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Hilbert's Tenth Problem

The Statement

10. Entscheidung der Lésbarkeit einer diophantischen Gleichung.
Eine diophantische Gleichung mit irgendwelchen Unbekannten und mit
ganzen rationalen Zahlkoefficienten sei vorgelegt: man soll ein Verfahren
angeben, nach welchen sich mittels einer endlichen Anzahl von Operationen
entscheiden ldsst, ob die Gleichung in ganzen rationalen Zahlen lésbar ist.
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David Hilbert, Mathematical Problems [1900]
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equation is solvable in rational integers.

A Diophantine equation is an equation of the form
P(x1,...,xm) =0
where P is a polynomial with integer coefficients.

Diophantus was a Greek mathematician.
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called during my talk just integers.

Greek mathematician Diophantus lived in the 3rd century A.D.
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every such question.



Hilbert's Tenth Problem

Terminology

10. Determination of the Solvability of a Diophantine Equation.
Given a Diophantine equation with any number of unknown quantities and
with rational integral numerical coefficients: To devise a process according
to which it can be determined by a finite number of operations whether the
equation is solvable in rational integers.

In today's terminology Hilbert's 10th problem is a decision problem, i.e. a
problem consisting of infinitely many individual questions each of which
requires an answer YES or NO. The heart of a decision problem is the
requirement to find a single universal method which could be applied to
every such question.

The 10th problem is the only decision problem among the 23 Hilbert's
problems.



Non-negative Integers vs All Integers

(x+1°+(y+1)0°=(z+1)



Non-negative Integers vs All Integers

(x+1°+(y+1)0°=(z+1)

Has this equation solutions in integers?



Non-negative Integers vs All Integers

(x+1°+(y+1)0°=(z+1)

Has this equation solutions in integers?
Yes, and this is trivial.



Non-negative Integers vs All Integers

(x+134+(y+1)>3=(z+1)3

Has this equation solutions in integers?
Yes, and this is trivial.

Has this equation solutions in non-negative integers?



Non-negative Integers vs All Integers

(x+1P+(y+1P°=(z+1)?
Has this equation solutions in integers?

Yes, and this is trivial.

Has this equation solutions in non-negative integers?
No, and this isn't trivial.
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has a solution in non-negative integers p1,..., Pm, G1,-- -, qm-

So one says that the decision problem of recognizing solvability of
Diophantine equations in integers reduces to the decision problem of
recognizing the solvability of Diophantine equations in non-negative
integers.
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From Non-negative Integers to All Integers

An equation
P(p1,- .-\ Pm) =0

has a solution in non-negative integers if and only if equation
P(wi 4§ + Y8 + 28, o & Xy + Y + 23) = 0.

has a solution in integers because by Lagrange's theorem every
non-negative integer is the sum of four squares.

The decision problem of recognizing solvability of Diophantine equations in
integers is equivalent to the decision problem of recognizing solvability of
Diophantine equations in non-negative integers.

We will deal with solving Diophantine equations in non-negative integers so
all lower-case italic letters will range over 0,1,2, ...



Hilbert's Tenth Problem

Terminology

10. Determination of the Solvability of a Diophantine Equation.
Given a Diophantine equation with any number of unknown quantities and
with rational integral numerical coefficients: To devise a process according
to which it can be determined by a finite number of operations whether the
equation is solvable in rational integers.



Thue problem (word problem for semigroups)

The first undecidable decision problem in mathematics proper

ANDREI A. MARKOV EMmIL L. Post
1903-1979 1897-1954



Hilbert's Tenth Problem

"The begger"

Recursively enumerable sets of
positive integers and their deci-
sion problems. Bulletin AMS,
50, 284-316 (1944); reprinted
in:  The Collected Works of
E.L.Post, Davis, M. (ed),
Birkh&duser, Boston, 1994.

Hilbert's 10th problem “begs for
an unsolvability proof”

EmIL L. Post
1897-1954
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Parametric Equations
Diophantine Sets

A family of Diophantine equations:
P(al,...,a,,,xl,... ,Xm) = O,
where P is a polynomial with integer coefficients, the variables of which are
split into two groups:
> the parameters ay, ..., ap;

» the unknowns xq, ... ,Xm.

Consider the set 9 such that

(at,...,apn) € M<—=3Ix1...xm{P(a1,...,3n,X1,...,Xm) = 0}.

Sets having such representations are called Diophantine.
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Examples

Some easy examples of Diophantine sets:

» the set of all squares, represented by equation

a—x>=0;

» the set of all composite numbers, represented by equation

a—(x1+2)(x+2)=0;

> the set of all positive integers which are not powers of 2, represented
by equation
a—(2x1+3)(xx+1)=0.



Listable Sets

Given a parametric Diophantine equation
P(al,.. cydn, X1y .. - 7Xm) =0

we can effectively list all n-tuples from the Diophantine set 90t represented
by this equation. Namely, we need only to look over, in some order, all

(n + m)-tuples of possible values of all variables ay, ..., an, x1,...xn and
check every time whether the equality holds or not. As soon as it does, we
put the tuple (a1,...,an) on the list of elements of 9. In this way every
tuple from 90t will sooner or later appear on the list, maybe many times.
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Given a parametric Diophantine equation
P(al,.. cydn, X1y .. - 7Xm) =0

we can effectively list all n-tuples from the Diophantine set 90t represented
by this equation. Namely, we need only to look over, in some order, all

(n + m)-tuples of possible values of all variables ay, ..., an, x1,...xn and
check every time whether the equality holds or not. As soon as it does, we
put the tuple (a1,...,a,) on the list of elements of 9. In this way every
tuple from 90t will sooner or later appear on the list, maybe many times.

Definition A set 91 of n-tuples of natural numbers is called listable or
effectively enumerable, if there is an algorithm which would print in some
order, possibly with repetitions, all elements of the set 9.



From Evident to Unbelievable

Evident fact. Every Diophantine set is effectively enumerable.



From Evident to Unbelievable

Evident fact. Every Diophantine set is effectively enumerable.

Martin Davis’ Conjecture. Every effectively enumerable set is
Diophantine.



