, v(p*) = 5/7.

Jng HaxoxKIeHns ONTUMAJIBHONW CTPATErMU BTOPOTO UTPOKA MC-
MOJIB3YEM CJIEYTOITLYIO TEOPEMY.

Teopema 5.6. Ilycmo (p*,q") — pewenue mampuunot uepot 6 cme-
WAHHLLET cmpamezuaz, v — anavernue uepo. Toz0a

e uz p; >0 caedyem f(1;,q%) = v*,
e u3 qj >0 caedyem f(p*,1;) = v*.

Joxazamesavcmeo. lokazkem mepBoe yrBepxaenne. [lo ompenese-
mmo f(1;,¢) <v*, i=1, ..., N.

g[OHyCTI/IM, 9TO CYIIECTBYET %o TaKOe, UTO pfo > 0 u ogHOBpPEMEH-
HO f(1;,,q%) < v*. PaccMoTpuM JiMHEHHY0 KOMOMHATINIO HEPABEHCTB
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f(1;,q%) < v* ¢ xoadpdurmentamu p;, i =1, ..., N, u, TaK KaK 0JHO
U3 CKJI3AbIBACMbBIX HEPABCHCTB ABJIACTCA CTPOI'UM, ITOJ1yYUM

N
vt = F0q) =Y F(Ld)p < vt = F(.T).
=1

DTO IPOTUBOpEYNEe JOKA3LIBAET IIEPBOE YTBEPKICHIE.
Bropoe yreepxkaerne JoKa3bIBaeM aHAJIOTHIHO. A\

CaencrBue 5.2. [Tyems (p*, %) — pewenue mampusnot uepos 6 cme-
WAHHBIT cmpamezuaz, v° — suayenue uzpoi. Tozda

e us f(1;,q*) < v* caedyem p; =0,
e us f(p*,1;) > v* caedyem ¢ =0.

Venosue f(p*, 1;) = pai j+(1—p)agj > v* 03HATAET, 9TO COOTBET-
CTByIOIIAs TIpsMasi B TOYKE p* MPOXOJUT BBINE TOYKU TEPECeueHust
(BYX) MPSIMBIX, HA KOTOPBIX JIOCTUTAETCS 3HAYEHUE UIPHI.

3aBepIuM peleHne 3a/aun — HalieM ONTUMAJBHYIO CTPATEIHI0
BTOPOTO UI'POKA.

Mg 1-it, 2-it, 3-#1, 6-if 9uCcTBIX cTpaTeruii BTOPOro Urpoka (T.e.
COOTBETCTBYIOIIINX HpHMbIX) BBITIOJIHACTCA HEPABEHCTBO

1) = Li(p*) > v*
mpu j = 1,2,3,6.
ITo cnenacruio 5.2 IS ONTUMAJIBLHOM CTpaTErun

7 =(d9,9%,9 % 9%)

Oymer 1 = 0,93 =0,¢3=0,95=0,¢; =¢, g5 =1—¢q.

Ilycrs Temepnh mepBblli UTPOK BHIOMPAET UMCTYIO CTPATETHI0 HA
CTpOKaxX — OJHY u3 CTPOK ¢ = 1, 2. Bropoit urpok Beibnpaer cMeman-
Hyto crpareruto ¢° = (0,0,0,¢;,1 — ¢}, 0) na croabuax. Torua

o . (1—a)) = g+ ais(1— ).

v" = min max (aiaq + ais(1 = g)) = max (aiaqy + ais(1 - g1))
Jns j = 4,5 nomyuaem: g —(1—qj) =5/7ub(l—qj) = 5/7. Orciona
a1 =6/T,q5=1/7.
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IlosHOE permenne UTPeI UMEET BU

(52
p ek
0),

1
777
v* =

~

3| ot

5.3.4. Pemtenne urpst Tuna (N x M)

B o0mem ciaydae paccMaTpUBAeTCs MaTPUYHAad WIPa ¢ MaTPHIEH
A= (ajj), tnet =1, ..., N, j =1, ..., M. Be3 orpanndenns
OOIHOCTH MOYKHO CUHMTATh, 9TO BCE 3JEMEHThl MaTpuibl A crporo
MOJIOXKATENBHBL; TOITOMY 3HAYEHUE U WTPHI B CMEMIAHHBIX CTPATETH-
AX TAKyKe CTPOrO HOJIOKUTETBHO.

TTo cneacTruio 5.1 B CMeNIAaHHOM paCIIMPEeHnH MTPOU3BOIBLHON MaT-

PUYHOI UI'PBI BBIIOJHEHO PABEHCTBO

v = maxmin f(p 1) = mqlnma:x;f(li7 q), (5.12)
J 7

re v — 3HaYeHue Urpbl. [109TOMY CYIIECTBYeT CMEIIaHHAs CTpaTe-

rusg p = (p1, ..., PN) NMEPBOTO UTPOKa, Takast, uTo f(P,1;) = v and

moboit urcToil crparernn 1; BTOPOro urpoka. VHBIME CI0BaMM, BbI-

MOJTHSIOTCST YCIOBUST

ZatjpiQUHpI/I]‘:L ey M,
N

Zplzlv
=1

>0mpui=1, ..., N.

! st TOro 9T06BI 3TOr0 JOGHTHCS, TOCTATOMHO MPHGABATH HEKOTOPYIO JOCTA-
TOYHO GOJIBIIYIO IOJOKUTEIBHYI0O KOHCTAHTY K KaXKJIOMY JIEMEHTY ILIaTe:KHOMN
MATPHIBI UIPBL.
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Beenem obosnavenuns x; = p;/v, i =1, ..., M. Torma stu ycaoBus
LIPEBPALLIAIOTCA B COOTHOLLIEHMS

N
Zaijj$i2lnpuj:1, e, M,
i=1
N
Zaﬁizl/v,
i=1
ziz20mpui=1, ..., N.

3ajiavua TMONCKa PEIeHus] B MATPUIHON WTPe CBOJUTCA K 3ajade Jiv-
HEHOIO MPOrpaMMUPOBAHUA: HANTH X1, ..., TN TaKWAe, 4TO

N

g T; — min

i=1

TIPU YCJIOBUAX

N
Zaijjxi2lnpuj:1, .o, M,
=1

riz20mpui=1, ..., N.

Mg Broporo urpoka 1o (5.12) cymecrByer cMelmanHas CTpaTerus
g = (q1, ..., qn) mepBoro Urpoxa, Takag, uro f(1;,q) < v a1 moboit
quCTO cTparernu 1; mepBoro urpoka. HbBIME CJ0BAMU, BBITIOTHAIOT-
cs yCJIOBUST

M
Zai,jqj‘ Swvmpmi=1, ..., N,
j=1
M
26 =1
j=1
gj=z0mpnj=1, ..., M.
Bsesiem oosnadenust: @ = q;/v, j =1, ..., M. Torja o1 ycionus
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IIpeBpallaloTCAd B COOTHOIICHNA

M
Zam—x; Llmpmi=1, ..., N,
j=1
M
S a5 =1/n
j=1
ey >0mpuj=1, ..., M.

3aJada MONCKa pelleHrs B MATPUYIHON NIPe CBOIUTCH K 3aJade JId-
HEHHOIO IPOrPAMMUPOBAHUS: HANTH X, ..., T, Takue, 410

M
E ' — max
j=1

Ipur yCJIOBUAX

M
> aigaj<lumpni=1, ..., N,
=1

xé}Onpujzl, ey M.

DTo — 3a7aYa JIMHEHHOTO MPOTPAMMUPOBAHUS, JBONCTBEHHAS K
IPsAMOM 3a1a9e I TePeMeHtbix x4, ¢t = 1, ..., N.

5.3.5. Koneunasa urpa mexxay K umrpokamum

B obmem ciydae KoHeIHad urpa Mexkay K UrpOKaMu B HOPMaAbHOT
gopme onpegensierca caepyronmm obpasom. Urpok k € {1, ..., K}
umeer Nj BO3MOXKHBIX CTpaTeruii (XOJ0B WM YHUCTBIX CTPATEruii).
[ycrs @ = (i1, ..., ix) — HEKOTOPHIH HAbOp cTparernit Bcex K wurpo-
koB, Te i; € {1, ..., N;},j=1, ..., K.

Torya Bemrpsint k-ro urpoxa obosnauaerca f(i) = fF(iy, ..., ix)
(B apyroit mocTanoBKe ero morepn panub — fF(7)).

Cmewannas cmpamezus k-To UTPOKa — 3TO paCHpeAeIeHne Be-

pogTHOCTER ;ﬁk = (plf, Ceey plka) Ha MHOXKECTBE BCEX €ro Ccrpareruit
1, ..., N}. Bueco p¥ — BeposiTHOCTH BBIGOpA MTPOKOM CTPATErHH
) ) D; p p p p
je{l, ..., Ni}.
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Ilycrs I ko cilydaiiHas BeJIMYWHA, [IPUHUMAIOIIAsd 3HaYeHue ¢ €
{1, ..., Ni} ¢ BepositHOCTBIO PF.

Iycrs [ = (I', ..., I®X) - pexropnas ciydaiinag BeamuMHA,
TPEICTABISIONAST HAOOP CTPATErwii BCeX UIPOKOB. JHAUEHUSIMU Ta-
KOI CJIy4allHON BEJIMYMHBI ABJIAIOTCH BEKTOPDI i= (il, ey 1 K), TJIe
ije{l, ..., Nj},j=1,..., K.

OO0BITHO TIPEATIOIATAETCS, UTO CIyUaHbIe BeTUIUHBI [ Lo,
HezaBrucuMbl. Ha MHOXKeCTBe BEKTOPOB I paccMaTpUBaeTCd BEPOAT-
HOCTHad Mepa T = 131 X -ee X ﬁK, KOTOpad OIpeleadaeT BePpOATHOCTD
sIeMeHTapHoro ncxoaa i = (i1, ..., ix), PAaBHYIO MIPOH3BEICHUIO Be-
POATHOCTENA MCXO/I0B:

IK

N T 1 K
(i) =n(l =1) =p; = - - Diy-
Maremarmuaeckoe OKWIAHNE BRIUTPHINIA k-T0 UTPOKA PABHO

Ex(f8(D) =Y w(@) /") =

(2
Ny N
_ 1 K ks .
= E E J A - S (TR 9 B
i1=1 i=1
Habop cmemanmbix crparernit Bcex K UrpokoB

| _J; _K
= (p LA p P p )
HasbIBaeTCa pasnosecuem Hawa, ecnm pna moboro k=1, ..., K n
m060it cMermanHoil cTparernu pF Gymer

Ex(f*) = Ew(f°),

rae Crparerus
=@, ..., pF . )
IOJIy4€eHa M3 CTPATErud 7 3aMEHON BEPOATHOCTHOI'O PacClpenesieHud
k-TO Urpoxa pk Ha Ipyroe paciupeneaeHne p k.
Moxk#o ckazarh, 9T0 ecau 7 — paBHoBecwe Hamra, To nHukakomy
UI'POKY He BBINOJHO U3MEHATH CBOIO CTPATErulo, €CJIU APyrue UI'POKU

HE MEHAIOT CBOU CTPpATCrUuun.
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Teopema 5.7. Kaowdasa xoueuwnan uepa umeem no xpatineti mepe 00-
Ho paenosecue Hrwa.

JokazareabCTBO 3T0H TEOPEeMbl OCHOBAHO HA MCIIOJb30BAHUM T€O0-
PEMBI O HEIOBUKHOM TOUKE.

Munumakcuast reopema Jxx. don Hefimana ssigerca yacTHbIM
ciydaeM JaHHOW TeopeMbl JJIs Caydas UI'Phl C HYJIEBOW CyMMON 14
JIBYX UI'POKOB. B TakoMm cjydae (DYHKITUU BBIUI'PBIIIEH UTPOKOB PaB-
HbBI fl(lv.j) = f(lvj) u fz(lvj) = _f(iaj)a rmue f(Zaj) — dynknua
BBIUTPHITIA B UTPEe JIBYX JIUIL C HYJIEBOM CYMMOM.

O06obiennem pasaoBecus Hatra, aB/IsteTcst KOPpeInpoOBaHHOE PaB-
nosecre Aymana. Pactpenenenne sepodarHocTeit P Ha MHOKECTBE

K
I - W)
k=1

BCEX BO3MOXKHBIX HA00POB ¢ = (i1, ..., i) ), COCTABJEHHBIX U3 BCEBO3-
MOXKHBIX CTparernii Bcex K HIrpOKOB, HA3BIBACTCH KOPPEAUPOSAHHHIM
pasnosecuem, eciim s eex k=1, ..., K

Ep(f*(I)) = Ep(f*(I~,1%)), (5.13)

e caygaiinas semmunna [ = (IY, ..., I™) pacupenerena B coorser-
CTBHHM C BEPOATHOCTHBIM pacrpeneneanem P

(I=, 1% = (1, ..., 1*=1 1% 1%L 1%,

re IF — npom3BosbHAS CoIyUafiHAS BEIMUIHHA CO SHAUCHUIME B
{1, ..., N}, senstomasica dynknpeit ot 1F.

B orrmane ot pasHoBecust Harma cayuaiinbie sesmanusr IF Gotee
HE CIUTAIOTCA HE3aBUCUMBIMHU, a BEPOATHOCTHAA MeEpPa P HE ABJJIAETCA
MPOU3BEJEHHEM Mep — CMEIIAHHBIX CTPATErnii HI'POKOB.

Cremyrommasa eMMa JaeT 9KBUBAJCHTHOE OIUCAHNE KOPPEJTupO-
BAHHOTO PABHOBECHUS B N€OMETPUYECKUX TEPMUHAX.

JlemMma 5.2. Pacnpedeaenue sepoamuocmeti P na muooicecmee

K
[T - e}
k=1
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nocaedosamenvnocmets cmpamezut muna i = (i1, ..., 1K) AGAA-
emcs KOPPeAUPOBAHHBIM PAGHOGECUEM MO0200 U MOALKO Mo20a, KO-

20a das waorcdozo uepoxa k € {1, ..., K} u aobwr cmpamezud
J,7 €41, ..., N} ewnoaneno

> PEFE) - 46,5 =0, (5.14)
ede (i7,5') = (i1, -y th=1,7"s 0k -+ iK).

Jlokasamenavcmeo. Yenosue (5.13) KOppempOBaHHOTO PABHOBECHUS
SKBUBAJICHTHO COBOKYIIHOCTH YCJIOBH]IA:

ZP@)(I”“@) — H@ h(ik)) = 0, (5.15)

rme k € {1, ..., K} u h — npousBo/ibHast (DYHKIIAS THUITA
h:{1l, ..., Np} — {1, ..., Ng}.
Jst mpowssonbubix 4,5 € {1, ..., Ny} paccmorpum dbyrknuio h,

takyto, uro h(j) = j' u h(ix) = i ana seex iy # j. Torga B cym-
me (5.15) ocraHyTcsi TOJIBKO CjlaraeMble, COOTBETCTBYOIIME HAO0paM
i, B KOTOPLIX %5 = j, & B OCTAJBbHBEIX CIAraeMbIX COOTBETCTBYTOITHE
pasHocTHu cokparsarcs. Takum obpasom, cymma (5.15) mpesparurcs B
cymmy (5.14).

B obparuyio cTopoHy, yTBEpXKICHNE TPUBAAILHO. A\

Kaxmoe ycrnosue tuma (5.14) 3a1aeT 3aMKHYTYIO TOTYTLIOCKOCTh,
TMOITOMY MHOXKECTBO BCEX KOPPETUPOBAHHBIX DPABHOBECHH TTpECTaB-
sisier o000l BaMKHYTBIM BBITYK/IbII MHOTOTPAHHWK B IPOCTPAHCTRE
BCEX Mep Ha MHOMKECTBe Hle{l, ooy Ni}

CymectBoBanue pasHoBecust Hatra B /110001 KOHEUHOH UIpe 03HA-
YAeT, YTO KOPPEJNPOBAHHOE PABHOBECHE CYIECTBYET. MHOKECTBO BCex
KOPPEJUPOBAHHBIX PaBHOBeCHil Oosiee 00mupHOE U umeer Hojee mpo-
CTOE OTHMCAHWe, YeM MHOYKECTBO BCeX paBHOBecuit Harma.

3agaua. IlokazaTh, 9TO MPOU3BOJBHAS BBIMYKJIAsT KOMOUHAIINS
paBuoBecuit Harma saBasgercs KOppe upOBaHHBIM PABHOBECUEM.
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5.4. IloBTOpsAIOIIECA UTPHI

5.4.1. YHUBepcaJbHbIE NIPEJICKA3ZAHUA

B sToM paszesie MBI pacCMOTPHM HOBBIHM TEOPETUKO-UTPOBOI TOIXOT K
Teopun BeposiTHOCTei, peiokenublit Boskom u Ileiicbepom [14]. B
paMKax 3TOro Mmomxoma HamboJiee eCTECTBEHHBIM 00pas3oM opMyIIH-
pyeTcs 3a7a9a MOCTPOEHNST YHUBEPCATBHBIX TPEICKA3AHIH, PACCMOT-
pextad B rJiaBe 2.

