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OTSTUPLENIE 1: VKLAD p-ADIQESKO$I TEORII HOD�A

Polustabil~ny$i sluqa$i gipotezy Xafareviqa

TEOREMA (Doc.Math. 2013). Esli Y proektivnoe
algebraiqeskoe mnogoobrazie s horoxe$i redukcie$i vne 3 i
polustabil~no$i redukcie$i po modul� 3 to h2(YC) = h1,1(YC).

V qastnosti,

— ne suwestvuet takih netrivial~nyh abelevyh
mnogoobrazi$i Y (Brumer -Kramer , 2001);

— teorema primenima k mnogim drugim mnogoobrazi�m,
napr., k K 3-poverhnost�m;

— d-vo osnovano na modifikacii teorii (Ch.Breuil)
polustabil~nyh p-adiqeskih predstavleni$i
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OTSTUPLENIE 2: VKLAD FUNKTORA POLE NORM

Obwi$i zakon vzaimnosti

• The field-of-norms functor and the Hilbert symbol for higher
local fields, JNTB, 2012, no.1 (sovm. s R.Jenni)

— Dl� l�bogo beskoneqnogo APF -rasxireni� F̃ pol� F ,

Hilb(α, β) = ζ
F(α̂(t),β̂(t))
M

gde α, β ∈ F ∗, α̂(πF ) = α, β̂(πF ) = β

Zdes~ dl� prostoty F — odnomernoe lok. pole, a F
poluqaets� iz standartnogo ERL v harakteristike p :

[f , g) 7→ Tr (Res (f dlogg))
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OTSTUPLENIE 3: VKLAD K -TEORII

�vna� formula Br�knera-Vostokova — qastny$i sluqa$i dl�
F̃ = F ( p∞

√
πF )

— Korotkoe d-vo �to$i f-ly: Hilb(α, β) = BV(α̂, β̂)

a) BV,Hilb ∈ Hom(K2(F ),Z/pM) ' Z/pM – cikliqna (!)
standartny$i fakt iz K -teorii lok. pole$i;

b) BV i Hilb sovpada�t v (πF , ηM), gde ηM - pM -primarny$i
�lement
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K — pole, ΓK = Gal(Ksep/K )

• zadanie g ∈ ΓK ≡

≡ soglasovannye K -avtomorfizmy norm. rasx. pol� K

• abelev uroven~: teori� pole$i klassov lokal~nyh pole$i 7→
�vnye f-ly dl� simvolov Gil~berta ili Xmidta

• uroven~ p-rasxireni$i:
— esli charK = p (napr., K = Fq((t))) to ΓK (p) svobodna

— esli [K : Qp] <∞, ζp ∈ K to ΓK (p) imeet kon.qislo
obrazu�wih i odno sootnoxenie

• Qto dal~xe?
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PODGRUPPY VETVLENI�

K — lokal~noe 1-mernoe, [L : K ] <∞

Dl� x > 0, g ∈ ΓL/K ,x oznaqaet vL(gπL − πL) > x + 1

ΓL/K ,x = Γ
(v)
L/K , v = ϕL/K (x) — f-� �rbrana

Γ
(v)
K = lim←−

L

Γ
(v)
L/K

• Kak opisat~ fil~traci� vetvleni� {Γ(v)
K }v>0?
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OTO�D. NIL^P. TEORII ARTINA-XRA$IERA

Pust~ K = k((t)), k ' FpN0

Pervy$i central~ny$i xag ≡ ur-� Artina-Xra$iera
T p
a − Ta = αt−a, zdes~ (a, p) = 1 ili a = 0

• �kvivalentnost~ kategori$i:

— L – Fp-algebra Li, Cp(L) = 0 7→ p-gruppa G (L) = L s
operacie$i K�mpbella-Hausdorfa:

exp(l1) exp(l2) = exp (l1 ◦ l2)moddeg p, t.e.

l1 ◦ l2 = l1 + l2 + (1/2)[l1, l2] + · · ·

• Analog teorii A-X 7→ ΓK,1 := ΓK/Γp
KCp(ΓK) ' G (L)

— L̃ — svob. Fp-algebra Li s obr. K∗/K∗p, L = L̃/Cp(L̃)
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OTO�D. NIL^P. TEORII ARTINA-XRA$IERA

– oto�destvlenie zavisit ot t i α0 ∈ k t.q. Trα0 = 1

– Lk := L ⊗Fp k,

— k-obr. {D0} ∪ {Dan | (a, p) = 1, n ∈ ZmodN0} (po opr.
D0n = t ⊗ (σnα0))