From Evident to Unbelievable

Evident fact. Every Diophantine set is effectively enumerable.

Martin Davis’ Conjecture. Every effectively enumerable set is
Diophantine.

Corollary of Davis’ Conjecture There is a polynomial @ such that the
equation

Q(axy,...,xm)=0

has a solution if and only if a is a prime number.



From Evident to Unbelievable

Evident fact. Every Diophantine set is effectively enumerable.

Martin Davis' Conjecture. Every effectively enumerable set is
Diophantine.

Corollary of Davis’ Conjecture There is a polynomial @ such that the
equation

Q(axy,...,xm)=0
has a solution if and only if a is a prime number.
Corollary of Davis’ Conjecture There is a polynomial P such that the

equation
P(x1,...,xm)=a

has a solution if and only if a is a prime number.
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Listing Listable Sets

A list of all listable sets:
Mo, M, ..., My, ...

Formally, for every n there exists a listable set 4, of (n + 1)-tuples such
that

(al,...,a,,> € My <— (al,...,a,,,k> € U
Being listable, (, has a Diophantine representation:

(a1,...,an,apny1) € Uy —

E|y1 .. .yM{U,,(al,...,an,an+1,)/1,---aYM) = 0}



Universal Equations
Collapse of Diophantine Hierarchy

Corollary of Martin Davis Conjecture For every n there exist an
equation
U,,(al,...,a,,,k,yl,...,yM):O (1)

which is universal in the following sense: For every Diophantine equation
P(a1,...,an, X1y, Xm) =0 (2)

one can effectively find a particular number kp such that, for given value of
the parameters a1, . .., an, equation (??) has a solution in xi, ..., xm if and
only if equation

Un(alu'”van)kpvylw >}’M) =0

has a solution in y1,...,ym.
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Theorem (Martin Davis [1950]) Every listable set 9 has a
representation of the form
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First Step

Theorem (Martin Davis [1950]) Every listable set 9 has a
representation of the form

(a1,...,ap) €M <—
3zVy< 3x1 ... xm{P(a1,...,an,X1, ..., Xm,y,2) = 0}.

Such representations have become known as Davis normal form.

Theorem (Kurt Godel [1931]). Every effectively enumerable set 9t has
an arithmetical representation.



DPR-theorem

A Mile-Stone on the Way to the Proof of Davis' Conjecture

Theorem (Martin Davis, Hilary Putnam, Julia Robinson [1961])
Every listable set 9 has an exponential Diophantine representation, i.e., a
representation of the form

(a1,...,ap) €M<=
Elxl...xm{EL(al,...,a,,,xl,...,xm) = ER(al,...,a,,,xl,...,xm)}

where Ep, and Eg are expression constructed by traditional rules from the
variables and particular positive integers by addition, multiplication and
exponentiation.



DPR-theorem

A Mile-Stone on the Way to Undecidability of Hilbert's 10th problem

Theorem (Martin Davis, Hilary Putnam, Julia Robinson [1961]).
The analogue of Hilbert's tenth problem for exponential Diophantine
equations is undecidable.

An exponential Diophantine equation has the form
Ei(x1,x2, ..., xm) = Ea(x1, %2, - -+, Xm)

where E; and E; are expression constructed by combining the variables and
particular natural numbers using the traditional rules of addition,
multiplication and exponentiation.



Missing link

From Exponential Diophantine equations to Genuine Diophantine Equations

After the work of Davis-Putnam-Robinson, in order to prove the
undecidability of Hilbert's 10th problem it was sufficient to find a particular
Diophantine equation with 3 parameters such that

a® =c<=3z...zn{A(a,b,c, w1, ..., wn) = 0} (%)
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such that
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» for every k there exists a solution with u > v¥.



Missing link
From Exponential Diophantine equations to Genuine Diophantine Equations

After the work of Davis-Putnam-Robinson, in order to prove the
undecidability of Hilbert's 10th problem it was sufficient to find a particular
Diophantine equation with 3 parameters such that

a® =c<=3z...zn{A(a,b,c, w1, ..., wn) = 0} (%)

Theorem (Julia Robinson [1952]) Such an equation (x) exists provided
that there exists a two-parameter Diophantine equation

J(u,v,y1,...,¥yn) =0
such that

> in every solution u < v";
» for every k there exists a solution with u > v¥.

Relations between u and v with these two properties were named by Julia
Robinson relations of exponential growth; today they are known also as
Julia Robinson predicates.
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Davis, Martin; Putnam, Hilary; Robinson, Julia. The decision problem for exponential
Diophantine equations. Ann. Math. (2), 74 425-436 (1961).

... These results are superficially related to Hilbert's tenth problem
on (ordinary, i.e., non-exponential) Diophantine equations. The proof
of the authors'results, though very elegant, does not use recondite
facts in the theory of numbers nor in the theory of r.e. [recursively
enumerable| sets, and so it is likely that the present result is not closely
connected with Hilbert's tenth problem. ..

Also it is not altogether plausible that all (ordinal) Diophantine prob-
lems are uniformly reducible to those in a fixed number of variables of
fixed degree, which would be the case if all r.e. sets were Diophantine.
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of the authors'results, though very elegant, does not use recondite
facts in the theory of numbers nor in the theory of r.e. [recursively
enumerable| sets, and so it is likely that the present result is not closely
connected with Hilbert's tenth problem. ..

Also it is not altogether plausible that all (ordinal) Diophantine prob-
lems are uniformly reducible to those in a fixed number of variables of
fixed degree, which would be the case if all r.e. sets were Diophantine.