[IpeaBapuTesibHO PACCMOTPUM HEKOTOPYEO GECKOHETHO TOBTOPSI-
FOIYIOCS UTPY MeXK Ty TpeMs urpokamu: Ipedckasamens, Ckenmuk u
IIpupoda.

JlelicTBUSA UTPOKOB PEryJUPYIOTCA CIEAYIONAM MTPOTOKOJIOM:

Ilycrs Ko =1u Fyp = 1.

FORn=1,2, ...

Crenmux npebasiager Gyukmuo Sy, : [0,1] — R.

IIpedcrasamentd TIpebIABISET TPOTHO3 Py, € [0, 1].

ITpupoda nperbasager uexox wy, € {0,1}.

Crenmux o6HOBJIsSTET cBOM 6biuepoius: Kp = Kp—1 + Sp(pn)(wn — pn)-
ENDFOR

Hlo6edumenu 6 beckonewnoti demepmMunuposannot uepe:

Ipedcrasamens BLIMTPBIBAET B 3TOM UIPE, €Cau BuIMIphi Cken-
muka IC,, 0CTAETCA OTPAHWYIEHHBIM; B TPOTHBHOM CJIYYIae BBLIUTPHIBA-
o1 Cxenmux u Ipupoda.

Teopema 5.8. Crenmux u Ipupoda umerom viuzpuiunyto cmpame-
2UN0 8 JeMePMURUPOSAHHOT U2pe HA NPEICKAZaHUE.

Hoxaszameavemeo. HeiictBurensuo, Ckenmuk MOXKET OMPeIeuTh

1, ecim p < 0.5,
—1 B IPOTHBHOM CJIydae.

5.0 = {

Ipupoda MoXKeT OTIPeNENaTh HA KAYXKIOM IATEe 7, UTPBI

o — 1, ecm p, < 0.5,
" | 0 B mpoTUBHOM CiyYae.

Torma B Takoit urpe Ha KaxXgoMm mmare n > 0, ecan wy, = 0, TO p, =
" TO3TOMY Wy — D < —% u Sp(pn) = —1; eciim xe wy, = 1, 10 Py, <

N[N
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U IO3TOMY Wy — P = % u Sy (pn) = 1. Orciona caemyer, 4To

1
ICn >lcnfl+§

JUISE BCeX N, U BHIATpLI Ckenmuka Heorpannde. A\

B sroit urpe «Bpaxaebuasy Ipupods uctosb3yer nporuos Ilped-
ckazamens 1yt (GOPMUPOBAHKSA CBOEIO MCXOIA.

OKa3bIBAETCS, YTO B PAHJAOMU3MPOBAHHOM BapHUAHTE 3TON MIPHI
BoUrpbiBaeT [lpedckasamens. B pamjoMU3HPOBAHHOM BapHaHTe WI-
pol Ilpupoda He Gymer 3HATHL TOYHOTO IPOTHO3a Illpedckazamenn, eit
M3BECTHO TOJIBKO PACIpejIeIeHre BepOSITHOCTeH, COTJIACHO KOTOPOMY
PEHEPHUPYETCS TOT MPOTHO3.

Paccmorpum 6ecKOHEYHO TTOBTOPSAIONLYIOCH UIPY MEXKY YeThIPb-
Mg urpokamu: IIpedckazamenn, Ckenmux, [pupoda, I'enepamop cay-
walinwe wucea, MuoxkecrBo ucxonos — {0,1}, P{0,1} — mHO)KecTBO
Beex Mep ma {0, 1}. 2

Wrpa peryaupyercst CaeiyroruM TPOTOKOIOM.

Ilycrs Ko =1u Fyp = 1.

FORn=1,2, ...

Crenmux npebasiager Gyukmuio Sy, : [0,1] — R.

IIpedckazamens TIPEIbABIAET PACTIPEIEICHAE BEPOATHOCTEN HA MHO-
JKecTBe Beex npexackasanuit: P, € P[0, 1].

IIpupoda perbsiBasger ucxon wy, € {0, 1}.

ITpedckasamens npebsBiser Tect caydaitnoctu fp : [0,1] — R, yuo-
BJIETBOPSIIONIHI YCJIOBHIO KOPPEKTHOCTH OTHOCHTEJHLHO Mepbl P, a
umerno: [ fn(p)Pn(dp) < 0.

I'enepamop cay«atinoe wucea TpeTbaBISET 9UCT0 Py, € [0, 1].
Crenmux obrOBasteT cBOI Bhrurphint: K, = Ky—1 + Sp(pn) (wn — Pn)-
[Ipenckazarens o6HOBIsiET CBO¥ BhUTpLINL: Fp, = Fp—1 + fn(pn).
ENDFOR

ITpoToKoJI Ompe/iesisieT MOPSIOK JAefCTBUN UIPOKOB U JOCTYIIHYIO
uMm nadopmaiuio. Kaxkapii urpok npu BeIOOpE CBOEH CTPATErHH MO-
JKeT UCTIOJIh30BaTh BCIO WHMOPMAIUIO, KOTOPasi MOSBHIIACH JI0 €r0 XO-
Jla — MCXOJIBI, IPOrHO3bI, CTPATErUH JIPYTUX UTPOKOB.

*Kaxnaa mepa Q € P{0, 1} samaerca aymsa auctamu (g, 1 —q), roe ¢ = Q{1}
— BEPOSITHOCTH 1.
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Oepanunenua dasa Crenmura: Crenmuk JTOJKEeH BBIOUpATH Sy
TaK, 9T0 ero Bourphint K, > 0 1js BceX n HE3aBUCHMO OT XOJI0B
JIPYTHUX UTPOKOB.

Ozpanunenua daa Ilpedckazamena: Ilpedckazamens TOTKEH BbI-
bupars P, u f, Tax, aTobsl ero Buurphint F,, > 0 g Bcex n He3a-
BHCHMO OT XOJIOB JIPYI'MX HIPOKOB. °

Hobedumenu 6 ParIOMUSUPOSAHHOT U2Pe HA NPEICKA3AHUA:

IIpeamonaraem, 9T0 CTpATETHH NTPOKOB TAKOBHI, 9TO JTAHHBIE OTPa-
HUYEHUST BBITOJTHEHBI. FCT UTPOK XOTst ObI OJIMH pa3 HapyIIaeT orpa-
HHYEHWE, TO OH yKe He MOXKET OBITh TOHeuTeIeM B Urpe.

IIpedcrasament BeIUTPBIBAET B 9TOH urpe, ecim (i) ero BBIMTPBIII
F, meorpannveH mwiu ecan (ii) Bemrpemn Ckenmuxa K, ocraercs
OUPAHUYEHHBIM; B OCTAJbHBIX CJIYUAAX BBIMIPBIBAIOT JAPYIU€ UTPOKH.

B crenyrormeit Teopeme MBI MoKazkeM, 9to IIpedckazamens nveer
BBIUTPBINITHYIO CTPATETHIO B 3TOH HUrpe.

Teopema 5.9. [Ipedcrasamens umeem viuzpuliuHyio cmpamezulo 6
BEPOAMHOCMHOL Upe Ha NPedCKa3aHUA.

oxazamesavcmeo. Ha kax oM 1mare n Hameii urpbl pacCMOTPUM
BCIIOMOTATENBLHYIO UTPY C HYJIeBOH CyMMOit Mexxy IIpupodoti u Ilped-
crazamenem, KOTOpas 3aKIHYACTC B CICIYIOMIEM.

ITpedckasamens Buibupaer uncio p, € [0,1], IIpupoda BHIGUpPA-
er gncao wy, € {0,1}. orepu Ipedckazamena (Borurpsii [Ipupodst)
PaBHBbI:

F(wn’pn) = S(pn)(wn _pn)'

s mroboit ememanHoii crparerun ITpupodw @, € P{0,1}, Ipedcka-
3amens PeIbABIISeT YUCTYIO cTpareruto p, = Q{1}. Yucras crpare-
I'Usl P, COOTBETCTBYET cMelnanHoii crparerun P,(p,) = 1, Py(r) =0

upu r € [0,1]\ {pn}.

3Brmrpeim F,, COOTBETCTBYET MOHATHIO OTPAHUYEHHOTO CHH3Y CYTepMapTHH-
rajla B TEODUM BEPOATHOCTEH, a fr(p) COOTBETCTBYET CyNepMapTUHTAJ-PA3HOCTH
Frn — Fn—1. YcaoBusa urpsl Tpedyior, urodbsr Fo = 1 u B mporecce urpst F,, > 0
719 BCEX M. YCJIOBUe f frn(p)Pn(dp) < 0 myst BCcex n Bireuer f}"nPn(dp) < Froa
JJIsE BCEX M. DTHU CBOMCTBA COCTABJISAIOT OIMpEie/IeHre CyIepMapTUHTAIA B TEOPUH
BeposiTHOCTE. B Hamewm ciydae 3T CBOMCTBA JOJIKHBI BBIIOJIHATHCA TOJBKO HA
TPAEKTOPUU TIPOTHO30B P1, P2, . - . , KOTOPbIE TEHEPUPYIOTCS B MPOIECCE UTPHI.
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Torja MaTeMaTUYeCKOe OYKUJIAHUE BBIUTPHIIA [Ipupods, OTHOCH-
TeJIbHO CMEITAHHOM ¢Tpareruu () U YUCTON CTPATErMH P, PABHO

F(Qn, Pn) = Q{0}F(0,pn) + Q{1}F(1,pp

= Q{0}5(pn)(—=pn) + Q{1}S(Pn)(1 — pn

= (1= Q{1HS(pn)(—Q{1}) + Q{1}S(pn)(1 — Q{1}) = 0.
Taxuwm obpaszom, V Q 3 P F(P,Q) <0 unm

) =
) =

i < 0. .
mgxm};n F(Q,P)<0 (5.16)

Hnst Toro 9T0OBI TPUMEHUTH MUHUMAKCHYIO TEOPEMY, HAJ0 Tpe-
BPaTUTb 3TY UI'DY B MaTPUUHYIO.

Mpur1 yxe UMeeM JB€ CTPOKH, KOTOPBbIE COOTBETCTBYIOT MTPECKa3a-
sy [Tpupodsve wy, € {0,1}.

PaccmorpunM HekoTOpOE MpHOAMIKEHNE K BCIIOMOTATETHHON Urpe,
B KOTOPOM MHOXKECTBO CTOJIOIOB, COOTBETCTBYOMUX X04aM IIpedcka-
samens, Koneanoe. s npomssobaoro A > 0 BeiOepeM B MHOKECTBE
[0, 1] koHeUHYIO €-ceTh N, COCTOSIIIYIO U3 PAINNOHATBHBIX TOYEK, Ta-
KYIO, 9TO KaxKJad TOYIKa 3TOT'O OTPE3Ka HAXOJUTCIA Ha PACCTOAHUN HE
Hojiee UeM € OT OFHON W3 TOYEK ITOTO MHOXKECTBA, a TaK¥Ke, UTOOBI
3HAYeHMe Urpbl He npeBocxoansio A /2, ecau IIpedckasamens BuIOUpa-
er p, € Ne.

Taxy® €-CeTh MOKHO BRIOpaTh, Tak Kax |Sy,(p)| < K1 < 2771
OrpaHmdeno 1o p (3aBucET TobKo ot n). 4 Torma mepasenctso (5.16)
byaer npeobpazoBaHO B HEPABEHCTBO

in F(Q,P) < A/2.
maxmin F(Q, P) < A/
CoriacHo MUHUMAaKCHOI Teopeme,
i F(Q,P) = in F(Q, P) < A/2.
minmax F(Q, P) = maxmin F(Q, P) < A/

[Mosromy Ilpedcrasamenn nmeer cvemannyto crparerunto P € P[0, 1],
COCPEIOTOUEHHYIO Ha MHOXKecTBe N, TAKYI0, ITO

max F(Q. P) < A,

4Crenrmux momxen BHIGHpATH Sy, (p) Tak, uro K, > 0 mg BCeX n HE3ABHUCHMO
OT JmedCTBUI APYTUX UT'POKOB.
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OTKYJa CJEYET, YTO

/ Su(p)(wn — P)Pdp) < A (5.17)

g oboux 3HaveHuit w, = 0 u w, = 1.

IIycts Ea — nomvmozkecTBo MuOKecTBa P[0, 1] Beex BeposaTHOCT-
HBIX MED Ha JUHUIHOM OTPE3KE, COCTOosIIee u3 Mep P, yI0BIeTBODsI-
formux yeaosuio (5.17) mig wy, = 0 1 wy, = 1 0AHOBpEMEHHO.

Ha muoxkectse Mep P[0, 1] MOXKHO pacCMOTpeTh TOTOJIOTHIO CJIa-
6oit cxogumocru. 113 reopun Mepwl ussectHo, uro P[0, 1] KoMmakTHO
B 9T0i1 Tomostoruu. Kpome Toro, EA 3aMKHYTO B 9TOH TOTIOJIOTHN.

Bribepewm mocsienoBaTe sbHOCTL MOHOTOHHO yOBIBaIONNX K () pariy-
oHaJbHBIX wucen A;, i = 1,2, ... Ilepecedenune GeckoHeTHOH TTOCTE-
AO0BATEJIbHOCTU 3aMKHYTBIX BJIOXKEHHBIX JPYT B JAPyra IMOAMHOXKECTB
KOMIIAKTa HEemycro, mosroMy NEa, # (.

Torya cymecrByer BepositHocTHast Mepa P, € NEA, C P[0, 1],
Takas, ITo

/ S (p)(@n — p)Paldp) < 0 (5.18)

gt wy, = 0 u wy, = 1 ojjHOBpEeMEHHO.

Bepnewmcsi Tenieps k Haiieit ocHoBHoit urpe. Crparerus Ipedckasa-
meas OyIeT 3aK/II0YaThCs B BBIOOPE Ha IIare 1 BEPOSITHOCTHOTO pac-
mpeaesiernst P,, KoTopoe OBII0 OTTpeIeeHo B BCITOMOTATEILHON nrpe.
Ero BropeiM xo710M 6yer BEIOOD TecTa fy, /st TPOBEPKHU CIYUIANHOTO
qUCTA

fn(p) = Sn(p)(wn *p)'

Torna F,, = K,, ama Bcex n.

Cpennee 3nagenue f,, o Mepe P, #e npesocxomut 0 mo (5.18), T.e.
fn — KOPPEKTHBI OTHOCUTEIBHO MepbI P, TecT.

N3 F, = K,, monydaem, 910 BCerma OyIeT BBLIIOJIHEHO OIHO W3
AByx: Jinbo BhUrpbin Ckenmuke orpanudeH, jubo Bourpei Iped-
crasamens veorpannyden. B oboux ciyuaax [lpedckasamens BEIUTPBI-
BaeT. A

Bynaem roBoputh, 9T0 IeHEPAMOP CAYUGUHDLL “HUCEL BBITAET Mpa-
BIJIbHBIE CJIyYaiiHble YHCJIA, €CIIH sup,, Fr, < 00.
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5.4.2. Xopoiiio Kaaubpyembie MpeacKa3aHUI

B srom pasupene mbl nokaxkem, uro Ckenmuk, BhIOUpas CleNUaJib-
HBIM 00pa30M CBOIO cTpaTeruio Sy (p), MOXKeT TOOUTHCSA TOTO, ITOOLI
yHuBepcanbHbIil IIpedckasament BHIOUPAT CBOU TPOTHO3BI TAK, YTOOBI
oHt BB XOPOIIO KAJIUOPYEMBIMHU Ha ITPOU3BOJILHON 1TOC/IEI0BATE b
HOCTH MCXOJ0B, Kak 6bl IIpupoda ux He BuIOMpaJia.

IIpenBapuresbHo paccMoTpuM 1pocToit ciayyaail — [pedckasamens
OyaeT BEIOMPATH CBOU MIPOTHO3BI TAK, YTOOBI BBITIOTHIICH HEKOTOPDIH
TEOPETUKO-UI'POBON BAPUAHT 3aKOHA OOJIBIITUX YUCEI.

IlycTb € — mpom3BOJIBHOE MOJIOKUTEIbHOE YKCJIO TAKOE, YTO BhI-
nomueno 0 < € < 1. [lomaraem IC(I) = 1. B oupenenennoit Beie paH-
JTOMU3UPOBAHHOM UT'DE HA TTPEACKA3ZAHUE TTOJIAraeM

S;L(p) = EIC711—17

T.€. crparerud Ckenmuka He 3aBUCAT OT Lporuosa IIpedckaszamensn
Ha Imare n, a 3aBUCUAT OT BBIMIPHIIMIA Ckenmuka, MOJTYIeHHOT0 UM Ha,
marax < n.

B atom ciaygae Beiurpeim Ckenmukae Ha IIare n paBeH

n

Ky =]+ e(wi — ), (5.19)

=1

TJIe Wy, ..., Wy — HOCTAETOBATETBHOCTE UCXOJ0B, TPEAJIOKEHHBIX [Ipu-
podoti, a pP1, ..., Pn — HOCJAEAOBATEALHOCTH [IPOIHO30B, HPEII0KEH-
HeIX lIpedckasamenem Ha marax 1, ..., n.

Tax kak |w;—p;| < 1 naga Beex i, lC,ll > 0 ju1g BCexX 1 He3aBUCHMO OT
JIeHCTBUH IPYTUX UT'POKOB, T.€. OCHOBHOe TpeDOoBaHUE K K CTPATEruu
Cxenmumka BBITIOJTHEHO.