– e =
∑

t−aDa0 ∈ G (LK) — zavisit ot t i α0

– vyberem f ∈ G (LKsep) t.q. σ(f ) = f ◦ e

– g ∈ ΓK 7→ g(f ) ◦ (−f ) ∈ G (L) induciruet ψ̄ : ΓK,1 ' G (L)

– dr. vybor f 7→ sopr��. k ψ̄ s pomow~� c ∈ G (L)

– e1 ∈ G (LK) daet to �e oto�destvlenie tittk ∃c ∈ G (LK)
t.q. e1 = (−c) ◦ e ◦ (σc)
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FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

• Dl� v > 0, Γ
(v)
K,1 = G (L(v)),

— L(v) ⊗ k — min. σ-inv. ideal v Lk sod. Fγ ∈ Lk s γ > v ,

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns ,
— a1pn1 + · · ·+ aspns = γ;

s ko�fficientami
η(n1, . . . , ns) = 1/(s1!(s2 − s1)! . . . (sl − sl−1)!), gde
0 = n1 = . . . ns1 6= ns1+1 = · · · = ns2 6= · · · 6= nsl−1+1 = · · · = nsl ,
sl = s



FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

• Dl� v > 0, Γ
(v)
K,1 = G (L(v)),

— L(v) ⊗ k — min. σ-inv. ideal v Lk sod. Fγ ∈ Lk s γ > v ,

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns ,
— a1pn1 + · · ·+ aspns = γ;

s ko�fficientami
η(n1, . . . , ns) = 1/(s1!(s2 − s1)! . . . (sl − sl−1)!), gde
0 = n1 = . . . ns1 6= ns1+1 = · · · = ns2 6= · · · 6= nsl−1+1 = · · · = nsl ,
sl = s



FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

• Dl� v > 0, Γ
(v)
K,1 = G (L(v)),

— L(v) ⊗ k — min. σ-inv. ideal v Lk sod. Fγ ∈ Lk s γ > v ,

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns ,
— a1pn1 + · · ·+ aspns = γ;

s ko�fficientami
η(n1, . . . , ns) = 1/(s1!(s2 − s1)! . . . (sl − sl−1)!), gde
0 = n1 = . . . ns1 6= ns1+1 = · · · = ns2 6= · · · 6= nsl−1+1 = · · · = nsl ,
sl = s



FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

• Dl� v > 0, Γ
(v)
K,1 = G (L(v)),

— L(v) ⊗ k — min. σ-inv. ideal v Lk sod. Fγ ∈ Lk s γ > v ,

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns ,
— a1pn1 + · · ·+ aspns = γ;

s ko�fficientami
η(n1, . . . , ns) = 1/(s1!(s2 − s1)! . . . (sl − sl−1)!), gde
0 = n1 = . . . ns1 6= ns1+1 = · · · = ns2 6= · · · 6= nsl−1+1 = · · · = nsl ,
sl = s



FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

• Dl� v > 0, Γ
(v)
K,1 = G (L(v)),

— L(v) ⊗ k — min. σ-inv. ideal v Lk sod. Fγ ∈ Lk s γ > v ,

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns ,
— a1pn1 + · · ·+ aspns = γ;

s ko�fficientami
η(n1, . . . , ns) = 1/(s1!(s2 − s1)! . . . (sl − sl−1)!), gde
0 = n1 = . . . ns1 6= ns1+1 = · · · = ns2 6= · · · 6= nsl−1+1 = · · · = nsl ,
sl = s



FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

• Dl� v > 0, Γ
(v)
K,1 = G (L(v)),

— L(v) ⊗ k — min. σ-inv. ideal v Lk sod. Fγ ∈ Lk s γ > v ,

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns ,
— a1pn1 + · · ·+ aspns = γ;

s ko�fficientami
η(n1, . . . , ns) = 1/(s1!(s2 − s1)! . . . (sl − sl−1)!), gde
0 = n1 = . . . ns1 6= ns1+1 = · · · = ns2 6= · · · 6= nsl−1+1 = · · · = nsl ,
sl = s



FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

• Dl� v > 0, Γ
(v)
K,1 = G (L(v)),

— L(v) ⊗ k — min. σ-inv. ideal v Lk sod. Fγ ∈ Lk s γ > v ,

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns ,
— a1pn1 + · · ·+ aspns = γ;

s ko�fficientami
η(n1, . . . , ns) = 1/(s1!(s2 − s1)! . . . (sl − sl−1)!), gde
0 = n1 = . . . ns1 6= ns1+1 = · · · = ns2 6= · · · 6= nsl−1+1 = · · · = nsl ,
sl = s



FIL^TRACI� VETVLENI� ΓK,1, [A,95’-98’]

D-vo — interpretaci� podgr.vetvleni� v term. algebr Li:

• esli (a∗, p) = 1, q = pN i a∗/(q − 1) ”blizko“ k v to:

L(v) – min. ideal t.q. dl� t ′ = tq ẽxp(ta
∗
), ∃X ∈ LK t.q.