G.Kreisel
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ANDREI A. MARKOV
1903-1979

Solving a word equation in the two-letter
alphabet {ag, a1} can be easily reduced
to solving a particular Diophantine equa-
tion thanks to the following fact: every
2 x 2 matrix with natural number entries
and determinant equal to 1 can be rep-
resented in a unique way as the product
of matrices Ao = (19) and Ay = (§1)
and hence a word «j, ...«j, can be rep-
resented by the four entries of the matrix
A A

i A
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ANDREI A. MARKOV
1903-1979

Solving a word equation in the two-letter
alphabet {ag, a1} can be easily reduced
to solving a particular Diophantine equa-
tion thanks to the following fact: every
2 x 2 matrix with natural number entries
and determinant equal to 1 can be rep-
resented in a unique way as the product
of matrices Ao = (19) and Ay = (§1)
and hence a word «j, ...«j, can be rep-
resented by the four entries of the matrix
A A

i A

G.S. Makanin [1977]: Word equations are decidable
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Word Equations
Main alphabet: A, = {a1,...,an}

Alphabet of unknowns: U = {v1,...,vm}, ApnU=10
Word equation: P = Q where P, Q € (A, U U)*
Solution: words V4,..., V,, € A such that

Pvl,..,,vm — Qvl,...,vm
Vi,.oVim — Vi,...,Vm
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(First Numbering: Matrices)

W.O.l.g n = 2, i.e., A2 = {al,az}

Lemma. Every 2 x 2 matrix (2 2) with natural number elements and the

determinant equal to 1 can be represented in a unique way as the product
of matrices My = (19) and M, = (§1).
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From Words to Numbers
(First Numbering: Matrices)

W.O.l.g n=2, i.e., A2 = {al,az}
Lemma. Every 2 x 2 matrix (2 2) with natural number elements and the

determinant equal to 1 can be represented in a unique way as the product

of matrices My = (19) and M, = (§1).

”Oé,'l...Oé,'” ~ M,'1><'--><M,'k

Viy.+-3Um al,bl,cl,dl,...,am,bm,cm,dm
P11( a,,b,,c,,d,,...,) Qll( a,’,b,’,C,'7d,',...7)
P=Q ~ P12( a,,b,,c,,d,,...,) Ql2( a,-,b,-,c,-,d,-,...,)
P21( a,,b,,c,,d,,...,) Q21( a,-,b,-,c,-,d,-,...,)
P22( a,,b,,c,,d,,...,) = 022( a,',b,',C,',d,',...,)
aldl — b1C1 = = adm C/ — mem =1



From Words to Numbers
(Second Numbering: Fibonacci weights)

Every word X ="3; Bi . ...0;," in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + Im—1Um—1 + -+ iUy

written in positional system with weights of digits being the Fibonacci
numbers uy =1, up =1, u3 =2, ug = 3, ... (rather than traditional 1, 2,
4,8, 16, ...).
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Every word X ="3; Bi . ...0;," in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + Im—1Um—1 + -+ iUy

written in positional system with weights of digits being the Fibonacci
numbers uy =1, up =1, u3 =2, ug = 3, ... (rather than traditional 1, 2,
4,8, 16, ...).

HOHNO "OO“NO "000"'\‘0 HOOOOHNO "00000"'\'0
II1IIN1 I|01IIN1 Il001IIN1 “0001“N1 I|00001IIN1
"10"~1 "010"~1 "0010"~1 "00010"~1

"11"~2 "011"~2 "0011"~2 "00011"~2
"100"~2 "0100"~2 "00100"~2

"101"~3 "0101"~3 "00101"~3

"110"~3 "0110"~3 "00110"~3

"111"~4 "0111"~4 "00111"~4



From Words to Numbers
(Second Numbering: Fibonacci weights)

Every word X ="3; Bi . ...0;," in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + Im—1Um—1 + -+ iUy

written in positional system with weights of digits being the Fibonacci
numbers uy =1, up =1, u3 =2, ug = 3, ... (rather than traditional 1, 2,
4,8, 16, ...).

"1"~1 "10"~1 "100"~2 "1000"~3 "10000"~5
"11"~2  "101"~3 "1001"~4 "10001"~6
"110"~3 "1010"~4 "10010"~6

"111"~4 "1011"~5 "10011"~7

"1100"~5 "11100"~8

"1101"~6 "11101"~9

"1110"~6 "11110"~9

"1111"~7  "11111"~10



From Words to Numbers
(Second Numbering: Fibonacci weights)

Every word X ="3; Bi . ...0;," in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + Im—1Um—1 + -+ iUy

written in positional system with weights of digits being the Fibonacci
numbers uy =1, up =1, u3 =2, ug = 3, ... (rather than traditional 1, 2,
4,8, 16, ...).

"10"~1 "100"~2 "1000"~3 "10000"~5
"110"~3 "1010"~4 "10010"~6
"1100"~5 "10100"~7

"1110"~6 "10110"~8

"11000"~8

"11010"~9

"11100"~10

"11110"~11



From Words to Numbers
(Second Numbering: Zeckendorf's words)

""~0  "1010"~4 "100000"~8 "101010"~12
"10"~1 "10000"~5 "100010"~9  "1000000"~13
"100"~2 "10010"~6 "100100"~10 "1000010"~14
"1000"~3 "10100"~7 "101000"~11 "1000100"~15



From Words to Numbers
(Second Numbering: Zeckendorf's words)

""~0  "1010"~4 "100000"~8 "101010"~12
"10"~1 "10000"~5 "100010"~9  "1000000"~13
"100"~2 "10010"~6 "100100"~10 "1000010"~14
"1000"~3 "10100"~7 "101000"~11 "1000100"~15

Zeckendorf’s Theorem. Every positive integer x can be represented in
the form

X = ImUm + Im—1Um—1 + -+ LUy

with additional restrictions i, = 1, i1 = 0, ix11/x = 0, and in unique way.



From Words to Numbers
(Second Numbering: Zeckendorf's words)

""~0  "1010"~4 "100000"~8 "101010"~12
"10"~1 "10000"~5 "100010"~9  "1000000"~13
"100"~2 "10010"~6 "100100"~10 "1000010"~14
"1000"~3 "10100"~7 "101000"~11 "1000100"~15

Zeckendorf’s Theorem. Every positive integer x can be represented in
the form

X = ImUm + Im—1Um—1 + -+ LUy

with additional restrictions i, = 1, i1 = 0, ix11/x = 0, and in unique way.

Zeckendorf’s words: they do not begin with "0", do not end with "1",
and do not contain "11".