Ilo Teopeme 5.9 Ilpedckaszamend UMEET BHIUTPBINTHYIO CTPATErUIO
B BEPOATHOCTHON WIpe Ha MPEICKA3AHUsI. DTO O3HAUAET, UTO eCJIU
T'enepamop cayuatinox wuces BHITAET TPABUIbHBIE CIyIaiiHbIe dncia,
T.e. sup,, Fn, < 00, TO Kak Obl [lpupoda He BBITaBAJA CBOM HCXOIBI
Wi, ..., wWp, Ipedcxasamenrt obiagaer METOAOM IPOIrHO3UPOBAHUSI,
pU KOTOPOM JIJIS €r0 TPOTHO30B P1, ..., Py BBIUTPHIT Ckenmuka
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KL orpammyuen, cxaxem mexoropsmv wucaom C > 0 :

n

H(1 +e(w; —pi)) < C

i=1

JJId BCEX M. to HEPAaBEHCTBO MOZKHO IIE€PEIINCATL B BUJIEC

Zln(l +e(wi —pi)) <InC,
i=1

n n

62(%‘ —p;) — € Z(Wi —p;))? <InC,
i1 =1

n

GZ(%‘ —pi) <InC + é*n,

=1

1< InC
=) (wi—pi) < —— +e (5.20)
n 4 en

1=1
T BeexX n. 37eCh MBI HCHOTB30BaM HepaseHcTso In(1 +t) > ¢ — t2
upu |t| < 0.5.

Orcrona ciejryer, 910

1 n
lim sup — w; — ;) <€ 5.21
nﬁoop n ;( i — Di) ( )

AnamornaaeiM 06pa3oM, Tmosarast IC% = 1 u BbIOUpAs CTPATErUto

Sa(p) = —eK;

n—1>

Crxenmur Moxker no06UTbcd TOTO, UTOOBI [Ipedckazament BbIITABA
CBOM MPOTHO3BI TaK, YTOOBI OBLIO BHITIOJHEHO HEPABEHCTBO

RS I
hnnilo%f - Z(wi —pi) = —€ (5.22)

i=1
Bajaua. [IposecTn BCe BHIKIAIKH s cTpaTerun S=(p) m mogy-

IUTH HepaBeHCTBO (5.22).
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O6e 5T cTpaTeru MOXKHO COEJIMHUTE B OJTHY CTPATEruio, KOTOpast
obecrieanBaeT 0JHOBPEMEHHOE BbIIOJIHEHUE 000ux HepaseHcrs (5.21)
u (5.22). B atom ciydae crparernun SL(p) u S2(p) u cooTBeTCTBYTOMHE
karmranst KL (p), K2(p) pacemarpusarores Ckenmukom Kak BCIOMO-
raTeJIbHbIE B €ro pacdeTrax.

Hnst urpsr Ckenmuk BEIOUPAET CTPATETHIO

1
Sn(p) = 5(55(19) + 5, (p))-
Torna ero BBIMTPHIINT Ha I1are n OGynerT paBeH
Lo 2
Ky = §(lCn + K:).

3aMernM, 4TO KaxKABll U3 BRIUIDHIIIE OyJeT yIOBIETBOPSTH yCJIO-
susam KL > 0w K2 > 0 ana Beex n. Ha mepsom mmare Sy(p) = 0,

Tak Kak Si(p) = —S?(p), savem snagenna S} (p) u S2(p) pasoiimyTes,
TaK KaK OHM OTIPEeNSIOTCS Ha OCHOBAHWUH CBOWX BBMTpHITIeit KL (p)
u K7 (p).

ITycts I'enepamop cayualinpx wuces BHIIAET MPABUIHHBIE CTydadi-
HBbIE YnCTIa, T.e. sup,, F, < oo.

W3 orpaHnueHHOCTH CyMMapHOTO BhUrpbiing I, Oyaer cieoBars
OTPAHMHEEHHOCTh KaskA0ro u3 emrphimreit KL n 2. Kak 6B110 q0Ka-
3aHO BBIIE, TaKas OrPAHNYEHHOCTH BLIUTPHIIIEH BJEYET OJTHOBPEMEH-
HO€ BBITIOJIHEHWE NpejiesibHbIX HepaseHeTs (5.21) u (5.22).

Crrenryrommpii mar 3aKI09aeTcs B TOM, YTOOBI TOCTPOUTDL CTPATe-
ruio Ckenmuka, KOTOpas 06ecTeTnBaeT OTHOBPEMEHHOE BBHITIOTHEHNE
HepaseHcTs (5.21) u (5.22) mas Beex € > 0.

Jlist 9TOro BBELEM IOCIEIOBATENLHOCTL € = 27 F mia Beex k.
Onpeneanm K(l)’k =1lun ICg’k = 1 gia Bcex k. Paccmorpum mocemo-
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BaTeJIbHOCTL CTpaTeruit
1,k _ 1,k
Sn (p> - Eklcnfl’

S2H(p) = —enK"

n—1»

SHp) =Y 2755k (p),
k=1

S, (p) = 27752k (p),
k=1

Sulp) = (5 () + 5, ()

COOTBeTCTByIOHH/Ie BBIUTI'DLIIILI CBA3aHBI YCJIOBUAMHA

K = 06+ K.

Bee sTn pagpl cxomgdTcs, TaK Kak mjd J060ro (pUKCHPOBAHHOIO N
Oymer KL% < 2n s meex k o dopmyne (5.19). Orcroga n u3 ompe-
nenenns |S2F(p)| < 2771 s Beex n.

BameTnM, 9TO KAKIbIA M3 BBIUIPBIIIEH YIOBAETBOPAET YCJIOBHU-
M K}L’k >0u K%’k > 0 gy Becex n u k. Ilosromy u3 paBHOMED-
HOM OTpaHWYEeHHOCTH CYMMapHOTO BBIUTPHIMIA K, Cleayer orpamHu-
YeHHOCTH KaXKJIOTO M3 BBIUTPHIIIEH IC,ljk u IC,%’k. Kaxk 6pL10 moxkazamo
BBITIE, OTPAHNYEHHOCTH KazKJA0T0 M3 9TUX BbH/IprI]_Heﬁ BJICUECT OJHO-
BpPEMEHHOE BBITIOJTHEHHE TPeIeIbHBIX HepaBeHeTs (5.21) n (5.22) yxe
Teneps Jid BCex €, k=1,2, ...

Orcroga moaydaeM, 4TO cMelnapHasg crparerud Ckenmuxa BBI-
nyxnaaer [pedekasamens, aTobbl BRIMTPATH B UTPE COTIACHO TEOpe-
Me 5.9, BBIIaBATh TAKHE IPOrHO3BI, YTO BLIIOIHEHO CJIEAYIOMEE YCI0-
BHe KaJnbpyemocTu:

lim ~ Z(wi —p;) = 0. (5.23)



Omnpenenenne kamubpyemoctn (5.23) 061a1a€T OUE€BUIHBIM HEIO-
crarkoMm. Hanpumep, XOpoIo KajaudbpyeMbIMu IIPOTrHO3AMHE /IS TOC/IE-
IOBATEJBHOCTHA W1,Wws, ... =0,1,0,1,0,1,0,1, ... gaBjigercs mocaeno-
BATEILHOCTD P1, P2, ... = %, %, %, %, %, %, %, %, ... Ommaxo, ecin pac-
CMaTPUBaTH TOJIBLKO YIEHBI ITOCAEA0BATEILHOCTH UCXOA0B, UMEIOIIHE
YeTHble (MM HEYEeTHBIE) WHIEKCHI, TOJ00HBIE TIPOTHO3MI y2Ke He Oy/IyT
XOPOIIO KAaaubPyeMbIMHU Ha COOTBETCTBYIOMIEH MOIMTOCTET0BATETBHO-
cru. IlosToMy HEOOXOIMMO BBECTH B PACCMOTPEHHUE TOMOJHUTEILHBIE
npaBuaa BeIOOPa [OMIIOC/IEI0BATEALHOCTEN,

IIycrs B mponecce urpst [lpupoda BBIIAET IOCIEI0BATEILHOCTD HC-
XOJ0B W1, W2 ..., IIpedckasament BbIIaeT IPOrHO3bL P1, P2, ... llpa-

BUNOM 6bL00pa HABLIBACTCA DYHKITHS

F(p1>w17p2)w27 ety pn—lawn—lapn)7

OIIpede/ICHHad Ha IIOCJIE€A0BATE/JIbHOCTAX THILIA

p1,wW1,p2,wW2, ..., Pn—1,Wn—1,Dn,
rie pn — uporuos Ilpedckasamensn va mare n, n = 1,2, ..., u UPUHU-
MaloIlas TOJbKO JBa 3Hadenus: 0 u 1.

ITocnenoBaTeIbHOCTL TPOTHO30B P1, P2, ... HAZLIBACTCS TOPOULO
Kasubpyemoti Ha TOCIeA0BATEILHOCTA MCXOJA0B W1, W2, ... OTHOCH-
TeJIbHO TpaBuia Beibopa F(p1,wi,p2, w2, «.. sDn—1,Wn—1,Pn), ECIH
BBITIOJIHEHO

n
sup g F(p1,w1,p2,w2, -, Pi1,Wi—1,P;) < 00
"=t
nJjain
n
> F(p1,wi,p2,wa, -y Dio1,wi-1,Di) (Wi — Di)
lim - — =0. (5.24)
n—oo
> F(pr,wi,p2,w2, - oy pic1,wio1, i)
i=1

OcHOBHOIT pPe3yabTaT TEOPUU YHUBEPCAJIBHOTO MPOTHO3UPOBAHUS
VTBEPKIAET
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Teopema 5.10. Jlaa 410600 cuemmnoti nociedosamesvbHOCMU NPpasu.l

swoopa Fi, k = 1,2, ..., cywecmeyem makas cmpamezus Ilpeo-
crazamens (ar20pumm 6vUCAIEHUA NPO2H0306 P, no npedvicmopuu
D1, W1, P2, W2y -y Ppel,Wn—1), %Mo npu 410600 cmpamezuu IIpupo-

8m, 6’1)&6&70’!146@7, UCLO0bL Wn HA OCHOBAHUU U3BECTNHDIT 3HaUeHUT

pP1,wW1,pP2,W2, ..., Pn—1,Wn—1,Pn,

NOCAEIOBAMEADHOCTL NPOZHOZ08 D1, P2, ..., GHOGBAEMAL 2EHEPAMO-
DOM CAYHATUHDT Huces, Oydem Topouwio KaAUOPYeMOt OMHOCUMEADHO
06020 npasusa ewbopa Fi, npu ycaosuu sup,F, < oo (m.e. xozda
2EHEPATNOD CAYUATHDLL YUCES GBOGEM NPAGUNLHBIE CAYHATHBIE YUCAE) .

Jlokasamenavcmeo. JlokazareibCTBO TEOPEMbI IPEJCTABIIET COBOM
CJIEJTYIOIIHI Al YCIOKHEHUS PACCMATPUBAEMOI BbIIIIe KOHCTPYKITUH.

B koHCTpyKIMM cTpaTernit Sk (p)m Sk (p) UMCIIO €} 3aMEHUM HA
mapy e€xFs, tne k,s =1,2, ...

PaceMoTpuM  GeCKOHEYHBIE TOCIE0BATEIBHOCTH BCIIOMOTATE b
HBIX crpareruii Ckenmuka:

1.k,

SHES(p) = e Fy(pr, w1, pa, w2, -, pic1,wim1,P)K0Y,
2,k

Sg’kvs(p) = —GkFS(p17W17p27w27 e pi—lvwi—17p)lcn7—7ls'

Brejsiem kakyo-uubyap 3bdEeKTUBHYI0 HyMEpaluio BCEX IAp HaTy-
panpabix wncesa (k,s). llycts st Takoit maper ¢ HomMepoM i Oyjer
p(i) = n q(i) = s. Takyto nymepanuio u dyuxuun p(i) u (i) serko
OIIpeJIeJIUTh KOHKPETHbIM obpazom. Onpenenm
o0
S (p) =Y 27950 (p),
j=1
o0

So(p) =Y 2795200l (p),

(S (p) + Sy, (p))-

ﬂaﬂee JA0Ka3aTeJIbCTBO MPOXOAUT aHAJIOTUYIHO CJAYyYal0 CMEIINBaHUA
CTpaTeI‘I/Iﬁ Crenmuxa ¢ MHOXKUTEJIIMHA €k.
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3amernM, 4TO CyMMHUDPOBAHME B MOJEPHU3UPOBAHHOM BapUAHTE
(5.20) AO/IZKHO NPOUBBOAMTHCSA TOJBKO 110 TEM 4, JIJIT KOTOPBIX

F(p1,wi,p2,wo, - pim1,wi-1,pi) = 1.
B mogepuusuposannom Bapuante (5.20) u B (5.23) mug Toro, 9rodbl
nosyanTh (5.24), Ha/0 N B 3HAMEHATE/IE 3aMEHUTh Ha
n
> F(pr,wi,p2,wa, -y Pic1,wi1,Di).
i=1

3amaga. 3aBepiuTh J0Ka3aTeIbCTBO TeopeMbl 5.10.
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I'maBa 6

Arperupyromninuii aJropuTm
BoBka

6.1. DKCIIOHEHTTNAJILHO BOTHYTbIe (DYHKITAA
IOTEPH

PaccmarpuBaem mpocteiiuit crydaii, KOrja MHOYKECTBO UCXOJ0B AB-
JISIETCS  IBYX3JIEMEHTHBIM ) = {O,l} U MHOXKECTBO IIpeACKa3aHui
ectb equHUYHBIN wHTepBas I = [0, 1]. AmajorndabiM o6pa3oM pac-
cmarpusaercs caydait Q = {—1,1} u I' = [—1, 1]. MsI 6yaem npejmo-
JIAraTh, 9T0 QPYHKIMH TOTEPh A(w,y) SIBISIETCS HEOTPUIATEJBHON U
YIOOBJETBOPAET CICAYIOMUM yCIOBHAM:

e npu KaxJIOM w hyHKnusa A(w,y) HEIpepbIBHA 10 7;

e cymecrByer v € [0, 1] rakoe, uro oba 3Hauenust A(0,y) u A\(1,7)
KOHECYHDBIE,

e ne cymecrsyer vy € [0, 1] Takoro, uro oba 3Hauenus A(0,7) u
A(1,v) 6eckoneunsbie.

s nponssosibHOl dyHKIMKM morepb A(w,7y) paccMaTpuBaeTcs
MHOHCECTNEO NPeICcKa3anull

Iy = {(z,9) : 3p (A0,p) = 2, A\(1,p) = y)} (6.1)
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U MHOHCECMBO CYNEPnpeickasarul

Ix={(z,y) : 3p (M0,p) <z, A\(1,p) < y)}. (6.2)

3 nepsoro croiictea dynkuun noreps u KommakrHoctu [0, 1] cie-
JIyeT, ITO MHOKECTBO CyNepIpeacKasannii 3aMKkuyTo. [nsa paccmar-
puBaeMbIX HIKe (DYyHKIMH TOTEph MHOXKECTBO mpejackaszanuit (6.1)
SIBJISIETCS TPAHUIIEH MHOXKeCTBA Cymeprpeackasanuii (6.2).

Hau 6yse y106HO Ha3bIBATE MOMYTLIOCKOCTE [0, +00)2, B KOTOPOif
PaCCMATPUBAIOTCA MHOYKECTBA IPEICKA3aHuil U CyNeprnpecKasannii,
NPOCPAHCTNEOM NPEICKA3aHU.

st npomssosbioro 1 > 0 myers By @ [0,+00)? — (0,1]% ects
roMoMophu3M U3 MPOCTPAHCTBA TPEJACKAZAHUN B IKCNOHEHUUANDHOE
NPOCTPAHCTEO

Ey(z,y) = (7", e7™) (6.3)

nuist Beex x,y € [0, +00).
IIpu sTOM TOMOMOpdU3ME MHOKECTBO mpencKazanuit (6.1) mepe-
XO0OUT B MHOXKECTBO

B,(11y) = (e 09 =109 p e T,
a MHOKECTBO Cynepupejckasanuii (6.2) nepexogaut B MHOKECTBO
Ey(Zx) ={(z,9): Ip (0< 2 <ePOP 0 <y <emPIP))) (6.4)

Oyukiwst noTepb \(w, ) HAZBIBACTCS 1)-CMEWUBAEMOT, €CTT MHO-
xkectBo Ey (X)) apaserca BoimykasiM. PyHKIUs MOTEPh HA3BIBAETCS
emewusaemoti (M SKCIIOHEHITHATBLHO BOTHYTO ), €CJIH OHA sIBJISIETCST
n-cmewusaemol s nekoroporo n > 0.

fcHo, 9o Besikas cMeruBaeMasi (bYHKIINS [TOTEPD sIBJISIETCS] BbI-
IIyKJIOH 110 BTOPOMY aprymeHty. Jlajee Mbl yBUIMM, 4TO HE BCHKas
BBIIIYKJIAs 110 BTOPOMY apryMeHTy (DYHKIUS TIOTEPb sIBJISETCS CMe-
muBaemoii. Takum obpazom, cMemmBaemMocTb — bojiee cuibHoe Tpebo-
BaHUE, YeM [POCTO BBITYKJIOCTH 110 BTOPOMY apIyMEHTY.