∑
t ′−aDa0 ≡ (−X ) ◦

(∑
t−aqDa0

)
◦ (σX )modL(v)

K

�kvivalentno, ,
• Deformaci� t 7→ t ′ otobr. Frobeniusa t 7→ tq ne men�et

oto�d. ΓK,1 = G (L) po modul� Γ
(v)
K,1

D-vo suwestvenno uproweno za sqet teorii deformaci$i.
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SLUQA$I SMEXANNO$I HARAKTERISTIKI

[K : Qp] <∞; K̃ = K ( p∞
√
πK ); ζp ∈ K

• Funktor pole norm X :

– X (K̃ ) = K = k((t));

– X induciruet: ΓK = Γ
K̃
, ΓK ⊂ Aut0(Ksep);

– K<p = K̄ Γp
KCp(ΓK ), K<p = KΓp

KCp(ΓK)
sep , K<p ⊃ X (K<pK̃ ) ⊃ K

– ∃H ⊂ ΓK,1 = Gal(K<p/K) = G (L) t.q. X (K<pK̃ ) = KH<p

– H ' G (J ), J — ideal v L.

Vopros 1. Qemu raven J ?
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— K<p ∩ K̃ = K1 = K ( p
√
πK ).

1 −→ ΓK,1/H −→ ΓK ,1 −→< τ0 >
Z/pZ−→ 1,

Zdes~ < τ0 >= Gal(K1/K ). Pere$idem k algebram Li:

0 −→ L/J −→ L −→ (Z/pZ)τ0 −→ 0

– L — Fp-algebra Li t.q. G (L) ' ΓK ,1.

– rasxirenie zadaets� diff-mom ad τ̂0 ∈ Diff (L/J ).

Vopros 2. Qemu ravny diff-� ad τ̂0?
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VOPROS 1

Opisanie τ̂0

— τ0(t) ≡ t ẽxp (H)mod tpe
∗+1, gde H =

∑
i>e∗ α

0
i t i ,

e∗ = pe/(p − 1), i α0
i 6= 0 tol~ko pri i ≡ 0mod p

— τ̂0(f ) = f ◦ c, gde c ∈ LK t.q. (e =
∑

t−aDa0!)

∑
a

τ0(t)−aDa0 = (−c) ◦

(∑
a

t−aτ̂∗0 (Da0)

)
◦ (σc)

• Deformaci� t 7→ τ0(t) zadaet sopr��enie τ̂∗0 s pom. τ̂0

• novye kommutatory v L ≡ otvet na VOPROS 1:

— Lk/Cs+1(Lk) = Lk/C̃s+1, C̃s+1 = [C̃s ,Lk ] +
∑

a,n kDa+se∗,n;

— v qastnosti, J = C̃p
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VOPROS 2

Otvet na Vopros 2:

— De$istvie < τ̂∗0 > na L/J ⊂ L (G (L) = ΓK ,1)

≡ de$istvie gr. shemy Fp[u], up = 0, ∆(u) = u ⊗ 1 + 1⊗ u

s pom. otobra�eni� S : L −→ Fp[u]⊗ L t.q. τ̂∗0 (l) = S(l)|u=1.

— Esli S(l) =
∑

i>0 Si (l)ui to Si (l) = (adi τ̂0)(l)/i !

— Linearizaci� nelin. ur-� dl� τ̂∗0 daet sled. rekursivnye
sootnoxeni� dl� Va = ad(τ̂∗0 )(Da0)



VOPROS 2

Otvet na Vopros 2:

— De$istvie < τ̂∗0 > na L/J ⊂ L (G (L) = ΓK ,1)

≡ de$istvie gr. shemy Fp[u], up = 0, ∆(u) = u ⊗ 1 + 1⊗ u

s pom. otobra�eni� S : L −→ Fp[u]⊗ L t.q. τ̂∗0 (l) = S(l)|u=1.

— Esli S(l) =
∑

i>0 Si (l)ui to Si (l) = (adi τ̂0)(l)/i !