From Words to Numbers
(Third Numbering: Infinite Alphabet)

Every word " aj, vj, _, ..., in the infinite alphabet A = {1, 0, ...

can be presented by the Zeckendorf word

"10%10%-1 .., 10",



From Words to Numbers
(Third Numbering: Infinite Alphabet)

Every word " aj, vj, _, ..., in the infinite alphabet A = {1, 0, ...
can be presented by the Zeckendorf word

"10%10%-1 .., 10",

We get, via Fibonacci numbers, a natural one-to-one correspondence
between words in the infinite alphabet A, and natural numbers.



From Words to Numbers
(Third Numbering: Infinite Alphabet)

Every word "« cvj, , ...a;" in the infinite alphabet A, = {aq, a2, ...

can be presented by the Zeckendorf word

We get, via Fibonacci numbers, a natural one-to-one correspondence
between words in the infinite alphabet A, and natural numbers.

"10%10%-1 .., 10",

""~0  "1010"~4  "100000"~8 "101010"~12
"10"~1 "10000"~5  "100010"~9  "1000000"~13
"100"~2 "10010"~6  "100100"~10 '"1000010"~14
"1000"~3 "10100"~7  "101000"~11 "1000100"~15
o0 "aqaq"~4 "os"~8 "oagaq"~12
LPLIN | "y "~5 gy "~9 "og"~13
Tao"m2 Moy "~ob "y ~10 "gaq"~14
"ag"~3  "ayan"~7 "pasg"~11 "agan"'~15

}



From Words to Numbers
( Concatenation)

X = "B, Bi" Y = ”Bjn...ﬁjl”
X = mUm+ -+ iUs Y = JaUp+---+j1un



From Words to Numbers
( Concatenation)

X = "B, Bi" Y = "B
X = pUm~+ -+ i y = jnun+

Z = XY = ”,Bim .- '/3i1/8jn o '/BJ.IH

By
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From Words to Numbers
( Concatenation)

X = "B, Bi" Y = "B
X = pUm~+ -+ i y = jnun+

Z = XY = ”,Bim .- '/3i1/8jn o '/BJ.IH

By

i



From Words to Numbers
( Concatenation)

X = "B, Bi" Y = ”Bjn...ﬁjl”
X = mUm+ -+ iUs Y = JaUp+---+j1un

Z = XY = ”,Bim .- '/3i1/8jn o '/BJ'l”

z = imum+n +--+ ilul+n +jnun + - +j1ul



From Words to Numbers [Urcpn = Uetins1 + 10
+n — n+ —14n

( Concatenation)

X = ”5im---6i1” Y = Hﬁjn...ﬁjln
X = pUm~+ -+ i Y = aun+---+jun

Z = XY = ”,Bim .- '/3i1/8jn o '/BJ'l”

Z = mUmtn+ -+ ilUi4n + joln + -+ j1U1



From Words to Numbers [Urcpn = Uetins1 + 10
+n — n+ —14n

( Concatenation)

X = "Bi .. By Y = "B, By
X = mUm+ -+ iUs Y = JaUp+---+j1un

Z = XY = ”,Bim .- '/3i1/8jn o '/BJ'IH

Z = mUmtn+ -+ ilUi4n + joln + -+ j1U1
= im(UmUnt1 + Um—1up) + -+ + i1 (urupy1 + voup) +y



From Words to Numbers [Urcpn = Uetins1 + 10
+n — n+ —14n

( Concatenation)

X = "Bi .. By Y = "B, By
X = mUm+ -+ iUs Y = JaUp+---+j1un

Z = XY = ”,Bim .- '/3i1/8jn o '/BJ'IH

Z = mUmtn+ -+ ilUi4n + joln + -+ j1U1
im(UmUnt1 + Um—1Up) + - + i (UrUpr1 + toup) +y

= (imtm + -+ itu1)ups1 + (imtm—1 + -+ + ito)un + y



From Words to Numbers [Urcpn = Uetins1 + 10
+n — n+ —14n

( Concatenation)

X = "Bi .. By Y = "B, By
X = mUm+ -+ iUs Y = JaUp+---+j1un

Z = XY = ”,81',,, .- '/3i1/8jn o '/BJ'IH

Z = mUmtn+ -+ ilUi4n + joln + -+ j1U1
im(UmUnt1 + Um—1Up) + - + i (UrUpr1 + toup) +y

= (imtm + -+ itu1)ups1 + (imtm—1 + -+ + ito)un + y

X



From Words to Numbers [Urcpn = Uetins1 + 10
+n — n+ —14n

( Concatenation)

X = ”6,'m...5,'1” Y = Hﬁjn...ﬁjln
X = pUm+--+ i y = jnUn+"'+j1U1

Z = XY = ”,81',,, .- '/3i1/8jn o '/BJ'IH

Z = mUmtn+ -+ ilUi4n + joln + -+ j1U1
im(UmUnt1 + Um—1Up) + - + i (UrUpr1 + toup) +y

= (imtm + -+ itu1)ups1 + (imtm—1 + -+ + ito)un + y

Vv
X X1



From Words to Numbers [Urcpn = Uetins1 + 10
+n — n+ —14n

( Concatenation)

X = ”6,'m...5,'1” Y = Hﬁjn...ﬁjln
X = pUm+--+ i y = jnUn+"'+j1U1

Z = XY = ”,81',,, .- '/3i1/8jn o '/BJ'IH

z = imum+n+"'+ilul+n +jnun+"'+jlul
= im(umun+1 + um—lun) + -+ il(ulun+1 + UOUn) + y
= (imtm + -+ i) upp1 + (imUm—1 + -+ + i1to)up + y

Vv
X X1

= Xy3+Xxiyot+y

where
Y2 = Up, Y3 = Upt1



From Words to Numbers

( Concatenation cont.)

X
X
X1
X2
X3

" Bim - B
imUm + -+ i1y
ImUm—1+ -+ + I1Ug
Um

Um+1

i
¥2
y3

B By
Jnln + -+ 11
JnUp—1+ -+ jiug
Un
Upt1



From Words to Numbers
( Concatenation cont.)