Mg OyzmeM paccMaTpuBaTh CaeAyiomue (BYHKIIUNA TOTEPD: JIOTa-
pudMIIECKYI0, KBAIPATUIHYIO, aDCOJIOTHYIO W MPOCTYIO. llepBbie
JiBe OYIYT CMENTuBAEMbBIMU.
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B cayqae, korya ) — koHeuHoe, I' — MHOXKeCTBO BCexX pacrpe/ieie-
Huii BeposTHOCTEH Ha (2, gorapudmudeckas (pyHKIUs MOTEPL OIpe-

nensercs: AMw,y) = —Ilny{w}, rne w € Q u v € T' — BeposiTHOCTHASI
Mepa Ha KOHEYHOM MHOXKeCTBe ().
Ecim © = {0,1}, 70 MOXKHO OTOXKJECTBUTH Y C BEPOSITHOCTHIO

eJIMHUTIBL, TOr/Ia 1 —7 — 3TO BEPOSTHOCTD HyJIsA. B 3TOM CIydae MOXKHO
B3tk [ = [0, 1] u paccmorpers snorapudmuaeckyto dyHKIMIO T0TEPh
B BHJIE

AMw,7) = —In(wy+ (1 -w)(1—7))

wiu, Hosee o pobHO,

—In~, ecoin w =1,
—1In(1 —7), ecimz w = 0.

Aw) = {

O6obientas jgorapudMudeckas (DYHKIUS TOTEPh OTPeIe/sIeTCs
Kak

Aw,7) = _}71n<w+ (1-w)(1 7)), (6.5)

e n > 0 — mapameTp.
Ksagpartnanas QpyHKITHG TOTEPDH OIPEASaIeTCs Kak

AMw,7) = c(w —7)?,

rJle ¢ — HEKOTOpas MOJI0KUTeIbHAsT KOHCTaHTa. MOXKHO paccMoTperh
Q2={0,1} uI'=10,1].

Mo2KHO Tak»Ke UCIOIH30BATH HEPEPbIBHOE MHOYKECTBO NCXOJI0B —
eMHIIHBIH nHTepBan ) = [—1, 1] n aHAIOTHYHOE MHOYKECTBO HPEJ-
ckazanmuit I' = [—1,1]. Dtu MHOKecTBa OyIyT paccMaTpPUBATHCS B
3a/1ave PerpecCHi.

AbcosorHas QYHKIHS TOTEPh ITO

Aw,7) = clw =1,

T7e ¢ — HeKOTOPas MOJIOKUTETbHAA KOHCTaHTa. Jlyia oroit dyuximmm
TTOTePh UCMOJIL3YIOTCI Te YK€ MHOXKECTBa WCXOJIOB U TIpeJcKa3aHmii,
9TO W JJIs KBAIPATHIHON (DYHKIINH MTOTEPS.
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Puc. 6.1. MuOXkeCTBO TIpeACKa3aHuil U CymeprnpeacKa3annii jorapudmmuae-

CKOM (DYHKITHN TTOTEPH

ITpocrast urpa Ha mpejckaszanue (pocTas (bYHKIUS TOTEPh) Pac-
cmarpusaercs B caydae ) = I' = {0, 1}. @ynkuus noreps coBnagaer
¢ abcosoTHO# (byHKIHEH moTepsb (mpu ¢ = 1) U yI0BIETBOPSIET CBOIi-
CTBY
0, ecnu w =y,

1 B mpoTuBHOM CiIydUae.

M) = {

3ama4da. HapucoBarh rpadukn npeackasannii n obJacTH Cymmep-
NMPEICKA3AHMIT, 8 TaKKe UX 00Pa3bl B 9KCIOHEHITMAJIBHOM IIPOCTPAH-
CTBe /I YKA3aHHBIX (PYHKINN 1TOTEPD /i pasjndsabix 1 > 0. [pu-
BECTU HPHUMEPHI 1), IPU KOTOPBHIX JJIsd JOTapupPMUYeCcKoil n KBajpa-
TUYHON (DYHKINI IOTEpb COOTBETCTBYIONNE 00JACTA B SKCIIOHEHTTH-
AJTBHOM TIPOCTPAHCTBE OY/IYT BBIMYKIBIME (& TaKyKe HEBBITYKJIBIMHU).

O6CymM TeoMeTpUIeCKHe CBOMCTBA CMEITHBAEMBIX (DYHKITHH 0~
Tepb. 3aech 0600IeHHast Jorapudmuieckas pyHKINUA TOTEPh UTPAET
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Puc. 6.2. O6pa3bl MHOXKECTBA TIPEIACKA3AHUN U CyMepIpeacKa3aHuii jgora-
pudMImIecKoit GYHKIUN TOTEPh B IKCIIOHEHIIHATHHOM IIPOCTPAHCTBE

0cobyI0 pOJIb.

JIerko BUETH, 9TO MHOXKECTBO Tpejackazanuii (6.1) 06obuenHoi
norapudmudeckoii byukuuu moreps (6.5) ecTh KpuBas Ha IIOCKOCTH
CyLlepIIpeACKa3aHuii:

{(z,y): e +e =1} (6.6)

Mebr GygeM paccMaTpuBaTh HapaJulesibHble CIABUTH KpuBoii (6.6) B
TJIOCKOCTH CYTIePIPeICKA3aHui, T.e. KPUBbIE BUIA

{(2y) : 7107 e = 1), (6.7)

JJIs1 TPOM3BOJILHOTO BekTopa (a, ).
ToBopuM, 94TO TOUKA MIIOCKOCTH (1, Y1) HAXOJUTCS «CEBEPO-BOCTOUHEE,
YeM TOYKA MJIOCKOCTH (T2, Y2), €CIU T1 > To U Y1 = Yo.
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Puc. 6.3. MuoXecTBO TipeicKa3aHuil M CymepnpeiCKa3annit KBaIpaTUIHON
GYHKIUN TTOTEPD

MuozkectBo A C R? HAXOAUTCA CEBEPO-BOCTOUHEE HEKOTOPOT'O TIa-
pasLIebHOrO ¢aBura Kpuboii (6.6), ecim KazK1as ero TO9Ka HaXO U TCS
CEBEPO-BOCTOYHEE HEKOTOPOI TOUKH, JeKariei Ha sroM capure (6.7).

Bamernm, 4To npoobpazaMu BCeX TMPAMBIX BUjA ar + by = ¢, e
a > 0wub > 0, paccMaTpUBAEMBIX B IKCIOHEHTINATBLHOM TTPOCTPAH-
crBe, npu romomopdusme (6.3) ABAAIOTCH BCe NapaJsIebHbIe CABUTH
kpuBoii e~ ¥ 4 e~ = 1, paccMaTpuBaeMoOil B IPOCTPAHCTBE CyIEp-
npejckazanuiil. JleficrBuTeibHO, JIEMKO IIPOBEPUTD, YTO IPO0OPa3 mpsi-
Mo#t ax + by = ¢ nmpu romomopdusme E, ecTh KpuBas

ae” ™ 4+ be” M = ¢,

T.€. TAPAJLIENbHBIN CABUT Kpupoit e~ 7* 4+ e~ Y = 1 ma BekTOP

<—1lna,—1ln b) .
n ¢ n c
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Puc. 6.4. O6pa3sr MHOKECTBA, MPEICKAZAHUN U CYyMEePIPeICKA3aHmil KBaI-
paruuno# DYHKINK MOTEPH B YKCIIOHEHIIMATHLHOM IIPOCTPAHCTBE

Takum 00pa3oM, UMEeTCsl B3aUMHO-OIHOZHAYHOE COOTBETCTBUE MEK-
Jly TAKUMU TPAMBIMU a2 + by = ¢ B 9KCIOHEHIMAIBLHOM [TPOCTPAHCTBE
U HapasuieIbHBIMU CABUTaMU KpuBoii e~ ¥ +e~ Y = 1 B npocTpaHcTBe
CyllepIIpeACKa3aHuii.

Jlerko BuzeTh, urTo 06pa3 E, (X)) MHOXKeCTBa CyTmeprpecKka3a-
HUl B 9KCIOHEHIUATHHOM [TPOCTPAHCTBE SABJSETCS BLITYKJIBIM TOI/IA
M TOJBKO TOTIa, KOTJAA AJs JI000H TOYKM €ro TPaHuIbl CyIIeCTBYET
psiMasi, TPOXOJIAINas 9epe3 3Ty TOUKY TaKasl, 4TO BECh 9TOT o6pas
MHOKECTBA, CYTIEPIPEJICKA3AHNI HAXOMUTCS 10 OJIHY CTOPOHY OT 3TOM
IIPAMOM.

TTepeBosig 9TO CBOWCTBO M3 3KCIOHEHIIMAJBHOTO MPOCTPAHCTBA B
IIPOCTPAHCTBO CYIEPIPEICKA3AHUIL, IOy INM CJIEIYIONee XapaKTepu-
CTUYECKOE CBOMCTBO cMemuBaeMocTn (PyHKIUU [TOTEPD.
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IIpennaoxkenue 6.1. Pynruyus nomepv ABAACMCA 1)-CMEWUBAEMOTL
mozda u moavko moeda, kozda s a0bol mouru (a,b), aescaweld
HA 2PAHUYUE MHOMCECTEA CYNEPnpedckasanuti, CYUECmeyem napai-
aeavhodi ceuz e 1T 4 e=1W=0) = 1 gpugoti e 4 e MW = 1,
npoxodawud wepes mouxy (a,b), u makot, wmo ece muoscecmeo cy-
nepnpedckasanull ACHCUM Ce6EPO-80CMOYHEE IMO20 COsU2a.

B crnenytomux pazjenax Mbl OyjieM pacCMaTpUBATh CMEITUBAEMbIe
dyukimn morepb. OKas3bpiBAETCs, 9TO [PH HEKOTOPBIX HHTEPBAJIAX
3HAYEHUI Mapamerpa 1 jorapudMuUueckas W KBaIpaTuIHad (DyHK-
1Y TTOTEPb OKA3BIBAIOTCS 7)-CMEITUBAEMBIMHU, aOCOTIOTHAS (DYHKIINS
MOTEPDh ITUM CBOUCTBOM He 00J1a1aeT.

3amaua. JlokazaTh, 9T0 abCOMIOTHAST (PYHKIUS [IOTEPh HE SIBJIS-
€TCd CMEeIIUBACMO.

Jast cMmermmBaeMbIxX (DYHKIIHM TOTEPh YPE3BBIYAHO 3(hPeKTIB-
HBbIM ABJISCTCH TaK HA3bIBACMbII arperupyommi aJropurM, KOTOpbIi
61 mpemtoxker B 1990 roxy B.I. Boskowm [16]. DTor asropurm 6bLT
MCTOPUIECKH OJHUM W3 MEPBBIX AJITOPUTMOB 110,100H0r0 poja. Ol sB-
Jjisierca 0bob1eHneM HoJiee IPOCTOro aJropUTMa B3BEIIEHHOTO 00JIb-
MIMHCTBA, KOTOPbIN 0611 ipeioxked B 1989 roay JInticroynom u Bap-
myTom [12]. Arperupytommii anropur™ Boeka mmeer ommbKy npej-
CKa3aHUsI, KOTOPasi 3aBUCUT TOJBKO OT UUCJIA HKCIIEPTOB U HE 3aBUCUT
OT JJIMHBI TTOCIET0BATETHHOCTH.

6.2. KoneuHoe MHO>KEeCTBO 3KCIIEPTOB

B pasgenax 3.3 u 3.5 anropurMbl mpecKa3aHnud UMETH OIMMOKY I10-
panka O(VT In N), tne T — njmna nepuona, a N — 9HCI0 9KCIIEPTOB.
AJITrOpUTMBI U PE3YABTATHI ITUX PASIETOB OTHOCHINCH K (DYHKITHSIM
MOTepb MPOU3BOJILHOTO BUA (B pasmese 3.3 IOMOTHUTETBHO Tpebo-
BaJIACH BBITYKJIOCTh (DYHKIIMK TIOTEPH M0 IIPOrHO3aM ).

B aTom pazzene npuBegem ajJropuTM CMEINUBAHUA TPOTHO30B, KO-
TOprI;’I ABJIACTCA OIITUMAJIbHBIM JJid CMCIINBACMbBIX (byHK]_[I/IfI IIOTEPb
(morapudMuUIecKoit, KBaIPaATUIHOI ).

IIpuBoauMBIli HUXKE AJTOPUTM UMeeT OMUOKY TpefcKa3aHus, He
3aBUCSIIYIO OT auuHbl nepuoga T', sra ommbka nmeer sug O(ln N),
e N — 9UC/IO SKCIEPTOB.

214



B manpreitiiieM MBI TOCTPOUM CTPATETHIO MPEICKA3ATENS, I KO-
TOPOR

Ly < e(n) inf Ly () + a(n) In N

nast Beex T, tie B 0o6imem caryudae moxker 6bTh ¢(n) > 1 st moboro
3HavYeHUs mapaMerpa obydenus aaropurma 1 € (0, 00).

B cayuae cmemmBaembix dyukimit moreps tyzer ¢(n) = 1 ana
HEKOTOPBIX 3HAaYeHuil mapaMeTpa 00yJIeHus 7).

ITpenBapuTEeIbHO PACCMOTPHM CXEMY AJTOPUTMA B CJydae MHO-
xkecrBa ucxonoB ) = {0,1} U KOHEYHOrO MHOXKECTBA SKCIEPTOB
© = {1,2, ..., N}. IIporHosbl MOryT npuHUMaTh JHO0bIE H€fiCTBU-
renpuble 3Havenns ' = R. Baganma dymknug noreps A(w,7y), /e
weuyel.

B nocimenyromux pasgenax 6yayT pacCMaTPUBATHLCS OECKOHETHBIE
(n maxke HecueTHble) TPOCTpaHCTBa 3KcepToB O. Ilpu sTOM pesyb-
TAaThl CYIMECTBEHHO HE U3MEHATCH, HaJO TOJTHKO BBECTU MEPHI Ha IKC-
HmepTax ¥ CyMMBI 110 3KCIEPTaM 3aMEeHUTh Ha MHTErPaJbl 10 6.

HamoMHauM TIPOTOKO MIPhl HA MPEICKA3AHUS C UCTIOJIB30BAHIEM
9KCIIEPTHBIX IIPOIHO30B.

[Mycts Lo =0, Lo(i) =0,i=1, ..., N.
FORt=1,2, ...
Oxcnepm i Boibupaer nporuos £ € T i=1, ..., N.

Cmamucmur Beibupaer mporuos v € I
IIpupoda BuIOUpaeT ncxom wy € Q.
dKcnepm ¢ BRITUCISET CBOM CYMMapHBIE TTOTEPH Ha, IIare ¢ Urphbi:

Li(i) = Li—1(i) + Mwr, &)
Cmamucmuk BEIMUCIAET CBOM CyMMapHBIE TIOTEPH Ha IIare ¢ Urpbl:
Ly = Li—1 + Mwg, 7).

ENDFOR

®ukcupyem mapamerp obyqenns 1 > 0 (learning rate), mosaraem
B=e".

Beesiem mekoropoe ampmopHoe pacupenesenust Pp(i) #Ha MHOXKe-
ctie 3KcrepToB O. EcrecTBento 6paTh paBHOMEPHOE alpUOPHOE pac-
npejesnierne Ha sKcneprax Py(i) = 1/N anst Bcex i € O, rue N —
YHCJIO SKCIIEPTOB.
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Ha marax t = 1,2, ... Cmamucmuk nepecTpanBaeT Beca IKCIep-
ToB %=1, ..., N cornacao gpopmye

Py(i) = B By (i), (6.8)

Taxwum 006pazoM, BeC IKCIEPTA, UMEIOIIETO DOJIBINNE TOTEPH, YMEHb-
IIIAETCS.
Beca skcnepros (6.8) mHopmupyem:
Py(d)

Pr(i) = 2, (6.9)

S P(j)
j=1

4TOOBI CyMMa HOPMHUPOBAHHBIX BECOB CTaJia paBHOH 1.
Beenem Bciomorareibayio QyHKIINIO, KOTOPAas HA3BIBACTCHA «IICEB-
JIOLPEJICKA3AHUEM» :

N
gi(w) =logg Y APy (i) (6.10)
j=1

AJITopuTM, BBHIZAIOMAI TCEBIONPEICKA3AHNA, BEITUCICHHABIE 10 POp-
myse (6.10), o6osmauaem APA (Aggregating Pseudo Algorithm). O6o-
3HaYUM CyMMapHble nmorepn anaropurma APA 3a T maros ma moce-

J0BATEJLHOCTH UCXOH0B W1, ..., WT :
T
Lp(APA) = th(wt)~ (6.11)

t=1

Crieyromas IeMMa TIPEICTABIAET CyMMapHbBIe TOTEPH AJTOPUTMA
APA B GoJjiee IpocTOM ¥ SICHOM BHJIE.