— Linearizaci� nelin. ur-� dl� τ̂∗0 daet sled. rekursivnye
sootnoxeni� dl� Va = ad(τ̂∗0 )(Da0)



VOPROS 2

Otvet na Vopros 2:

— De$istvie < τ̂∗0 > na L/J ⊂ L (G (L) = ΓK ,1)

≡ de$istvie gr. shemy Fp[u], up = 0, ∆(u) = u ⊗ 1 + 1⊗ u

s pom. otobra�eni� S : L −→ Fp[u]⊗ L t.q. τ̂∗0 (l) = S(l)|u=1.

— Esli S(l) =
∑

i>0 Si (l)ui to Si (l) = (adi τ̂0)(l)/i !

— Linearizaci� nelin. ur-� dl� τ̂∗0 daet sled. rekursivnye
sootnoxeni� dl� Va = ad(τ̂∗0 )(Da0)



VOPROS 2

Otvet na Vopros 2:

— De$istvie < τ̂∗0 > na L/J ⊂ L (G (L) = ΓK ,1)

≡ de$istvie gr. shemy Fp[u], up = 0, ∆(u) = u ⊗ 1 + 1⊗ u

s pom. otobra�eni� S : L −→ Fp[u]⊗ L t.q. τ̂∗0 (l) = S(l)|u=1.

— Esli S(l) =
∑

i>0 Si (l)ui to Si (l) = (adi τ̂0)(l)/i !

— Linearizaci� nelin. ur-� dl� τ̂∗0 daet sled. rekursivnye
sootnoxeni� dl� Va = ad(τ̂∗0 )(Da0)



VOPROS 2

Otvet na Vopros 2:

— De$istvie < τ̂∗0 > na L/J ⊂ L (G (L) = ΓK ,1)

≡ de$istvie gr. shemy Fp[u], up = 0, ∆(u) = u ⊗ 1 + 1⊗ u

s pom. otobra�eni� S : L −→ Fp[u]⊗ L t.q. τ̂∗0 (l) = S(l)|u=1.

— Esli S(l) =
∑

i>0 Si (l)ui to Si (l) = (adi τ̂0)(l)/i !

— Linearizaci� nelin. ur-� dl� τ̂∗0 daet sled. rekursivnye
sootnoxeni� dl� Va = ad(τ̂∗0 )(Da0)



VOPROS 2

σc1 − c1 +
∑

a t−aVa =

−
∑

s>1(s!)−1(a1 + · · ·+ as)Ht−(a1+···+as)Da10 . . .Das0

+
∑

s>2(s!)−1t−(a1+···+as)
(∑

16i6s Da10 . . .Dai−10Vai Dai+10 . . .Das0

)
+c1

(∑
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)
−
(∑

s>1(s!)−1t−(a1+···+as)Da10 . . .Das0

)
σ(c1)

Zdes~ H =
∑

i>e∗ α
0
i t i poluqaets� iz

ẽxp(ζp) = 1 +
∑
i>e∗

σ−1(α0
i )π

i/p
k
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PERVYE REZUL^TATY: SOOTNOXENIE DEMUXKINA

ad(τ̂∗0 )(D0) =
∑

i ,06n<N0

σn(α0
i Fi )

Napomnim qto

Fγ =
∑

16s<p

(−1)s
∑

(ai ,ni )

η(n1, . . . , ns)[· · · [Da1n1 ,Da2n2 ], . . . ,Dasns ]

— 0 = n1 > n2 > · · · > ns , a1pn1 + · · ·+ aspns = γ;

— Sv�z~ s lokal~nym analogom Gipotezy Grotendika
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PERVYE REZUL^TATY: DIFFERECIROVANI� ad τ̂ ∗0

Vvedem Fγ,i ∈ Lk , γ > 0, i ∈ pN

Fγ,i = −γDγ,0 +
∑

a1<i ,n60
a1+a2pn=γ

η(0, n)a1[Da10,Da2n]

gde η(0, n) = 1 pri n < 0 i η(0, n) = 1/2 pri n = 0.
(Line$inoe slagaemoe po�vl. tittk γ ∈ N i gcd(γ, p) = 1.)

ad(τ̂∗0 )(Da0) =
∑
i ,M

γ=i+ap−M

σM(α0
i Fγ,i )modC3(Lk)

(ubivaet obrazu�wie Dbn s b > e∗)
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PERVYE REZUL^TATY: FIL^TRACI� VETVLENI� V ΓK ,1

ΓK = Γ
K̃
⊂ ΓK sovmestim s fil~traci�mi vetvleni�

t.e. Γ
(v ′)
K ∩ ΓK = Γ

(v)
K , v ′ = ϕ

K̃/K
(v) (funkci� �rbrana)

Pod�em τ̂0 ∈ Γ
(e∗)
K ,1 obespeq. usloviem ad(τ̂∗0 )(L) ⊂ L(e∗)

• dl� v > e∗, Γ
(v)
K ,1 = Γ

(v1)
K,1 , gde ϕK̃/K

(v1) = v ;

• dl� v 6 e∗, Γ
(v)
K ,1 poro�dena Γ

(v)
K,1 i τ̂0.