X = "B, By Y = "By B

X = mUm -+ i y = atn+t---4
X1 = ImUm-1+---+ hug Yi = JnUp—1+---+j1Up
Xy = Um Yo = Un

X3 = Um+1 Y3 = Un+1

Z=XY = "Bi,...Biubj, - By



From Words to Numbers
( Concatenation cont.)

X = "B, By Y = "By B

X = mUm -+ i y = atn+t---4

X1 = ImUm-1+---+ hug Yi = JnUp—1+---+j1Up

Xy = Um Yo = Un

X3 = Um+1 Y3 = Un+1
Z=XY = "Bi. ...Bubj. - Bi"

Z = Xiy2txy3+y



From Words to Numbers
( Concatenation cont.)

X = "B, By Y = "By B

X = mUm -+ i y = atn+t---4

X1 = ImUm-1+---+ hug Yi = JnUp—1+---+j1Up

Xy = Um Yo = Un

X3 = Um+1 Y3 = Un+1
Z=XY = "Bi. ...Bubj. - Bi"

z = xypt+xsty
z1 = xi(y3—y2)+x2+n



From Words to Numbers
( Concatenation cont.)

X = "B ...By" Y = BB
X = Qplp e i Yy = Jjpup+---+jun
X1 = mUm_1+ -+ i1l Yi = JnUp-1+--+ 1o
Xo = Um Y2 = Un
X3 = Um+1 3= U
Z=XY = ,,,Bim . -'ﬁiijn . '/811”

Z = XYoo +Xxy3+y

21 = xalys—y)+txetn

22 = (x3—x2)y2+ x2y3



From Words to Numbers
( Concatenation cont.)

X = "B, By Y = "By B

X = mUm -+ i y = atn+t---4

X1 = ImUm-1+---+ hug Yi = JnUp—1+---+j1Up

Xy = Um y2 = Un

X3 = Um+1 Y3 = Un+1
Z=XY = "Bi. ...Bubj. - Bi"

zZ = XiY2+Xxy3+y

x1(y3 — y2) +xy2 + 1
(x5 — x2)y2 + x2y3

z3 = X2)2 +X3y3

21

22



Fibonacci Numbers and Diophantine Equations
Theorem (G. D. Cassini [1680]).

m

”,271+1 — Um+1Um — ul2n =(-1)



Fibonacci Numbers and Diophantine Equations

Theorem (G. D. Cassini [1680]).
Ui+1“um+lum'_L&v::C_1)m
Theorem (M. J. Wasteels [1902]). If

w? —wv — v? = +1

then
W=Um+1, V=1Un

for some m.



From Words to Numbers
(Second Numbering cont.)

X = " Bim -+ - Bi”

X = pUm+ -+
X1 = mUm—1+---+iug
X = Um

X3 = Um+1



From Words to Numbers
(Second Numbering cont.)

X = "B ... By

X = pUm+ -+
X1 = mUm—1+---+iug
X2 = Um

X3 = Um+1

(x2 —x3x0—x3)> =1



From Words to Numbers
(Second Numbering cont.)

X = "B ... By

X = pUm+ -+
X1 = mUm—1+---+iug
X2 = Um

X3 = Um+1

(x2 —x3x0—x3)> =1

X2 < x < X3



From Words to Numbers

i Uk = 1+5
(Second Numbering cont.) Uk—1 2
X = "B .. By
X =  pUm+---+itu
X1 = mUm-1+---+iug
X = Um
X3 = Um+1

(x§ —x30 —x3)2 =1

X2 < x < X3



From Words to Numbers

i Uk = 1+5
(Second Numbering cont.) Uk—1 2
X = "B .. By
X =  pUm+---+itu
X1 = mUm-1+---+iug
X = Um
X3 = Um+1

(x§ —x30 —x3)2 =1

X2 < x < X3



From Words to Numbers

i Uk = 1+5
(Second Numbering cont.) Uk—1 2
X = "B .. By
X =  pUm+---+itu
X1 = mUm-1+---+iug
X = Um
X3 = Um+1

(x§ —x30 —x3)2 =1

X2 < x < X3

p—2<x1—x/p<Pp—1

&%
Q
-



From Words to Numbers
(Length of words)

X = "Bi. ... By" Y = "By B

X = imUm + -+ -+ iU Yy = JaUp+ -+ j1un
X1 = mUm-1+---+ iug Y1 = JaUp—1+ -+ j1Uo
X2 = Um Y2 = Un

X3 = Um+1 y3 Up+t1



From
(Length

X
X
X1
X2
X3

Words to Numbers
of words)

= "Bi. ... By"

= ImUm + -+ U1
= imUm—1+ -+ huo
= Um

Um+1

length(X) = length(Y)

Y = "By B

y = jnun+"'+.jlul
Yi = JnUn-1+---+ 1o
Yo = Un
y3 = Uni1

< X2=W



From Words to Numbers GCD (s ) = Uom(mny

(Length of words)

X = "Bi. ... By" Y = "By B

X = ImUm =+ -+ + iiup Y = JnUn+---+
X1 = ImUm-1+ -+ iU Yi = JnUp-1+ -+ j1uUo
X2 = Um Yo = Up

X3 = Um+1 3 = Un41

length(X) = length(Y) < x =y



From Words to Numbers GCD (s ) = Uom(mny

(Length of words)

X = "Bi. ... By" Y = "By B

X = ImUm =+ -+ + iiup Y = JnUn+---+
X1 = ImUm-1+ -+ iU Yi = JnUp-1+ -+ j1uUo
X2 = Um Yo = Up

X3 = Um+1 3 = Un41

length(X) = length(Y) < x =y
length(X)|length( Y) & x(2x3 — X3)‘y2(2y3 — )



From Words to Numbers GCD (s ) = Uom(mny

(Length of words)

X = "Bi. ... By" Y = "By B

X = ImUm =+ -+ + iiup Y = JnUn+---+
X1 = ImUm-1+ -+ iU Yi = JnUp-1+ -+ j1uUo
X2 = Um Yo = Up

X3 = Um+1 3 = Un41

length(X) = length(Y) < x =y
length(X)|length( Y) & x(2x3 — X3)‘y2(2y3 — )
GCD(length(X),length(Y)) =1 < z1x(2x3 — x2) —

22y2(2y3 — y2) =1



From Words to Numbers —
GCD(um, up) = uGcp(m,n)

(Length of words)

X — " ﬁim L Billl Y — 7" /Bj" L. lell

X = mUm+-c+ i Yy = an+--+um

X1 = imUm-1+ -+ iU Yi = JnUp-1+---+j1uo

X2 = Um Yo = Un

X3 = Um+1 3 = Un+1

length(X) = length(Y) < x =y
length(X)Hength( Y) & x(2x3 — X3)‘y2(2y3 — )
GCD(length(X),length(Y)) =1 < z1x(2x3 — x2) —

22y2(2y3 — y2) =1

Open Problem. Is there an algorithm for deciding whether a system of
word equations with additional restrictions on the lengths of the above
types has a solution?