Jlemma 6.1. Cymmapnvie nomepu obobuienmozo aszopumma 30 T
Wa208 Mo2Ym 6vimb NPedcmasiervs 6 ude

N
Ly(APA) =logz > B Py(i).

=1
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Aokasameawvcmeo. 113 (6.8) caenyer, 9aro

T
, > Awegl) P
Pr(i) = =" U By(i) = BETO Py (i),

13 onpenenenns UMeIOT MeCTO CJIETYIONINE PAaBEHCTBA

N N
logg > _ B OPy(i) —logg B Ry(i) =
=1 i=1
N

> AL Py (i)
= logﬁ =1 =

pLr—1(1) Py(i)

=1

N )
S BLr-1@+Awr.€r) p (1)
=1

N .
= logy > BT P (5) = gr(wr). (6.12)
j=1

[locnennee pasenctBo caeayer u3 ompenenenus (6.10). Ilockonbky
(6.12) umeer mecto s Beex T, 1MOJIyuaeM yTBEPKJIEHUE JIEMMbI

T N A
Lr(APA) = Y gi(wr) = logs 3 B0 Py (i). A
t=1 =1

Ilcesmomnpesckazanue g (w) IpeacTaBIgeT COHOM HEKOTOPBIE YCPEI-
HEHHBIE TTOTEPH U HE TaeT CaMoro mpeackazanud v € [, mist KoToporo
MpeTHA3HAYEHBI 9TH TOTEPH.

B HEKOTOPBIX CIyUasix MOXKHO TIEPEBECTHU MCEBIOTPEICKAZAHNE B
obbraHOe mpenckazanme. Oyuxyuet nodcmarosky Ha3bIBALTC (YHK-
s v = 2(g¢), Takast, 910 Aw, X(gt)) < gy(w) g Beex w.
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nar ; 5 -
h— N:(BMU.TJIBW hi J)
0B B
04F B
02r B
D 1 1 1 1 1
0 02 0.4 0.6 08 1 12 1.4

Puc. 6.5. [Ipumep onpenenenus npenckazanusg v*. IIpsamas, mpoxoasimas
gepes Touky M, ormeuaer Touxy N = (M0 A1) ma kpusoit, mo
KOTOPO# BBIYUCTISIETCS TTapaMeTp ~y*

Mpb1 nokazkeM, 4uro OYHKIMS 10/[CTAHOBKU CYIIECTBYET, i PyHK-
st T0Teph A(w,Y;) ABJISETCS CMEIIUBAEMOiL.

Ipenaoxkenue 6.2. Ecau Gyrkuus nomeps ABAAELMCA CMEWUBHE-
MOT, MO GYHKUUA NOOCMAHOEKY CYWELCMEYEN.

Jloxasameavcmeo. Ilycrs dbyrknus noreps A(w,y) daBiserca 1)-
cMemuBaeMoii u mycthb 3 = e~ . 13 Beimykaocrn o6pasa (6.4) B sxcno-
HEHITMATBHOM TIPOCTPAHCTBE MHOXKECTBA CYNEPIPENCKa3anuil (pyHK-
i A(w, y)

Ey(Zy) = {(z,9) : 3p (0 <z < O 0 <y < A, p))}
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caexnyer, uro cymecrsyer v* € I Takasi, 94T0

N .
BT Zﬁx(wT,f%)p;_l(j) (6.13)
Jj=1

st Beex wr € {0, 1}. Hepapencrso (6.13) o3nauaer, uto abenucca n

OpAWHATa TOYKU
(5>\(0,7*)’ 5>\(1ﬁ*)>

BoJIbllle MM PABHBI YeM a0CIUCCa U OPJAMHATA, TOUKU
(0,&7 . A(1,€ .
> O P (), Y AP ()

j=1 j=1

Ilonaraem X(g¢) = v*. Yenosue ANw, 3(g¢)) < g+(w) 6ymer BbIIOI-
HEHO JIJIF BCEX W.

Ecnu dbyskiusa moreps A(w,y) BBIYHCINMA HEKOTOPBIM aJITOPUT-
MOM, TO TaKKe CyIIECTBYET aJTOPUTM, KOTODBLI Ha Imare ¢ BbIIaeT
npeackazanue y; = %(gy). DTOT aIrOPUTM HA3BIBAETCA a2Pe2uplyio-
wum aszopummom (AA-anmropurm, Aggregating Algorithm).

Jlnst HeKOTOPBIX (DYHKIWH TTOTEPHh MOYKET CYIIeCTBOBATH MHOTO
Da3JIUIHBbIX Y™, ymoBjeTBopsomux HepasencTsy (6.13). B mocsemy-
IOIUX pasenax OygyT TpPeJCTaBIeHbl KOHKPETHBIE AHAJTNTHIECKUE
BbIpayKeHust 17isi hyHKINK 3 (g;) B caydae JorapudMUIecKoii u KBaJi-
partwaHO (QYHKINI TOTEPH.

B Tom cayuae, korma X(g¢) cymiectByer, u3 gemMbl 6.1 caeyer,
4TO OY/IET UMETh MECTO HEPABEHCTBO

T
Lp(AA) =) Awr, B(g)) <

t=1

N
< Ly(APA) =logz Y BX7 0 Py(i). (6.14)

i=1

[MpunumeM kax oMy Kcrepry onnHakobrii Bec Py(i) = 1/N. Torma
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u3 (6.14) caemyer, 9T0 [T POU3BOJIBHOTO ¢ € O, mig Beex T

N
Lr(A4) < logy | 1 S50 ) <
=1

1 : In N
< logg (NﬁLT@) = Lp(i) + HT (6.15)

Omuenxka (6.15) o3HauaeT, 9TO CyMMAPHBIE TOTEPH ArPETUPYIOIIETO
anropurMa AA He IPEBOCXOIAT IOTEPH JIIOGOr0 3KCIEPTa, B TOM THC-
JIE 1 HaWJIydHmiero, T.e., MMEIOHIIET0 HanMEHBbIINE ITOTepUu Cpean BCEX
9KCIIEPTOB, ILIIOC HEKOTOPBIN perper (ommbKy IpejicKa3anusi), KOTo-
pblﬁ 3aBUCHUT TOJIBKO OT YHCJIa 9KCIIEPTOB 1 IIapaMeTpPa U, 9TO OYCHb
BaJKHO, HE 3aBUCHT OT JIJIMHBI IIEPUOIA IPEJACKA3AHAS, KAK 9TO OBLIO
B QJITOPUTME KCIOHECHINATHLHOTO B3BEIINBAHNI.

6.3. BeckoHeyHOE MHOXKECTBO 3KCIEPTOB

[ToBTOPHM CXeMy aJrOpPUTMa B CIydae GECKOHEYHOrO MHOXKECTBA, 9KC-
nepros ©. Mer mpeanosaraem, uro Ha © 3amana CTPpYKTypa Bepo-
ATHOCTHOTO IIPOCTPAHCTBA — CUTMa aaredpa 6OpeIeBCKUX MHOKECTB.
DTO MO3BOJIAET pACCMATPUBATH MePhI Ha O. B 3TOM Cmyuae cyMmbI 110
skcmepraM ¢ = 1, ..., N 3aMEHSIOTCH Ha, HHTErPAJIbI [0 3TUM MepaM
Ha ©.

[Mo-upexuemy Q = {0,1}, T' = [0,1]. Bagana dyurnus morepb
Mw,v), rmew € Qu vy eTl, n>0- napamerp obyuenusi, § =e .

IlycTh 3a1aH0 HEKOTOPOE AllpHOPHOE BEPOATHOCTHOE PACIIPEIeIe-
ure Py(df) na MHOXKeCTBe 9KCmepToB O.

Ha mare t = 1,2, ... Cmamucmux niepecTpanBaer Beca IKCIIEep-
TOB B COOTBETCTBUU C (DOPMYJION

Py(df) = M) Py (df). (6.16)

Taxwum 06pazom, BeC IKCIEPTA, UMEIOIIET0 DOJIBINNE MOTEPH, YMEHb-
maercs. [lo ompenenennio 3amanne Becos (6.16) SKBUBAIEHTHO CIO-
co0y BBIYHCJ/IEHNS BEPOATHOCTEH coObITHit F 110 hopmysie

P(E) = / At P, (df).
E

220



Beca (6.16) nopmupyem:

P,(df)

P ) = pah

(6.17)

Hopmuposatnbie Beca MpeACTaBIgior cof0ii BEPOSATHOCTHYIO MeEpY;
i vHee PF(O) = 1.
AnanornunbiM 06pa30M BBEJEM «IICEB/IONPE/ICKAZAHIE>

ge(w) = log /@ G Py (d0). (6.18)

AjropurM, BBIAAIOMIMIA 1ICEBIOLPEACKA3AHUS, TaK:Ke 0D03HAYAETCH
APA a cymmapunie morepu aaroputma APA 3a T maros pasHb

7(APA) Z gi(wy). (6.19)

3 (6.16) caemyer, uro

Pr(ds) = 55" by (dg) = 52O py(ap),

plr©)

P;(df) = T 5@ By (db)

Py(d).

Torga pasenctso (6.18) nepenuceiBaeTcst B BujIe

‘UET)+LT 1(0)
logﬁ/ N d@)Po(dH). (6.20)

Hwmeer mecTo amasor jeMMsbr 6.1.

Jlemma 6.2. Cymmaprnoie nomepu o0b6obusennozo aszopumma 3a T
wWazo6 moeym 6oims npedcmasaenss 6 gude

Lr(APA) = log /@ BEr©) py(de). (6.21)
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Joxasamesvcmeo. J10Ka3aTeIbCTBO JIEMMbl aHAJOIHYIHO JI0KA3a-
resiberBy Jemmbl 6.1. U3 (6.8) caenyer, uro

Awe ﬁf)

P,(df) = ﬁtgl Py(do) = 3Fr O py(dp). (6.22)

N3 onpenenennst UMEIOT MECTO CIETYIONINE PABEHCTBA!
logg / pL1O) Py (dh) — logg / Brr-10) py(dh) =
C] (S

-] f@ ﬁLT(a)PO(dH) o
8 T Bl Ry(d6)

f@ ﬁLT—l(o)Jr)\(wT,E%)PO(dQ) _
Jo B OB
Jo AAN@rED) P (df) B
Jo Pr—1(df) B

= logg

= logg

= logy /@ PrEI P (dO) = gr(wr).  (6.23)

[Mocneauee paBeHcTBO caeuyer u3 oupejeserus (6.18).

ITockosbky (6.23) numeer mecTo Jytst Beex 1) morydaeM yTBepKIe-
HHe JIeMMBI. /\

Jlast cvemmBaemoit (yHKIIUN TOTEPh HETPYIHO MOKA3aTh, UTO
dbyukmsg momcTaHoBKH Y.(gy) TakyKe CYMIECTBYeT W B cjydae Oec-
KOHEYHOTO TPOCTPAHCTBA IKCIepTor O. JleficTBUTEIEHO, HWHTEIPAJIBI
110 df npubnXKaATC KOHEYHBIMUA CYMMAaMU, KOTOPhIE COOTBETCTBY-
OT KOHEYHBIM MHOXKECTBAM 3KCIIEPTOB. Hpe,ZLCKaSaHI/IH, COOTBETCTBY-
IOIIHE HTUM KOHEUHBIM MHOYKECTBA, JKCIEPTOB, UMEIOT IPEIETbHYIO
TOUYKYy 7", TaK Kak MHOXKECTBO Mpe/CKa3aHuii KOMIAKTHO. Tak Kak
dbyuknusg moreps A\(w,y) HEIPEpBIBHA 10 7y, 9T MpeIeJbHAs TOIKA
OyIeT YAOBIETBOPATH YCIOBUIO

AMw,7") < gr(w)

Jutst Beex w, e g¢(w) onpexeneno 1o (6.18). TTosmaraem X(gy) = v*.
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B srom ciryuae o siemme 6.2 Byjier uMeTh MECTO HEPABEHCTBO

Lr(A4) = 3" M, S(ar)) < logs /@ GO Py o). (6.24)

t=1

6.4. IIpon3BosbHasg (PYHKINA NOTEPH

B nocrepyrommx pasmesax MbI MOKazKeM, 9TO JOTapUMMUIECKAA W
KBaJIpaTuIHas PyHKIUAH MOTEPD ABJISIOTCI CMENTUBAEMBIMH.

B obrmem ciryuae, korga pyHKIMS TOTEPD HE IB/IGETCA CMEIIBaE-
MOii, OTIpeiesisieTcs kKpusas cmewusaemocmy (mixability curve) e(n) :

ctn) =int {e:¥ P30 €T 7w (Mw.8) < clogy [ 2 )},
r

[Ipy HEKOTOPBLIX €CTECTBEHHBIX MPEINOJIOKEHNSIX Ha ITPOCTPAHCTBA
dbyukumsa ¢(n) ABAFETCHS HENPEPHIBHOW W MOHOTOHHO HEBO3PACTAO-
Iei.

B sTom ciyuae dpyHKITMG T0ACTAHOBKY ONPEIE/TAeTCA KaK (PYHK-
IUs, YIAOBIETBOPAIONIAs

V¥ w: Aw, E(9) < c(n)g(w) (6.25)

It JIF000TO TICEBIOTIPEICKABAHMS

g(w) =logg /F A P(dry)

¥ BEPOSITHOCTHOTO pacipejenerus P ra .
MoxkHO ompesenTh MUHUMAKCHY0 QYHKIIMIO TOICTAHOBKH.

. Aw,7)
>n(g) € arg min sup .
77( ) 7€l we g(w)

(6.26)

ITo onpenenenuto aobas MUHIMAKCHAA QYHKIU IIOACTAHOBKI Xy (),
yaosaersopsiomas (6.26), ymosmrersopsier n nepasencTBy (6.25).

BaMernM, 9TO MOTYT CYNIECTBOBATH JAPYIHe — He MUHUMAKCHBIE,
byHKIIMEM MOACTAHOBKY Takue, 9To BhInoaHeHo yeaosue (6.25). Yacro
UX TIPOIIE BHIYUCIUTE.
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B obriem caydgae, jijisi Ipou3BOIBHOM (DYHKIIUU IOTEPH, HE 005138~
TeJIbHO CMelBaeMoii, Bmecro (6.24) nmeem

T
Lr(AA) = Mwr, 2(gr)) < c(n)logg /@ BT py(de).
t=1

Bce anasioruunbie HepaBeHCTBa OyIyT BEPHBIME, €CJIU UX YMHOXKUTH

Ha ¢(n).
B ciywae komeanoro ymcsa skcnepros mepaseHcTBO (6.15) mepe-

XOOUT B HEPAaBEHCTBO

N
1 .
Lr(AA) < c(n)logy <N§ ﬂLT(”> <
i=1

< oy (59770 = et o) + ™2

miascex Tmscex k=1, ..., N.

6.5. JlorapudmMmndeckas HyHKIUS IIOTEPh

[TycTs MEOMXKECTBO BCex MCXOA0B () 1 MHOXKECTBO BCEX IKCIEPTOB O —
KOHEUHBIe, MHOXKECTBO BCex Hporao3os I' = P(§) — mHOKECTBO BCex
BepoATHOCTHBIX pacupenenennii Ha 2. [Ipu v € I' u w € (), Bemunna
v(w) = y({w}) paBua BepoarHOoCcTH d7EMenTa wW. Jozapudmuneckasn

dynryus nomepv oupenensierca A(w,vy) = —Iny(w).
Bozemenm 1) = 1, Torga 3 = e~ L. B srom cayuae
) = y(w),

T.e. PABHO BEPOATHOCTH, KOTOPYIO SKCIepT uan Cmamucmuk TPUTTH-
CLIBaeT UCXOAy w. B 3ToM ciiydae arperupyomnii aropuTM COBIaIa-
€T C aJITOPUTMOM IKCIIOHCHIITNAJIBHOT'O B3BCIIINBAHMA.

IIporuos skcmepra ¢ Ha mare t — 3T0 pacipeieienne BEpOITHOCTEH
& = €i(-) € T ma npocrpancTse ucxoos €.