• maksimal~nye verhnie qisla vetvleni� vs podpole$i K̄
otveqa�wih Γp

KCs+1(ΓK ), 2 6 s < p,

vs = ϕK1/K (se∗ − 1) = e∗ + ((s − 1)e∗ − 1)/p

ZAMEQANIE. Sootv.teori� mod pM dl� ΓK/ΓpM

K Cp(ΓK )
stroits� pri predpolo�enii ζpM ∈ K ;
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2-dim LOK. POL� SMEX. HARAKTERISTIKI

— K = Fp((t2))((t1));

— v Γab
K,1 = ΓK/Γp

KC2(ΓK) net estestv. sist. obrazu�wih,

napr. T p − T =
∑

n>0 tn2 t−1
1 ne soder�its� v kompozite vseh

T p
n − Tn = t−1

1 tn2 , n > 0

— na K est~ P-topologi� t.q.

HomP(K/(σ − id)K,Fp) ⊂ Hom(K/(σ − id)K,Fp) = Γab
K,1

daet obrazu�wie plotno$i podgruppy ΓP
K,1 ⊂ ΓK,1

— ΓP
K,1 = G (L), L = L̃/Cp(L̃), L̃ ⊗ k – pro-svobodna�

Fp-algebra Li s obrazu�wimi
{D(a,b) | (a, b) > (0, 0), (a, b, p) = 1} ∪ {D(0,0)}

’Filosofi�’: Vse interesnoe v ΓK,1 proishodit iz ΓP
K,1.
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2-dim LOK. POL� SMEX. HARAKTERISTIKI

– K — 2-mernoe, charK = 0, π1, π2 — lok. parametry

— ζp ∈ K ; dl� prostoty ζp = ẽxp(π
e∗1 /p
1 π

e∗2 /p
2 )

— Analog funktora pole norm daet toqn. p-t~

1 −→ H −→ ΓP
K ,1 −→< τ1 > × < τ2 >−→ 1,

gde τi ( p
√
πj) = ζ

δij
p p
√
πj for i , j = 1, 2.

— Suw. �pimorfizm G (L) −→ H s �drom G (J ); ideal J
opisyvaets� kak v 1-mernom sluqae;

— Qemu ravny ad(τ̂∗1 ) i ad(τ̂∗2 )?
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e∗1 /p
1 π

e∗2 /p
2 )

— Analog funktora pole norm daet toqn. p-t~

1 −→ H −→ ΓP
K ,1 −→< τ1 > × < τ2 >−→ 1,

gde τi ( p
√
πj) = ζ

δij
p p
√
πj for i , j = 1, 2.

— Suw. �pimorfizm G (L) −→ H s �drom G (J ); ideal J
opisyvaets� kak v 1-mernom sluqae;

— Qemu ravny ad(τ̂∗1 ) i ad(τ̂∗2 )?



2-dim LOK. POL� SMEX. HARAKTERISTIKI

– K — 2-mernoe, charK = 0, π1, π2 — lok. parametry

— ζp ∈ K ; dl� prostoty ζp = ẽxp(π
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— dl� (a, b) 6= (0, 0), po modul� C3(LPk )

ad(τ̂∗1 )(D(a,b)) =
∑

M σMF (1)(γM) s γM = (e∗1 , e
∗
2 ) + (a, b)/pM

ad(τ̂2)(D(a,b)) =
∑

M σMF (2)(γM) s γM = (e∗1 , e
∗
2 ) + (a, b)/pM

— ka�ets�(!) τ̂1 i τ̂2 kommutiru�t

— dl� (a, b) = (0, 0), po modul� C3(LP
k )

ad(τ̂∗1 )(D(0,0)) =
1

2

∑
(a1,b1)+(a2,b2)=(e∗1 ,e

∗
2 )

a1[D(a1,b1),D(a2,b2)]

ad(τ̂∗2 )(D(0,0)) =
1

2

∑
(a1,b1)+(a2,b2)=(e∗1 ,e

∗
2 )

b1[D(a1,b1),D(a2,b2)]

( analogi sootnoxeni� Demuxkina)
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