From Words to Numbers
(Length of words cont.)

"
QO e



From Words to Numbers
(Length of words cont.)

Qo . Oy

"10%10%-1 .. 10"



From Words to Numbers
(Length of words cont.)

QG Qe

"10%10%-1 .. 10"

length(”10%10%-1 ... 10"") =



From Words to Numbers
(Length of words cont.)

QG Qe

"10%10%-1 .. 10"

length("10%10%-1 ... 107") = k



From Words to Numbers
(Length of words cont.)

QG Qe

"10%10%-1 .. 10"

length("10%10%-1 ... 10%") = k + i) + i1 + - - -



From Words to Numbers
(Fourth Numbering)

X = "BinBim1---Bi"



From Words to Numbers "1 7107, 70" 700"

(Fourth Numbering)
X = "BinBin-y---Bi"



From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = "BinBim1---Bi"
"Bi.08i. _,0...08,0"



From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = "BinBims---Bi"
"Bi.08i. _,0...08,0"
X = imlom + Im—1Up(m—1) + -+ + i1l



From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)
X = "BinBims---Bi"
"Bi.08i. _,0...08,0"
X = imlom + Im—1Up(m—1) + -+ + i1l

X1 = Imm-1+Iim-1U(m-1)-1+ "+ A1



From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = "BinBim1---Bi"
"Bi.08i. _,0...08,0"

X = imlom + Im—1Up(m—1) + -+ + i1l

X1 ImUm—1 + Im—1Uz(m-1)—1 + * + U1

X2 Uuom

X3 = Umi1



From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = "BinBim1---Bi"
"Bi.08i. _,0...08,0"

X = imlom + Im—1Up(m—1) + -+ + i1l

X1 = Imm-1+Iim-1U(m-1)-1+ "+ A1
X2 = Uxm

X3 = Um+1

X§—X3X2—X22:1



From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = "BinBim1---Bi"
"Bi.08i. _,0...08,0"

X = imlom + Im—1Up(m—1) + -+ + i1l

X1 = Imm-1+Iim-1U(m-1)-1+ "+ A1
X2 = Uxm

X3 = Um+1

X§—X3X2—X22:1

X < X3



From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = ”/Bim/Bim_l . /8,'1”
"B, 0B, .0... 30"

X = Imlm + im-1lo(m_1) + -+ i1t
X1 = Imlm—1—+ im—1U2(m—1)_1 TR
X2 = Wm
X3 = Wm+1

X3 —x3x—x3 =1

X < X3

¢_2 <X1 —X/(;S < gb- 1 ’”10” H”l”, ”00” '_>”0”7 ”01” }_>”1H




From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = ”/Bim/Bim_l . /8,'1”
"B, 0B, .0... 30"

X = Imlm + im-1lo(m_1) + -+ i1t
X1 = Imlm—1—+ im—1U2(m—1)_1 TR
X2 = Wm
X3 = Wm+1

X3 —x3x—x3 =1

X < X3

¢_2 <X1 —X/(;S < gb- 1 ’”10” H”l”, ”00” '_>”0”7 ”01” }_>”1H




From Words to Numbers \1 — "10", "0" — " 00"

(Fourth Numbering)

X = "BinBim1---Bi"
"Bi.08i. _,0...08,0"

X = imlom + Im—1Up(m—1) + -+ + i1l

X1 = Imm-1+Iim-1U(m-1)-1+ "+ A1
X2 = Uxm

X3 = Um41

X§—X3X2—X22:1

X < X3

¢_2 <X1—X/¢<¢_1 ’”10” H”l”, ”OO” '_>”0”7 ”01” }_>”1H

Open Problem. Is there an algorithm for deciding whether a system of
word equations with additional restrictions on the lengths of words has a
solution?



Another Reduction of Word Equations

Matiyasevich Yu.V. The connection between Hilbert's Tenth Problem and
systems of equations between words and lengths (in Russian). Zapiski
Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
Instituta im. V. A. Steklova AN SSSR, 8, 132-144, 1968; translated in
Seminars in Mathematics, V. A. Steklov Mathematical Institute, 8, 61-67,
1970.



Another Reduction of Word Equations

Matiyasevich Yu.V. The connection between Hilbert's Tenth Problem and
systems of equations between words and lengths (in Russian). Zapiski
Nauchnykh Seminarov Leningradskogo Otdeleniya Matematicheskogo
Instituta im. V. A. Steklova AN SSSR, 8, 132-144, 1968; translated in
Seminars in Mathematics, V. A. Steklov Mathematical Institute, 8, 61-67,
1970.