C kazkIbIM 3KCIepToM ¢ € © Ha mare ¢ Oy/ieM CBA3BIBATH paciIpe-
JejieHne BeposiTHocTeit (); Ha (2°°) onpejensieMoe YCJIOBHBIMU BEPOSIT-
HOCTAMM:

Qi(wlwi, ..., w1) = fi(w) erl. (6.27)
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Takoe pacipesesenre MOKXKHO HHTEPIPETHPOBATL KaK CyOLEKTUBHOE
YCJIOBHOE DacIipejieieHne dKcnepra i Ha t-m mare. Beguauna (6.27)
PaBHA YCIOBHOI BEPOATHOCTH, KOTOPYIO i-if SKCIIEPT NPUIICLIBAECT OY-

IYIIEMY UCXOY W, TIOCAE TOr0 KaK OH HaOII0LA UCXOTBI W1, . . ., Wi_1.
Torma cybbexkTuBHAS BEPOSITHOCTH, KOTOPAs MPUNUCHIBAETCI HA
mare t SKCIePTOM ¢ TTOCJEI0OBATEALHOCTH UCXOM0B W1, ..., Wy PABHA
TTPOU3BEIEHTTO
_ ¢l i i
Qi(wi, -y wi) =& (wi)&a(w2) - o - §lwy). (6.28)

Beca skcnepros nepecrpausatorcs corsacuo (6.8). B nannom coy-
4ae BEC i-I'0 3KCIePTa MEPEONpeIeIaeTcs Ha, mare ¢t

Py(i) = pAetD P (i) =
= & (w1)€h(wa) - .. - Elwi) Poli) =

= Qi(wl, ey wt)Po(i). (629)
Beca (6.29) skcrepToB HOPMUPYIOTCS KAK
Pii AW o w)Poli
Py (i) = M) _ Qi L0 (6.30)

N N
;Pt(j) ;Qj(wh s we) Po ()

BepositHocts Py (i) npejcrapisier coboil arocTepuopHyo BEpOsATHOCTD
SKCIIEPTa ¢ M0CJie HADIIOIEHNUsT UCXOJI0B W1, ..., Wi.
7: .
Tak kak SN@ré) = & (we), ncepnoupeackasanue (6.10) npesparia-
ercs B jorapudmM 6ailecOBCKOM CMECH pacIIpeeeHunit, Ipe aaraeMbIX
Ha I1are ¢ 3KCrepTaMu,

N
g(w) =1logg ¥ & (w) Py (i), (6.31)
=1

Bosbmem B kauecTBe npesckasanus 2 (g) anropurma AA pacmpe-
JleJIEHUE BEPOSITHOCTEH, KOTOpPOE IpeCcTaBjider coboil OGailecoBCKyIO
CMeCh pacCIpe/ie/IeHnil, TIpejiaraeMblX Ha Iare ¢ 9KCIepTaMu.

Pacopenenenne BeposiTHOCTEH — mMpejcKasanue aaroputMa AA,
OTIPEIE/TSIETCST KAk

N
(W) = 2(g) = Y & (w) Py (0).

i=1
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Torma 3madenne jgorapudMUIeCKOl (DYHKIHHE IOTEPHL HA HCXOIE Wy
npu npepckasanun Cmamucmuka, PAaBHOM PACIPENEICHUIO Y¢, PO-
CTO PABHO IMCEBIOMPEICKA3AHUIO

N

Mewt, i) = = Inye(wr) = logg Y & (wi) Py (i) = gi(wr).
=1

PaspscHuM JaHHBI METOJ U €ro CBA3b C 6aUecO8CKUM NPABUAOM
Ha IIpUMepe MePBBIX ABYX mraros: t = 1, 2.

Kax oMy skcnepty ¢ Ha mare ¢ = 1 cOOTBETCTBYET €0 ITPOTrHO3 —
pacnpegiesienne sepostHocreit €8 = £4(-) € T na Q. Ha nepsom mare
npeckazanne ajroputma AA —

N
nw) = &(w)R(i),
=1

npexacTaBasger coboit 6alieCOBCKYIO CMECh BEPOATHOCTHBIX PacCIpese-
JIEHWH 3KCIIEPTOB OTHOCUTEILHO allpHOPHOTO pacmpelenenus Py Ha
MHOXKECTBE BCEX IKCIIEPTOB.

Ilocne Toro Kak nosBUJICS MepBBIA ncxon wy, Cmamucmuk nepe-
CTpamBaeT allPUOPHOE PACIIPeIe/IeHre Ha, MHOXKECTBE KcepToB. CHa-
YaJla OH OIIpe/iesideT Beca 3KCIIepPTOB:

Py(i) = BXED Py (i) = & (w1) Po i),

[Tocoe sTOTO TyTEM HOPMUPOBAHWS BECOB BLIUHUCISIIOTCS allOCTEPHUOP-
HbIE BEPOATHOCTH SKCIIEPTOB % 10CJIe HADIIOAEHNA UCXO/A W

& (wi) Po(i)

Pf(i) = N .
> & (wi)Po(d)
j=1
Herpyauo zameruts, 9To JanHas dpopMyia mpejcrasiser coboit hop-
mysy Baiteca jis BblanciieHusi anocrepuopHoil Bepositaoctu Py(7)
9KCITEPTA 4§ TOCTe HADMIOMEHIT UCXOTa W .

AHaOrMYHBEIM 06pa30M TOCTyTIaeM Ha Tmare t = 2.
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Kax oMy skcnepty ¢ Ha mare ¢ = 2 cOOTBETCTBYET €I'0 ITPOTHO3 —
pacupegesierue peposiraocreit £5(+) Ha (2. Ilpejckaszanue anropurma

AA
N
alw) = 3 &) Pi (i)
=1
npejicTaBasger coboit 6alleCOBCKYI CMeCh BEPOSITHOCTHBIX PaCIIpejie-
JIEHUH SKCLIEPTOB OTHOCUTE/IBHO AllOCTePUOPHOIO pacupesesenus Py
Ha MHOXKECTBe BCeX IKCIIEPTOB, IIOCTPOEHHOTO HA OCHOBE HCXOJa, IIO-
JIVIEHHOT'O Ha TPEILITYINEM IIare.
ITocsre ToTO Kak MOABUIICST BTOPOit mcxor we, Cmamucmuk mepe-
CTPaWBaEeT ANIOCTEPUOPHOE pACIpeiesIeHne Ha, MHOXKECTBe SKCIIEPTOB.
Cradasia OH mepeorpeieisgeT Beca IKCIEPTOB

Py(i) = B2 Py (i) = € (w2) Pi (i) = € (w1)E (w2) Poi).

[Tocse sroro IyTeM HOPDMUPOBAHNA BECOB BBIYUC/IAIOTCA aIllOCTEPUOP-
Hbl€ BEPOATHOCTH IKCIIEPTOB % TIOCJIE Ha6J’[IO,I];€HHH nCxXoa0B Wi, w9

Ew)Pr(0)
N
> (@) P ()

Py (i) =

Buoeb HETpPymHO 3aMETHTH, YTO TOCIEIHAA F9ACTh PABEHCTBA, TPEI-
craBaser coboit dhopmyny Baiteca 17 BRIYHC/IEHNUS ANOCTEPUOPHOI
BeposTrocTH Pj (i) sKcrepTa i mocsie HabJII0eHns HCX04a Wy Ha OCHO-
BE TIPEJIBIIYINNX AllOCTEPUOPHBIX BeposiTHOCTeH Py (1), BBIYHCIEHHBIX
Ha IPEABbIAYINEM IIare.

Taxum obpazom, B ciiydae JIOrapudMuieckoil (hyHKIUU TOTEPH
amroput™M AA mpescTaBager coboi TOCTETOBATETHHOE TTPUMEHEHNE
HaitecoBCKOrO MpaBUiia B PEKUME OHJIANH.

TloTepu i-ro sxcmepra 3a T’ maros paBHBI

T

Lp(i) =Y Mwr &) =

i=1
=—In(&(w1) - ... ~&r(wr)) =
=—InQ;(wy,..., wr). (6.32)
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DTO paBEHCTBO UCIIOJIB3YET OLPEIESIeHIE CYObeKTHBHO BEPOSTHOCTH
(6.27), koropyto Cmamucmuk UPUIIUCHIBAET SKCIIEPTaM Ha Liare t.

ITorepu Crmamucmuska, ucnonbsyorero anropur™ AA| 3a T' mia-
TOB DABHBI

T
Lr(AA) = Mwr, 2(gr)) =
t=1

N
=logs ) _ BT R(i) =
=1

N
=logs > Qi(wr,..., wr)Po(i). (6.33)
=1

Takum obpazom, nmorepn Cmamucmuka 3a 1 1Maros, MCHOIb3YIO-
mero aaroput™ AA, paBubl MEHYC JsorapudMy oT OaifecoBCcKoil cMe-
CH BCEX BEPOATHOCTEH, KOTOPbIE 9KCIEPTHI IPUIUCHIBAIOT IOCACI0BA-
TeJIbHOCTH UCXOAOB Wi, ..., wp AAuHEL T

Hepagencreo (6.15) npespartaercst jisi IpOM3BOJILHOIO @ € O B
HEPaBEeHCTBO

N
Lr(AA) =logg ¥ Qi(wr,..., wr)P(i) <
i=1
< —lnQ(wi,..., wr)—InPy(k) (6.34)

st Beex Tuk=1,... ,N.

6.6. IIpocTas mrpa Ha npeAcCKa3aHUsd

Hanomuaum, uTo npocras urpa Ha IIpejcKa3aHue pacCMaTPUBAETCA B
ciIydae, KOrJa MPOCTPAHCTBO MUCXOMOB U MPOCTPAHCTBO IPOrHO30B —
aByxasemenTHbie u copnagaor ) = I' = {0,1}. Bagaua npexckasa-
HUS 3aKJII09AeTCA B TOM, 9TO0BI TOYHO IPEICKA3ATh OYIYIIHi HCXO,
DyHKIINA TOTEPH OMPEIe/IAeTC

0, ecmn w =y,
1 B mpoTuBHOM CityUae.

Aw,7) = {
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Takum 06pa3oM, KyMyJIATHBHBIE TIOTEPU SKCIIEPTA PABHbBI YUCIY OIIH-
00K Ipy HpesCcKa3aHuu OYIYIIEro UCXOIA.
Nmeercss N 3KCepTOB; SKCIIEPT ¢ JiejIaeT Ha miare ¢ npe/cKa3anue
i
& €{0,1}.

Jlst anan3a 3TOM UTPHI KAXKI0€ TICEBIONPEICKA3AHTE

N
g(w) =logg > _ A Pr (i) (6.35)
=1

upescrasisiercs B Bugie 1ouku (g(0), g(1)) Ha KOOPAUHATHO 11JI0CKO-
cti R2. DTa TOUKA MMeeT B

(logs(Bp + (1 = p)), logs(p + B(1 = p))), (6.36)

rie 0 < f < 1 — nmapamerp cmermmBanust, p = », P (i) — cym-
'L:1
t
MapHBINT BeC 3KCIEPTOB, MpeACcKa3bIBalomuX 1 Ha 1mare t, mpu 3TOM
1—p= > P/ (i) - cymMapHBIil BeC 9KCIIEPTOB, IPEICKA3BIBAIOIINX
£i=0
0 ma mrare t.
Bce Toukn tuma (6.36) 06pa3yoT BBIIYKJIYIO KPHBYIO, COEMHSIIO-
nryto Toukn (1,0) u (0, 1), koTopsie coorsercrytor p =0 u p = 1.
3amaqa. IlpoBeputsb BBHIYKJIOCTE 3TOU KPUBOii.
IMycrs 1/¢(B) pasho abcuucce (opaumHaTe) TOYKM TE€pecedeHus
npamoit y = x u sroit kpusoii. [lpu p = % u3 (6.36) momygaem

(1)

C(ﬂ): hl%'
+

nJjn

3amaua. Hapucosats rpaduk xpusoit c(3).

ITpumenum anropurm AA K 910it urpe.

Omnpenermm hYHKINIO TOJACTAHOBKE Yy = X(g) CAEIYIOMNM 00-
pasom: 3(g) = 0, ecim Touka (g(0),¢(1)), Beranciaennas mo (6.36),
JIEXKUT BhIIE mpsiMoit y = x, v = X(g) = 1, ecam Touka (g(0), g(1))
JIEXKUT HUXKE WA Ha OPAMOii y = .
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Dra GYHKIWS TOJCTAHOBKH YIOBJIETBODSAET ycaoBuio (6.25), Tak
kak npu v = 0 Gyzer abenucca g(0) > A(0,0) = 0 u opaunara g(1)
GoJIbIIe Op/IHHATHL ﬁ TOYKM [IePeCcedeH s OUCCEKTPICH KOOPUHAT-
HOTO yria u Kpusoii (6.36). Takmm obpaszom, g(1) > ﬁ = ﬁ)\(l, 0).
Mostomy A(w,0) < ¢(8)g(w) mpm Beex w € {0, 1}.

AnanormaneiM o6pa3oM mosrydaeM HepaBeHCTBO A(w, 1) < ¢(f)g(w)
mpu Beex w € {0, 1}.

Bamermnm, aro ecan Touka (¢(0), g(1)) jmekuT BoIIe IpsMoii y = ,
To abcrpcca Menblie opjaunarsl, T.e. ¢(0) < g(1), win

logg(Bp + (1 — p)) <logg(p + B(1 —p)),

9TO 3KBHBAJIEHTHO p < . B 3TOM cilydae ajropuTy mpeickasblBaer
v =0.

B mpormBHOM ciyuae, T.e. ecan Todka (g(0),g(1l)) mexur Hmxe
(nnn Ha) upsaMoil y = x, TO

logg(Bp + (1 —p)) = logg(p + B(1 — p)),

YTO IKBUBAJIECHTHO P > % B stoMm ciaydae aqropuTM TpeacKas3bIBacT
v=1.

D10 o3mavaer, uTo ajroputM AA mpenckasviBaer 1, ecam cym-
MapHBIA BEC IKCIEPTOB, TPEACKAZBIBAONINX 1, BOJIBIIE CyMMapHOTO
Beca IKCIEPTOB, mpeackadbiBatonux (; asropur™ AA mpeackasbiBaeT
0 B npoTuBonoyoKHOM ciydae. Takum obpasom, aaropurm AA npes-
CKA3bIBAET KAK B3BEITEHHOE DOJIBITMHCTBO KCmepToB. McTopuyaeckn,
MO-BUITMOMY, 9TO TEPBLIA aaropuT™M Takoro poma. O 6BLT mpeaIo-
xen Jlutacroynom u Bapmyrom B 1989 romy u maswiBasica Weighted
Majority Algorithm [12]. Heckonbko moszzxke, B 1990 roxy, B.I'. Boek
npeanoxku 6os1ee obmuit arperupytomuii anropurm (Aggregating Al-
gorithm) u TOHSATHE TEPEMENTUBAEMOCTH, KOTOPBIE pabOTAIOT JJIsl TP
Gostee obmero Tuma [16].

B sToMm caygae s aoboro skcmepTa § € © 6yaeT UMeTh MeCTO
HEPABEHCTBO

1

In 5
Lr(AA) < (ln§>LT(9)—m (ﬁﬂ) InPy(6).  (6.37)
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3ana4a. BoiBectu 310 HepaBencTso. Haiitu onTtumanbHoe 3HaTe-
nue .

3anadya. Ucnonwzosats semmy 3.2 us pasnesna 3.1 g noaydenust
onenku ¢ perperom O(v/T).

6.7. Urpa ¢ kxBaaparndHOii (pyHkIumeii morepbh

Nzyuum urpy ¢ kBajparudnoil pyHKIHEN I0TePh B MPOCTERITIEM CTY-
vyae, KOrja MPOCTPAHCTBO WCXOJOB JAByxXdjeMentHoe: ) = {—1,1},
TPOCTPAHCTBO MPOIHO30B ITO TO-TPEXKHEMY BCe JIeCTBUTEIbHbBIE THC-
ga I' = R. Oyuknng moTteps — KBaIpaT Pa3HOCTH MKy MCXOIOM U
mporuozoM \(w,v) = (w — )2

Mur pacmarpuaem ciaydaii 2 = {—1,1}, mOCKOJBKY JTOKa3aTEb-
CTBa B 9TOM CJIy4ae mporre. Bce MpUBeeHHbIE HUXKE YTBEPIKICHUS
TaKKe BEPHBI U /1A coaydas Q = [—1,1].

JIemma 6.3. Ksadpamuunas Gynryus nomepo A6AACMCA 1-CMEUUEALEMOT
npu = {—1,1} mozda u moavko mozda, xozda n < %

Aoxazameawvcmeo. Ilpencrasum nicepnomnpeckasanne (g(—1), g(1))
TOYKOI B 9KCIIOHEHIMAJIBLHOM MTPOCTPAHCTBE:

(e7m9(=D) emma(h)y,

MHuozkecTBy Beex npejckazanuii v € [—1, 1] coorsercTryer mapamer-
PU30BAHHAS KPUBAs B 9KCIOHEHINAJILHOM IPOCTPAHCTBE

(2(7),y(7)) = (eI emn1=0)%),

DyuKIMg 1OTEPh OYIET 7-CMEIUBAEMON, ecin 06pa3 MHOXKECTBA, Cy-
IepIpe/ICKa3aHiil B SKCIIOHEHITHAIBHOM MMPOCTPAHCTBE SIBJISIETCS BLI-
TYKJIBIM MHOXKECTBOM, T.€. TOT/a W TOJBKO TOT/A, KOT/IAa OTPAHWYH-
BAIOIIAsi €r0 KPUBas MOBOPAYMBAET HAJIEBO IIPU BO3pACTAHUM 7y (IIpH
9TOM abCIMCCA YMEHbIIAETCs). D10 OyAer B C/Iyuae, eC/u BbIIOJTHEHO

2
YCJIOBUE BOTHYTOCTU KPHUBOIA: 32—% < 0.
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BrraucanM BTopyto Tpon3BoIHY IO TapaMeTpUIecK 33, JaHHO KpH-
BOI

Py _dyd'()y" () — 2" ()Y ()
Pr de (@'(7))2

(6.38)

ITpu Bo3pacTanny mapamerpa 7y BeaudnHa z(7y) yObIBAET, TI03TOMY

d'y < 0. Urpa Oymer n-miepemermBaeMoii TOTqa U TOJIBKO TOTAA, KOTIa
d2 < 0, 9YTO PABHOCHILHO YCJIOBUIO

2'(7)y" () — 2" (v)y'(7) = 0.

Brraucmy mpon3BoIHbIE TIO TTAPAMETPY:
2'(7) = =2n(1 4 ~)e 11+’
2"(7) = 2n(—1 4 2n(1 + 7)) 70+
y'(7) = 2n(1 —~)e "1
y"(7) = 2n(—=1+ 2n(1 — 7)?)e " (6.39)

Torna yciioBue n-cMemuBaeMocTu TpebyeT, uTobbI JiJisd BCex 3HaUEH Ui
Y € [_17 1]

—(14+) (14291 —7)*) -

—(1=7)(=1+2n(1+7)%) >0,
1
n(l—~%) < 5

n < % (6.40)

Jlemma moxkazana. A
Haiinem reneps B Kakoii-HUOY b (DYHKITAN OJACTAHOBKY Y(g) B
caydae 0 = {—1, 1} u koneunoro uucia sxkcuepros © = {1, ..., N}.

HyCTbn:%,ﬂ:e 2.
IIpon3BobHOE TICEBIONIPE/ICKAZAHITE

N
gi(w) =logz Y NI Pr (i) (6.41)

=1

232



3aJaeTCsI TOYKOMN

1

(efég(*

N _ N
- (o 3o
i=1 =1

1=

D em290)) =
1’5”132‘_1(1')) : (6.42)
KOTOpad PaCIOJIOZKEHa 110 BOTHYTON KPUBOM

<ﬂ,\(71,7)’ ﬁA(Lw) , (6.43)

npu y € [—1.1].
IIpoBegeM npaMyIo, IPOXOIAIILY IO Yepe3 Hagaa0 KOOPAUHAT U TOY-
Ky (6.42). Koadbdunuent nakaona 3oii npamoit paBen

(1)
k= ;j(_l) _ edal=D=3o(1). (6.44)

Touka nepeceueHuns ([5‘)‘(_1’7*), ﬁ’\(l"Y*)) 9TO¥ mpsIMOii 1 KpuBOii (6.43)
umeer abCIUCCY M OPJAMHATY 110 BEJMYMHE HE MEHbIE, 4eM adCIucca
u opauHara Touku (6.42)

ALY > ga(=1)
gAY > ge(1), (6.45)

DkBuBaIeHTHAs 3anuch (6.45) mMeer Buj

A(=17") < g(-1),
A(1,v%) < g(1). (6.46)

Berauncium nipejckazanve v*. 3Hadenue 7 HaXOIUM U3 YPaBHEHUS

1 ALy
;i(—i) _ po-g(-1) _ M = AT (6.47)

Ocraercss HAWTH KOPEHb YpaBHEHUS

ALY = A=1,7) = (1=~ = (-1 —=~*)* = g(1) — g(-1),

233



KOTOPBIA paBeH

7" = 7(9(=1) —g(1)). (6.48)

Bosee meranbuo ma mare ¢ BeiOupaercs mpeacKa3aHme

N N
%= logg E 1 AL P (4) — logg E 1 D P (i)
i= =

nJjin

e

(NI

RGP ()

[

N
Il
—

=,
Il
|
I
E

e P ()

-

@
I
—

AHa/IoruuHBIe CBOMCTBA U yTBEPKICHUS UMEIOT MECTO U JIJIs MHOMKE-
crBa Q = [—1,1] (cm. [19]).

st 6EeCKOHEYHOTO MHOMKECTBA, UCXOA0B {2 reOMeTpHIecKoe OIpe-
JleTeHre CMeImnBaeMoil (byHKINN TOTEPh HE MMEET CMBICTA. B 3ToM
cJrydae MOXKHO BBecTH Gosiee obriee (MpsiMoe) ompeiesieHne CMeInBa-
emoctrn. DyHKIMA MOTEPh HA3BIBAETCA 1)-CMEIIUBAECMOM, €CJIN CyIIe-
cTByer (hYHKIUS TOJCTAHOBKN X (gy) TaKasl, ITO

Aw, X(g1)) < gy(w)

s Beex w € £, rae gy onpegenena 1o (6.18).

6.8. YHuUBepcaJabHBbII TOpTdETh

Pacemorpuwm coegytomyto urpy Kosepa [6]. meercst N buHAHCOBBIX
WHCTPYMEHTOB, HAIPUMED akiuii. Bpemsa pa3eseHo Ha MOMEHTHI ¢ =
1,2, ... IloBenenne polHKa B MOMEHT t XapaKTepHU3yeTCsl BEKTOPOM
W3MEeHeHuil TleH aKiuit oT MOMeHTa t — 1 K MOMeHTYy ¢

‘Dt - (wl,t7 ey wN,t)?

TAe Wiy = Cit/Cit—1, Ciy — UEHA AKIMHU § PU 3aKPHITUN DHIHKA B
moment t. ITo ompegenenuio w;¢ € [0,00), mpuveM caUTaEM, 9TO HE
BCE W; ¢ PABHBI HYJIO.
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WNusectunuu B gapuble N (UHAHCOBLIX HHCTPYMEHTOB XapaKTe-
pusyiores noprdenem — sexropom vy € [0, 1]V, rae

:Yt = (71,757 DRI IYN,t)

Uy + s+ YNE = 1. Beauguns: Yi,t OMPENENIAIOT TPOTOPIUH, IO
KOTOPBIM TEKYIMasi CYMMa, JIeHer BKJIAILIBACTCI B (PUHAHCOBLIE HH-
crpyMmenThl. Torma MHBECTUIINY, BJOXKEHHBIE COTJTACHO TOPTQETIo 7,
YBEJIUYUBAIOTCI B

N
(7-®) =Y yiws
=1

pas.
OnpesiesiuM QYHKIUIO TIOTEPH B BU/IE

AN@,7) = —In(y - o). (6.49)

PaccMoTpuM TIOCTOSHHBIX 9KCIIEPTOB — KazK bl SKCIIEPT Beera Oyaer
laBaTh B KA4eCTBE MPOTHO3a OAWH W TOT ke moprdens: 7 € I'. Ta-
KUM 00pa3oM, KaxkIblil noprdens u3 [' paccMaTpuBaeTcst B KadecTse
9KCIIEPTA.

ITpumenum arperupytormuii aaroput™M AA K 9TOMY MHOXKECTBY
9KCIIEPTOB U K 9T0ii dyHKumu noreps [18].

Homycrum, aro 3agano anpropHoe pactpeesnenne Py(dy) Ha cnm-
mwiekce [ Bcex moprderei.

Cormacuo (6.20) morepu o606mennoro anropurma APA pasmb

ﬁA(wvﬁ)+LTfl('7)

b [ BET () Py (d)

gr(w) = logg Po(dy), (6.50)

rme f=e 7, 0<n< 1.

Teopema 6.1. Hepa (pynwuyus nomepo (6.49)) Kosepa asasemcs
cmewusaemots npu 0 < n < 1. Qynryus nodcmanosku 3adaemcs 6vi-
pasicenuem

ﬁLT—l(’?)

Po(d7). (6.51)
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Zoxazameavcmeo. Ham HaI0 JToKa3aTh, 9TO IS BCEX W

)\< /wm) 1ogﬁ/ﬁA “NP(dy).

9T0 HEPABEHCTBO 3KBUBAJICHTHO HEPABEHCTBY

(o) fromen.

re f(7) = M@ = (5 - @)". Hepasencrso (6.52) cregyer u3 BOTHY-
roctu dyukmun f(y) mpu 0 <np < 1. A

ITporros moprdens (6.51) MOKHO 3aMUCATH MOTHOCTHIO, UCTIOJb-
3yst mpegacrasienne (6.21) (u3 geMMmbr 6.2) cyMMapHBIX TIOTEph 0606-
MMEHHOTO AJTOPUTMA, 38 1’ 1Taros:

Lp(APA) = logg / BT Py (d7).

[Monaraem 1 = 1. Tak xkak npu Hamel QYyHKIUA MTOTEPH CYMMaPHBIE
IIOTEPHU OJHOrO dKCIepTa ¥ 3a 1 1m1aroB paBHBI

T
Lr(y)=—-In H(’_Y - @),
t=1

MOJIyIaeM BbIpasKEHHUE sl ONTUMAJBHOTO MOPTdesist — TPOrHO3a Ha-
1Tero aJropuTMa

T-1/~ -~ _
A = fr YI= (3 - @) Po(dy)
- T—1,- _ —~
fr [T (- @) Po(dy)
B ciyuae npoussosbaoro npocrpancrsa sxciepros I' ynobruo pac-

CMOTPETH B Ka4eCTBe AI[PUOPHOIO PACIpe/ie/ieHus pacipeaetenne lu-
puxste ¢ mapamerpamn (1/2, ..., 1/2) va cummiekce I' :

C(N/2) 77

T/ L

Py(dy) =
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e
oo
I(a) = /xa_le_mdx.
0

Bamerum, uro I'(N + 1) = N
Mpb1 npuBesiem 6e3 JoKa3aTe bCTBa OCHOBHOM pesybrar crarsbu [17],
KOTOPBI JaeT OIEHKY ONTHMAJILHOCTH aaropurma AA.

Teopema 6.2. [Iycmv mmuoocecmeo axcnepmos I' — npoussosvroe,
n = 1. Toada daa 1106020 5 cymmaprovie nomepy aszopumma AA ydo-
BAETNGOPAIM, HEPABEHCINEY

N -1

Lr(AA) < inf Lp(7) + InT + ¢ (6.53)
il

ons 6cex T, 20€ C — NOAOAHCUMENDHAA KOHCTNAHING.

Tak Kak JOXO TTPH CIeIOBAHNN CTPATETNH WHBECTHPOBAHNS, TIPE]I-
JaraeMoi anropur™MoM AA, paBen

Kp(AA) = e~ Lr(A4)
HepaBeHCTBO (6.53) MOYKHO TTepenucarsb B BHJE
Kp(AA) > 77 Kr(9),

rie Kp(%) — I0X0/1, TTOJTy9eH B TPY UCIIOTH30BAHNN TPOX3BOJIBHOTO
MTOCTOSTHHOTO TIOPTQEIsd 7.

6.9. MHoromepHasi OHJIATH perpeccus

6.9.1. MuHOromepHasa perpeccusl ¢ IIOMOMIbIO arperupyio-
IIero ajJropurMa

B »1oM pazjiesie Mbl pacCMOTPUM IIPUMEHEHUE arPErupyroero aJi-
TOpPUTMA I PEIeHns 3a7a9u perpeccuu. B oTinmyane OT OOBIYHOM
MHOTOMEPHOI pPerpeccun, KOTopasi UCIOJB3YeT 00YyUaroIIyio BRIOOD-
Ky JJIs OTIpesiesIeHnst CBOMX mapaMerpoB, A A-anroputM o0ydaercs B
pexKuMe OHJIQNH.
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PaccMoTpuM MHOTOMEPHYIO JIMHEHHYI0 perpeccuio. [Ipupoda Bbl-
naer 3uavdenus (T, yg), rae 1y € R"my € Ruput=1,2, ...

Bajlada perpeccuu 3aK/09aeTcsd B BBIUUCIEHUN HA KaXKJIOM Ila-
re t > 1 mporHo3a BEIUYMHBI Y MO paHee TOJYUEHHLIM 3HAUCHU-
aM (T1,Y1), v, (Tp—1,Y1—1), x. VIMerorcss sKcnepThl — JnHeHbBIE
dbyukuun f(x) = (0-z), roe 0,z € R™. 3uauenus 51ux HYyHKIUH TpH
X = Iy MHTEPIPETHPYIOTCA KaK MPOTHO3BI IKCIIepToB # Ha mrare t. B
9TOM pasjiesie Mbl He MOTYEPKUBAEM BEKTOPBI YePTOil CBEPXY.

Bamadeit perpeccnn B pexXnMe OHJANH ABISAETCA TOCTPOCHUE Ha,
KazKJIOM Iare ¢ MporHo3a BEJUIUHBI Y, UCHOJIb3Ys MIPOTHO3bI TAKUX
JIMHEMHBIX 9KCIIePTOB.

O61mast cxemMa perpecuu peryaupyercs CJeAYIOMEeM MTPOTOKOIOM.
PaccmarpuBaerca urpa ¢ nojnoit wadgopMmalmeil MeKIy UIDOKAMMT:
Cmamucmus, Hpupoda.

FORt=1,2, ...

IIpupoda anoncupyer xy € R".

Sxcenepmu anorcupyroT nporuossl f(xy) = (6 - x¢), 0 € R™.
Cmamucmurk IpeicTaB/IsieT TpejcKka3anue v, € R.
ITpupoda anoucupyer y; € [-Y,Y].

ENDFOR

B coorreTcTBUM ¢ TEOpUME IpeCKa3aHii ¢ MCITOIB30BAHUEM KC-
MIEPTHBIX CTPATErUil BBEJIEM B 3Ty Urpy 3KcreproB § € R™. Jxcuepr
0 nmaer wHa miare t IpeiCcKa3aHWe — 3HAYCHUE JIMHEHHON (QyHKIun:
& =0 a).

Jnst vcuncnennst moTeph UCIMOJB3YEeTCsT KBAAPATHIHAS (PYHKIAS
noreps. Ha mare t 9xenepm 0 suraucaser ceon notepn (y; — (0-14))2.
Cmamucmux BerMmCTseT cBOM ToTepn (yp — i)

Ipumerum K 9T0# urpe ajropurm AA ¢ mapaMerpoMm ODydeHUst
n=1/2y2 1!

Beemen anpuopHoe pacipejesenne

Po(df) = (an/7)"2e 05340, (6.54)

TJIe @ — HEKOTOPBIN mapamMerp (aHaJOTHIHBIH TapaMeTpy, KOTOPbIi uc-

! MosxHO 0Ka3aTh, ITO IPH TAKOM 3HAUEHHH TAPAMETPa (yHKIS TOICTAHOB-
KU cymecrByer u mMeer Bug (6.48).
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HOJIb3yeTCsl B TPebGHEeBO perpeccu ), a KOHCTAHThI BBIOPAHbI U3 yCII0-
BUS HOpMaJIM3aluu. 3J1€Ch UCIO/Ib3YeTCd eBK/IMI0Ba HOPMa BEKTOPa
0 = (01, ..., 0,), samanmas dopmymoit |03 = 62 + - + 6%, Ha-
MOMHHM TaK»Ke, 9TO MBI OTOXKIECTBJISIEM CKAJIAPHOE ITPOMU3BEICHUE
(6 - x) n omHO3TEMeRTHYIO MaTpuiy 2’6, Tie ' — BekTOp-CTPOKA, 6 —
BEKTOP-CTOJ0EII.

Torma morepn npon3BOIBLHOTO 9KcepTa § € R™ Ha 1mare ¢ paBHBI:

Ay, 210) = (g — 240)* = 0’ (2e2})0 — 2(yex})0 + g (6.55)

r_ r_

HamomnuwMm, uto xp = (Z14,..., ZTny), 0 = (01,..., 6p), a x¢, 0 —
STHU K€ BEKTOPbLI, 3aIllMCAHHBLIE B BUJE CTOJIOIOB. 37eCh Mbl UCIO/Ib-
30Ba paBeHcTBO xj0xi0 = 0'(xpx))0, KOTOPOE MOXKHO ITPOBEPHUTH

ITO-KOOPAUHATHBIMA HpeO6paBOBaHI/IHMI/IZ

1’291‘29 = <Z :Etﬂ'ez') Z CCtJ'@j =
=1 7=1

= Z Gixtyixt,jej = 9’(%@%2)9

ij=1
ITorepu sToro0 9xcuepTa @ € R'™ 3a nepsbie T’ Maros paBHbBI
T

Lp(0) = Z(?Jt —y0)* =

t=1

T T T
=0 <Z xtxg> 0—2 (Z W;) 0+> i (6.56)
t=1 t=1 t=1
Cornacuo (6.8) n (6.22) nmeem
P,_1(df) = g1 py(dp).

[TosToMy TmPOM3BOIBHOE TICEBAONPEACKA3AHNE Ha, T1are { UMEeeT BUJ

do). (6.57)
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Orcrona, yautbiBag npenacraierns (6.54) 1y ampropHOTO PacIpe-
nenenns u (6.55) g GyHKIMM HOTEPD, IOy YUM

1

e @ = (659)

gr(~Y) = logg / N 50 +Lr-1(6)

T T—1 T—1
/ -0’ (al+ 3 za)0+2n( Y yexi—Yap)0-—n( Y v7+Y?)  d6
e =1 =1 =1 - .
n PT_I(@)

Ananoruanoe npejcrasienue umeer mecro s gr(Y).

B ciayuae kBaIpaTudHON (DYHKIMU MOTEPh U MHOXKECTBA TPE-
ckazanuit [—Y, Y] MOXKHO 10Ka3aTh, 9TO (DYHKIMSI IOJACTAHOBKH Cy-
mectByeT u uMeer Buj (6.48) (cm. [19]).