Matiyasevich Yu. Word Equations, Fibonacci Numbers, and Hilbert's
Tenth Problem
http://logic.pdmi.ras.ru/ yumat/talks/turku2006/turku2006.html



One Step More

J. Robinson. Unsolvable Diophantine problems. Proceedings of the
American Mathematical Society, 22(2), 534-538, 1969.



One Step More

J. Robinson. Unsolvable Diophantine problems. Proceedings of the
American Mathematical Society, 22(2), 534-538, 1969.

PecbepaTushbiti xypHan MatemaTtuka

Russian counterpart to

» Zentralblatt fiir Mathematik

» Mathematical Reviews
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New idea of Julia Robinson

xX2—(a?-1)y?’=1
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Pell's equation

New idea of Julia Robinson

xX2—(a?-1)y?’=1

x=1y=0, xx=ay=1

Xn+1 = 2aXp — Xp—1, Yn+1 = 2a¥n — Yn—1

Y0s Y1, Ym - =0,1,....n,... (mod a—1)



Pell's equation

New idea of Julia Robinson

XX —(a®-1)y*=1

x=1y=0, xx=ay=1

Xn+1 = 2aXp — Xp—1, Yn+1 = 2a¥n — Yn—1

Yos Y1,y Y- =0,1,....n,... (mod a—1) (%)
xo—(a—=2)¥0,. X0 — (@ —2)yn,---=2%...,2" ... (mod 4a — 5) (*%)



Pell's equation

New idea of Julia Robinson

XX —(a®-1)y*=1
x=Ly=0 xx=an=1

Xn+1 = 2aXp — Xp—1, Yn+1 = 2a¥n — Yn—1

YosYis---sYn -+ =0,1,...,n,... (mod a—1) (%)
xo—(a—=2)¥0,. X0 — (@ —2)yn,---=2%...,2" ... (mod 4a — 5) (*%)

New idea of Julia Robinson: Impose some condition J(a) which would

imply that the period of the sequence (x) is a multiple of the period of the
sequence ()



Fibonacci Numbers
Rabbits Strike Again

0,1,1,2,3,5,8,...,fn+1:fn—i-fn_l,...



Fibonacci Numbers
Rabbits Strike Again

0,1,1,2,3,5,8,...,fn+1:fn—i-fn_l,...

f2—fg—g°==1



Fibonacci Numbers
Rabbits Strike Again

0,1,1,2,3,5,8,...,fn+1:fn—i-fn_l,...

f2—fg—g°==1

fa(n+1) = 3fan — fo(n-1)



Fibonacci Numbers
Rabbits Strike Again

0,1,1,2,3,5,8,...,fn+1:fn—i-fn_l,...

f2—fg—g°==1
fa(n+1) = 3fan — fo(n-1)

)’07}/1,---a}’na---Eo,l,...,n,... (mod a—l)



Fibonacci Numbers
Rabbits Strike Again

0,1,1,2,3,5,8, ..., foy1 = fo + fa_1, ...

f2—fg—g®=+1
fa(n+1) = 3fan — fo(n-1)
)’07}/1,---a}’na---Eo,l,...,n,... (mod a—l)

YO, Yis--s Y " =To, sy fon, ... (mod a—3)

()



Fibonacci Numbers
Rabbits Strike Again

0,1,1,2,3,5,8, ..., foy1 = fo + fa_1, ...

f2—fg—g®=+1
fa(n+1) = 3fan — fo(n-1)
)’07}/1,---a}’na---EO,l,...,n,... (mod a—l)

YO, Yis--s Y " =To, sy fon, ... (mod a—3)

If @ = fox + foky2 + 3, then the period of (xx) is exactly
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Fibonacci Numbers
Rabbits Strike Again

0,1,1,2,3,5,8, ..., foy1 = fo + fa_1, ...

fa(n+1) = 3fan — fo(n-1)
)’07}/1,---a}’na”-EO,l,...,n,... (mod a—l)

YO, Yis--s Y " =To, sy fon, ... (mod a—3)

If @ = fox + foky2 + 3, then the period of (xx) is exactly
071737"‘7f2k7_f2k5"'7_37_1

fok + bky2 + 2, 2k +1

()
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Missing Link

Syncronization done

N. N. Vorob'ev, Fibonacci Numbers, Moscow, Nauka Publishing House
» 2nd ed., 1964
» 3rd ed., 1969

2| fp = fo | m

)/07)/1,'--,)%"‘Eo»la--«a”w-- (mOda_l) (*)
YO, Yiy--s Y- =To,f2y. oy fan, ... (mod a—3) (%)

Julia Robinson: Impose some condition J(a) which would imply that the
period of () is a multiple of the period of (xx)

My syncronization: A condition M(a) which implies that the period of (xx)
is a multiple of the period of (x)



DPRM-Theorem

Davis' Conjecture Proved

Theorem Every listable set 9t has an Diophantine representation.



Current Records

Solving an arbitrary parametric Diophantine equation can be reduced to
solving another Diophantine equation (with the same parameters) of
degree D in M unknowns where (D, M) is any of the following pairs:

(4,58), (8,38), (12,32), (16,29), (20,28), (24,26), (28, 25),
(36,24), (96,21), (2668,19), (2 x 105, 14), (6.6 x 10%3, 13),
(1.3 x 10%,12), (4.6 x 10*,11), (8.6 x 10*,10), (1.6 x 10%,9).
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Davis's Conjecture Proved:

Effectively enumerable Sets are effectively Diophantine

DPRM-theorem. The notions of a Diophantine set and the notion of an
effectively enumerable set coincide.

Given an arbitrary effectively enumerable set 91 presented in any standard
form one can construct corresponding polynomial giving Diophantine
representation of the set.

1. Construction of an arithmetical formula with many bounded universal
quantifiers;

2. Transformation of this formula into Davis normal form with single
bounded universal quantifier;

3. Elimination of the single bounded universal quantifier at the cost of
passing to exponential Diophantine equations;

4. Elimination of the exponentiation.



Davis's normal form: Original Proof

Formal reductions of the gen-
eral combinatorial  decision
problem. Amer. J. Math., v.
65 (1943), 197-215; reprinted
in:  The Collected Works of
E.L. Post, Davis, M. (ed),
Birkhauser, Boston, 1994.

EmIL L. Post
1897-1954



Davis's normal form: Original Proof

Formal reductions of the gen-
eral combinatorial  decision
problem. Amer. J. Math., v.
65 (1943), 197-215; reprinted
in:  The Collected Works of
E.L. Post, Davis, M. (ed),
Birkh3user, Boston, 1994.

EmIL L. Post
1897-1954
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Existential Arithmetization |I: Turing Machines

HEIEIECICIETE)

(e ¢]

k
> aip
k=0

at+by _(a+b)! 5 8 5
(7% ) =" =2=s

Theorem (E.Kummer [1852]) In order to calculate 5,: write a and b in
base-p notation and add them; the number of carries from digit to digit
performed during this addition is exactly (.