Torga, ucnonbdys dbopmyny (6.58) mia gr(—Y) n ananornunyro
dbopmyny mast gr(Y'), mosyaaem

VT = %(QT(_Y) —gr(Y)) = % x

T T-1 T-1
=0 (al+ 3] wx)0+2n( 3 yea;—Yalp)0—n( 3 yi+Y?)

fRn e i=1 i=1 i=1 do

X logg =
fRn —nb’ aI+Z xral,)0+2n( Z yrx,+Yx))0—n( Z h +Y2)d9

T—1
7779’(a1+ E ziay)0+2n( Z yexy—Yal.)0

. 1 do

4Y togs bt -
—nb’(al+ E @y} )0+2n( Z yry+Y )0
Jrn e =1 df
T T—1

1 —nF (aIJrZ xpxy,—2 Y ytx;,ZY:c’T>
t=1 t=1 —
= logge =

T-1
4YF (al + thxt, -2 Z Yz}, 2YxT> =

t=1
T-1 T -1
= (Z ymé) (a[ + Z xgci) T (6.59)
t=1 t=1
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371ech MBI Cpa3y COKpaTH/Iu OOIUil MHOXKHUTE b m B UHUCJIHATE]E

u 3Hamenarese 2-it crpoku. llpu mepexome oT 2-it CTPOKY K 3-if MHO-
n(Y )

XKUATEIb € t=1 B YUCJHUTESE U 3HAMEHATe e Dbl BhIHECEH U3

IO/, MHTerpajIa U COKPAIIEeH.

ITpu mepexozme ot 3-it cTpoOKM K 4-if MBI UCIIOJIB3YEM CJIEIYIONLYIO
HmKe geMMy 6.4, M3 KOTOpO# ciieryeT, YTO UHTETPAJ B YUCAUTEE 3-it
CTPOKU PaBEH

a2y inf (0 A9+c0+2'6)
e OERN
VdetA ’

a WHTerpaj B 3HaMeHaTese 3-f CTPOKHU PaBeH

o _neérgﬂ(efAeJrc'e—x'e)
e ,

VdetA ’

e

B 4-ii cTpoke MBI HCITOIB30BAJIN 0003HAUEHNE

F(Ajc,z)= eirg (0'A0 + 0 + 2'0) —
e n
— inf (040 + 0 — 2'0), (6.60)
OeR™

a TP Tepexoie OT - CTPOKH K 6-11 — CAeAYIONTYI0 HUXKe JieMMy 6.9,
cormacuo Koropoit F(A,c,x) = —c/ A1z,

IIpusenem dopmyupoBky u gokazareabcrsa jgemm 6.4 u 6.5.
JIemma 6.4. ITycmoy Q(0) = 6’A0 + 0+ d, 20e f,c € R", d € R u
A — CUMMEMPUYHAA NOAOHCUMEALHO ONPEOCAEHHAA MAMPULE MUNG
(n xn). Toeda

n/2

/ e QO gy = ¢~ T (6.61)

VdetA’

R™
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206 QO — mingeRn Q(@)

JHoxazamesvcmeo. Ilycts MuHUMYM KBagPATUIHON (HOPMBI
Q) =040+ 0+d

nocruraercs npu 0 = . Iomaraem & = 6 — 6y 1 Q&) = Q(€ + 6p).
Jlerko BumeTh, YTO KB3APATUIHAA YaCTh (POPMBI Q ecrb &' A€, Tax
KaK MUHEMYM HOBOH popmel Q mocruraercs npu 0 = 0, e 0 =
(0, ..., 0), ara dopma He MOxkeT UMeTHL JuHeHOW yacTu. [leiicrBu-
TEJBHO, B JIOCTATOYHO MaJIO¥ OKPECTHOCTH 0 AmHeiHAS YaCTh JIOMHU-
HUpPOBaJIa Obl HaJl KBAJPATHIHON YacThio 1 Toraa 6ul Ha 0 dopMa Q
He TpUHUMAaJa ObI MUHUMAJIBHOE 3HAUEHIHE.

Tax KaKk MUHUMYM Q(f) paBeH (Qp, MOXKHO 3aKJIUUTh, YTO KOH-
cranTa (Gopmber ecth Qy. Takum obpaszom, Q(ﬁ) = A + Q.

Ocraercs 10Ka3aTh, YTO

/ e~ 4840 = 72 /\/det A.

Rn

Dto cuepyer u3 reopembl 3 (pazgena 2.7) monorpadun [1]. A
Jlemva 6.5 moxasweiBaet, uto F(A,c,z) = —c/ A~ x.

Jlemma 6.5. ITycmv A — cCuMMeMpPuyuHas NoAOHCUMEILHO Onpede-
aennaa mampuya muna (n X n), byx € R™. Tozda

F(A,c,z) = min (0'A0 + 0 + 2/0) —
feRn

— min (0’40 + 0 — 2'0) = —d Az, (6.62)
0eER™

Joxazamesvcmeo. g HAX0XK IeHUS TIEPBOTO MUHUMYMa TTPUPAB-
HUBAEM YaCTHBIE IPOM3BOIHLIC KBAAPATHIHON popMel 0’ AO+c'0+2'60
1o 0; k nymo. 3uecs 0 = (01, ..., 0,). Hoayuaem cucremy ypapae-
it 240 + ¢ + 2’ = 0. OTciofa J1erko BUJIETh, YTO 3TOT MUHHMYM
JOCTHraeTCs IpH 3Hadennn sektopa 0 = —2 A~ (c + z). Amasorma-
HO, MUHHUMYM BTOPO 9aCTH ZOCTUTAeTcd mpu 01 = —%A‘l(c — ).
VTBepxKAeHNE JIEMMBbI TIOJIYIa€TCd TOACTAHOBKONM ITUX 3HAYEHWH B

Pa3HOCTL MEHHMYMOB. A\
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Takum 06pa3om, coryacHo Beipazkenuio (6.59) ns ~yr, na mare T’

T
A=al + Z Ty,
t=1

T—1
/
b= E YtTy,
t=1

yr=VA o =

T—1 T -1
= (Z yw:é) <a[ + Z a;t:cg) -7,
t=1

t=1

OTi HOPMYIBI TIOKA3BIBAIOT, YTO MBI MOYKEM 3aTHCATH TENeph aJl-
roput™ AAR s perpeccuu caeayronmM o6pazoM:

A=al;b=0.
FORt=1,2, ...
Anropur™m momydaer x; € R™.
Borancasem A = A + 242,
Boinaem npejckaszanue vy, = b’ A" ay.
Auropurym noaygaer y; € [—Y, Y.
Breraucasiem b = b + yixj.
ENDFOR
Cpasrenne nioreps anroputMa AAR ¢ morepsamu Hauydmero sKc-
IIepTa JaeT CJIeIYIOas TeopeMa.

Teopema 6.3. /Jlaa npouseosvrozo T

T
Ly(AAR) < inf(Lr(0) + alf3) + Y?Indet (I 41 > a;tx;> <
a
t=1

n T

1
<inf(L7 (0 02) +Y%2Y In[1+ = 2 1.
(L(0) o)+ V'3 (1413,

Ecau x momy orce |xy| < X dan ecex t, mo

2
Lr(AAR) < inf(Lr(0) + al0f3) +nY > n (TX ; 1> .
a
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Hoxazameavcmeo. llycts n = % [Io semme 6.2 mOTEpHU aATOPUT-
ma APA seipazatorcs B Buge ¢dopmysbt (6.21). B mamem ciayqae sra
¢opmyJia 3aMKuChIBAETCH B BUJIE

Lr(APA) = logﬂ/ e~ py(dh) =
R’ﬂ

T T T
ny2, "0 (@It 3 wa)0+m( Y yew)0—n 3 v
e t=1 t=1 t=1

e

AkcnonenTa B (6.63) nveer suz e~ (0

T T T
FO)=4¢ (a[ + th%) 0—2 (Z ytxf:) 0+ Zytz
t=1 t=1 t=1

[Iycts murumym F'(6) nocruraercs npu 6 = 6.
Torga no emme 6.4 Boipaxenue (6.63), npejcrapiasoniee norepu
APA pasno

, T1e

Lp(APA) =

71-”/26_77}7(90)
= logg | ((an/m)"?) =

T
\/det <a77[ +n> xwé))
t=1

T
1 1

t=1

T
1 1 ,
= F(6p) + o In det <I +o tgl wt%) =

T
1
= F(6p) + %YQ In det (I + ngci) .

t=1
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1o onpenenernto (6.56) KyMy/JIsITUBHBIX TTIOTEPH SKCIIEpPTa,

T T T
F(6y) =0} | al + Z Tz | —2 Z vy | 0o + Z ytz
t=1 t=1 t=1

T
= alfo|* + Z(yt — 2400)* =
t=1

= alfo* + Lr(6).

Tak kak Lp(AAR) < Lp(APA), orciopa nosydaeM yTBEpXK/JeHHe
TeopeMul. A

6.9.2. Ilepexon k amepHOIi MHOTOMEPHOII perpeccun

it iepexoia K aepHoil perpeccuu HeOHX0ANMO IIEPEBECTHU BCE TIOJIY-
YeHHbIE AJITOPUTMBI U OIEHKU OMUO0K perpeccun B (popmy, IIpu KOTO-
poli Bce OHU 3aBUCAT TOJBKO OT CKaJAPHBIX MPON3BE/IEHNIT BEKTOPOB
WCXOAHBIX JAHHBIX. [IocIe 9TOro MbI TPEIITOI0KUM, YITO THIEPILIOC-
KOCTh perpeccuu ObLIa OpPOBEJEHA B MPOCTPAHCTBE MPU3HAKOB, MU
9TOM CKaJIAPHBbIE TMPOU3BEIECHWS OYIyT CBEPHYTHI B BUIE 3HATCHW
aapa.

Bemomunmv dopmysibl f1ig BEIYHCIEHEA OCHOBHBIX TAPAMETPOB aJl-
TOpUTMA:

T
A=al + Zl’tl’;,
t=1

T-1

/

b= E YtTy,
t=1

Yr = b/A_le =
T-1 T -1
= Z yry | | al + Z T ST (6.64)
t=1 t=1

ITycts K (Z,y) — HEKOTOPOE SIIPO U MBI MIOJIYYAeM Ha BXOJ] BBIOOD-

Ky S = (£1,y1),...,£T,yT),...)
Bpoaem obosznauenus:
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T
Kp = (K(i, xj))i,j:1

— MaTpUIA 3HAYEHUH SIIpa;

kr = (k(x;, xT))Z-Tzl — mocaennuii croyber, marpuibl Kr;

Yr — BexTOp-cTO6EI NCXOI0B;

Yr—1,0) = (y1,--.,yr—1,0) — HENOHBIH BEKTOP-CTOIOEI, HCXO0B,
JOIIOJIHEHHBINA HYJIEM.

Bauumiem onjafiH ajgropurm JuHeiHoil perpeccuun (6.64) B BUE
YI0OHOM JJIsT TTePeBoJia B A/IEPHYIO hOopMYy.

Beegem matpuiy tumna T X n

/
Ty L11, 2125 -« -, L1T
/
T 21,22y ..,X2T
XT — 2 — bl 9 ) ,
/
T Tnls Tn2, .-, TnT
Y KOTOPOIi CTPOKM — BEKTOPbI-CTPOKH ], . . . , &7, Toraa jerko npose-
PUTB, 9TO
T
/ /
E Tty = XTXT,
t=1
a TaKzKe

N

1
yizy = (Yr-1,0)' Xp.

t=1

NnMeeT MecTo caeayromnias

JlemMma 6.6. Jasa a0b6oix mampuy, n X m mampuist B u w060t mxn
mampuun, C maxux, wmo mampuys, al, + CB u al,, + BC' obpamu-
Mbl, UMEEM MECTNO PABEHCMEO

B(al, +CB)™ ! = (al,, + BC)™'B, (6.65)

2de a — aboe sewecmeennoe wucao u I, — edunuynas mampuya pas-

mepa n. 2

2 ITastee MHIEKC N OMIYCKAEM.
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Jokasameavcmeo. PaBercreo (6.65) SKBUBAJIEHTHO PaBEHCTBY
(al, + BC)B = B(al,, + CB),

KOTOPOE 0YEBUIHO BBUAY JAUCTPUOYTUBHOCTH YMHOKEHUS MATPUIL. /\
Wcnonezya nemMy mpeacTaBuM 3HAYUEHWE TPEACKA3AHUS JIMHEH-
HOW perpeccuu

T = b,A_le =

T-1 T -1
= (Z ygci) (a[ + Z xmé) cxp =
t=1 t=1

(YT 1, ) XT (aI + X%XT)_I T =

(Yr_1,0) (ol + X7 X5) ™" Xpar =
= (Yr_1,0) (aI + f(T) i, (6.66)
e KT = XTXF} n IE:T = Xpxp. 3aMeTnM TakxkKe, 9TO
XXy = (- xt’)ﬁ/:l )
kr = (x4 - 7)1,

T.€. 3JIEMEHTHI MATPUIIBI U BEKTOPA TPEICTABIAIOT CODOH CKaIsIpHBIE
TPOW3BEIEHNA BEKTOPOB X1, ..., TT.

AATITUBHBIN aJICOPUTM SIIEPHON BEPCUN MTOTYIAETC U3 AJTOPUT-
Ma JIMHENHON OHJIAHH perpecuy 3aMeHOM CKAJSIPHBIX TPOW3BedeHU
W3 MaTPHITHI KT = XX /- 1 BeKTOpA k:T = X7rr Ha 3HAYEHHUS S7Ipa,

T T
Kp = (K(i,%;)); j—y m kr = (k(x3, 27));—,. Homyuny eripaenne
JJIg IPOTHO33a AJIePHON BepCcuu aaepHOl MHOIOMEPHOHR perpeccun
1 -1
Yr = (YT_1,0) (CLI + KT) kr.

Ornenka ommbry npejcKa3aHus Jjid sSepHO MHOTOMEDHON perpec-
CUU UMeeT BUJT

Teopema 6.4. Ecau |y < X u ||ze]|2 < X das ecex t, mo
TX?
L7r(AAR) < mf(LT( ) +alf|3) + nY?In < + 1)
a
onn ecex T
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6.9.3. IBoiicTrBenHas ¢popMma 3aaauu perpeccuu

Hagnm Temeph obIee ompesesienne IBOMCTBEHHON (OPMBI TTPOU3-
BOJILHOI'O aJIFOPUTMa MPEICKAZHUSI.

Ilycts anropurwv npefackasannst A UCTONB3YET BXOTHBIE BEKTOPBI
T1,Z2,...2TT TOJILKO B BHJIE HX CKAJAPHLIX IPOU3BEICHIHI.

ITycrs 3amano aapo K(x,y), rae x,y € R™.

Qopmyaa A7 OpeIcKasaHns MeTOA0M I'peCHeBOH perpeccun

1 =w'z = (ol + X3 X7) ' XpYp) - 2y
MOXKeT OBITh TTpeobpa3oBaHa ¢ MOMOIILIO JeMMbI 6.6 K BUIY

Yry1 = w'z = ((al + X7:X7) ' X3Yr) - aryy =
=Y/ Xp(al + X5 X7) ™ apy =
= Yi(al + X X0 X - apyy =

= Yi(al + X7 X0 X - k.

BameTuM, 9TO B 3THX ke 00o3HaveHUsX bopmyma (6.66) masa amam-
TUBHOI AA€PHON PErpecCun MMeeT HECKOJIBKO OTJIMYHBIA BU/I;

vyra1 = (Yr,0) (al + Kry1) ™" - krya.

6.10. JIabopaTopHbie paboThI

Ncnop30BaTh gaHHbIe U3 CAEAYIONUX CAWTOB JJisi PEIIeHUd 3a1a4
perpeccun.

http : / /www.csie.ntu.edu.tw/cjlin/libsvmtools/datasets/.
Baza manubix UCI Machine Learning Repository naxoaurcs ua caiire
http : / /archive.ics.uci.edu/ml/datasets.html

Ona couepzkut 185 HADOPOB JAHHBIX ISl KJAACCUPUKALUA U PEIPEC-
CUN.

JlaboparopHas pabora 1
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IlocTpouTs npocryto JnHeHY0, TpebHEBYIO PErPEeCcCuu, a TaKKe
DPETPECCHI0 ¢ TOMOIIBIO CTAHAAPTHOTO TPOrPAMMHOTO O0ECTIeIeHNsT
SVM, nauubix o dgpopmysiam pasgesnos 1.5 u 1.5.2, 1.6.2. /lars cpas-
HUTETbHBIH aHAJN3 TOYHOCTH PErPECCHU [IJisi BCEX HCIIOIb30BAHHBIX
METOJIOB.

JlaboparopHas pabdora 2

HpOBeCTI/I TaKZKE€ KCIIEPUMEHTEI C AJEePHBIMH BEPCHUAMU 3TUX ME-
TomoB. JlaTh CpaBHUTENBHBIN AaHAJIM3 TOYHOCTH PETPECCHUn IS BCEX
HCIIOJIB30BaHHBIX METOI0B.

Jlaboparopuaz pabdora 3

IIposecru JinHelHYIO perpeccuio B pexkKuMe OHJANWH € IIOMOIIBIO
arperupyIomniero ajropurma n3 paszgena 6.9. llposectn cpaBHUTENH-
HBIfl aHAIM3 TOYHOCTH PECPECCHU ¢ APYTUMEU METOIAMU.
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