Existential Arithmetization Il: Register Machines

A register machine has a finite number of registers R1, ... ,Rn each of
which is capable of containing an arbitrarily large natural number. The
machine performs a program consisting of finitely many instructions labeled
by S1,...,Sm.

I. Sk: Rl + +; goto Si

[I. Sk: if Rl > 0 then R/ — —; goto Si else goto Sj
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Existential Arithmetization Il: Register Machines

A register machine has a finite number of registers R1, ... ,Rn each of
which is capable of containing an arbitrarily large natural number. The
machine performs a program consisting of finitely many instructions labeled
by S1,...,Sm.

I. Sk: Rl + +; goto Si

[I. Sk: if Rl > 0 then R/ — —; goto Si else goto Sj
IIl. Sk: STOP

Introduced by J. Lambek [1961], Z. A. Melzak [1961], M. L. Minsky [1961,
1967], J. C. Shepherdson and H. E. Sturgis [1963]
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Existential Arithmetization Ill: Partial Recursive Functions

£(0,¢) = g(o),
fl(a+1,c) = h(a, f(a)c)

F(0,c) &(c)
f1,¢) 0 f(0,¢) c
fao) | | ol | 7
a— (a—1,¢) c
f(a+1,¢) 5 f(a,c)
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Existential Arithmetization Ill: Partial Recursive Functions

f N B =

a1 aj.n

a1 ain |: f(ar,---,a1.n) ]

f(a/71, ey a/,,,)

f(Al,...,An) = B<:>Hxl...Xm[F(/_41,...,/Z\,,,B,xl,...,xm) :0]
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Speeding up Diophantine Equations

Theorem (M.Davis [1973] after M.Blum [1967]). For every total computable function o(a, x) one can construct two
one-parameter Diophantine equations

Pi(a, x1,...,x) =0, Pa(a,x1,...,x,) =0 (%)

such that
(i) for every value of the parameter a exactly one of these two equations has a solution;
(ii) if Diophantine equations

Qi(a,y1,---,y) =0, Q2(a,y1,...,¥)=0 ()

are solvable for the same values of the parameter a as, respectively, equations (x), then one can construct a
third pair of Diophantine equations

Ri(a,z1,...,zm) =0, Rx(a,z1,...,zZm) =0 (¢ * x)

such that
> these equations are again solvable for the same values of the parameter a as, respectively,
equations (*);
» for all sufficiently large values of the parameter a for every solution yy, . . . ,¥| of one of the
equations (xx) there exists a solution zy, . . . , zm of the corresponding equation (x = x) such that

yi+---+y >alazt+-+zm).



Diophantine Machines: Capturing Nondeterminism

Leonard Adleman and Kenneth Manders [1976] introduced the notion of
Non-Deterministic Diophantine Machine, NDDM for short.
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Diophantine Machines: Capturing Nondeterminism

Leonard Adleman and Kenneth Manders [1976] introduced the notion of
Non-Deterministic Diophantine Machine, NDDM for short.

NDDM
input ? guess
a—> P(a,Xl,...,Xm):O ﬁ
YES NO
accept a reject

DPRM-theorem: NDDMs are as powerful as, say, Turing machines, i.e.,
every set acceptable by a Turing machine is accepted by some NDDM,
and, of course, vice versa.
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Unambiguity: Equations with Unique Solution

Open Problem. Does every effectively enumerable set 91 have a
single-fold Diophantine representation

aeEM<— Ixy...xm[P(a,x1,X2,...,Xm) = 0]

where P is a polynomial?

Open Problem (reformulation) Are unambiguous NDDMs are as
powerful as (deterministic) Turing machines?



Diophantine Complexity: Time and Space vs Size

input

NDDM

P(a, x1,. ..

2 guess

Xm) =0 |+ =

X1y -y Xm

YES

NO

1

accept a

N

reject



Diophantine Complexity: Time and Space vs Size

NDDM
input ? guess
EEErma— P(a,x1,...,Xxm) =0 <X1,—,Xm
YES NO
accept a reject

SIZE(a)=the minimal possible value of |xi| + - - - + |xm| where |x| denotes
the binary length of x.
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Diophantine Complexity: D vs NP

Leonard Adleman and Kenneth Manders [1975] introduced the class D
consisting of all sets 9 having representations of the form

a€M = Ixx...xm[P(axt,...,xm) =0&|xi| + -+ |xm| < |a|*]
where |x| denotes the binary length of x.
Open question. D Z NP

Theorem (Chris Pollett [2003]).

D C co—NLOGTIME = D = NP

Helger Lipmaa [2003] introduced PD, the “deterministic part” of the
class D.
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Above Hilbert's Tenth Problem: Computational Chaos

aeM< Ix;...xm[P(a,x1,...,%xm) = 0]
mn:mﬂ{a|a§n}

The set 9, can be effectively calculated from ||901,]|, the cardinality of
M.

The descriptive or Kolmogorov complexity of 9, is at most log(n).



Above Hilbert's Tenth Problem: Computational Chaos

Gregory Chaitin [1987] constructed a particular one-parameter exponential
Diophantine equation and considered the set of all values of the parameter
for which the equation has infinitely many solutions:

aeM <= 3I°x1...xm[E(a,x1,%2,...,%Xm) =0]

He proved that so called prefix-free Kolmogorov complexity of the initial
segment

Z)ﬁnzi)ﬁﬂ{ﬂagn}
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Above Hilbert's Tenth Problem: Computational Chaos

Gregory Chaitin [1987] constructed a particular one-parameter exponential
Diophantine equation and considered the set of all values of the parameter
for which the equation has infinitely many solutions:

aeM <= 3I°x1...xm[E(a,x1,%2,...,%Xm) =0]

He proved that so called prefix-free Kolmogorov complexity of the initial
segment

Z)ﬁnzi)ﬁﬂ{ﬂagn}

is equal to n (up to an additive constant).

Informally, one can say that the set 91 is completely chaotic.



